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Abstract: Integrability in gauge/string dualities will be reviewed in a broad perspective with a particular emphasis on the recently proposed
eguations describing the full planar spectrum of anomalous dimensions in AAS/CFT [N.Gromov, V.Kazakov, PV]. These are a concise version of
Thermodynamic Bethe equations, called Y -system, which generalize the asymptotic Bethe equations of Beisert and Staudacher (which yield the full
spectrum of N=4 SYM for asymptotically long local operators) and incorporate the 4-loop results for the shortest twist two operators obtained by
Bajnok and Janik from the dual string sigma model (thus reproducing perturbative gauge theory computations with thousands of diagrams). On the
way, we will explain some of the interesting open problemsin the field.
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Either Brane or Background
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CFT AdS

N=4 SYM in 4d type |IB in AdSs x $°

(g) dual to
[Maldacena]

L=F24(D®)?2+[®,&24+0D¥ £L=(02)°+Az"-1)+...
= str (J(EJ A xJ3 + JO A JG3)

3D planar N=6 type llA in AdS4 x CP

CS matter

dual to
[ABJM]
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CFT AdS

N=4 SYM in 4d type |IB in AdSs x $°

A 5 _ R4 N (to set up these dualities we
— i aalE = el | 1 typically use stacks of N branes
Iy M+ 12 Ys instead of a single brane)

Planar Limit N — o0
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CFT AdS

N=4 SYM in 4d type |IB in AdSs x $°
0--O

L=F*+(D®)?+[®, ®*+¥DY L=

9 R4 (to set up these dualities we
)\ — g‘;"ﬂ_f-fv — T — gSN typically use stacks of N branes
@3

instead of a single brane)

Strongly coupled gauge theory Classical strings

"Perturbative gauge theory Highly quantum s$eréngs



CFT AdS

N=4 SYM in 4d type |IB in AdSs x S°

]
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® Understand and define quantum gravity/string theory
® Powerful tool for studying strong coupling phenomena

® Inspiration for solving for the first time non-trivial
gauge theories

Strongly coupled gauge theory Classical strings

"Perturbative gauge theory Highly quantum serthgs



Solve =

® (Correlation functions:
2 pt functions (spectrum of anomalous dimensions)
3 pt functions (structure constants)

® S-matrix

anomalous dimensions string energies
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Integrability



Spin chains in N=4

tr (®,P2(D3)*(P1)°...)



Spin chains in N=4

tr (@,®2(D3)*(®1)...)




Spin chains in N=4

tr (®,®2(D3)*(®1)...) C ) )
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Spin chains in N=4

r ((I)l(bj(D:%)j((Dl )5 Sieia )

nNJ

Mixing matrix or
Dilatation operator

Orf n (I) _ (Ef’ H log A )_—lB OB (l)

en en 5.4[)’
O @O ) = 22

H is nearest neighbors to leading order in perturbation theory,
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Spin chains in N=4

r (@1‘1’2(D3)2((I)1 )5 S )

2
Mixing matrix or
Dilatation operator Integrable spin chain
| Hamiltonian
en( .\ _ (.. HlogA _
Ojf : ('-I ) = | € - )AB OB ('-1 ) [Minahan, Zarembo; Beisert, Staudacher]

en ren Ojle
<O.:l-r (”L')(DB]r (U)> — |I.' - f)!|2_\

H is nearest neighbors to leading order in perturbation theory,
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next to nearest neighbors at next to leading order etc...




2d S-matrix in N=4

)
/ A\

Particles (or magnons), Vacuum
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2d S-matrix in N=4

SRR
/ A\

Particles (or magnons), Vacuum

_ of |
Particles can scatter, e.g. S (p, k) [Staudacher]
| ]@

_Particles transform in PSU(2|2)* extended (Beisert]
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2d S-matrix in N=4

c...:.::w

- S(pk)

PSU(2,2|4) > PSU(2|2)? extended

S-matrix (up to a scalar factor) and
| magnon dispersion relation
[Beisert; Aryutunoy, e 05
Frolov, Zamaklar] amost fixed by symmétry
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2d S-matrix in AdS/CFT

Worldsheet excitations in light-

Spin chain magnons in an
P B cone gauged string theory. 2D

operator with L fields OFT in a circle of size L
L
emens?) G
| - >
L

Previous arguments hold for both
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Asymptotic Bethe equations and integrable 2D QF
n1+1ID Qi =Y pj. Qa=» p?. = {p1.p2} = {p}.Ph}



Asymptotic Bethe equations and integrable 2D QF
n1+1ID Qi =Y pj. Qa=» p?. = {p1.p2} = {p}.Ph}

If (integrability!) dQ3 = Z Pf = {p1.p2,p3} = {P1, P2, P3}
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Asymptotic Bethe equations and integrable 2D QF
n1+1ID Qi =Y pj. Qa=» p?. = {p1.p2} = {p}.Ph}

f (integrability!) 3Q3 = » p} = {p1,p2.p3} = {P}, P> Ph)

e’iCEQ;},
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Asymptotic Bethe equations and integrable 2D QF
In1+ID @ = ZP-? e — pr . = {p1,p2} = {p1,p5}

If (integrability!) dQ3 = ZP} = {p1,p2,p3} = {P1. P2, P3}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.

6’5&@3
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Asymptotic Bethe equations and integrable 2D QF
In1+ID @ = Zpd,- e )y = Zp? , = {p1.p2} = {pi.po}

f (integrability!) 3Qs = > _p} = {p1.p2,ps} = {p}.ph. 13}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.

6’5&@3
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Asymptotic Bethe equations and integrable 2D QF
In1+ID Q@ = Zpd,- Oy — pr . = {p1.p2} = {pl.po}

f (integrability!) 3Qs = Y p} = {p1.p2.p3} = {p}. Ph. P}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.

e’iOcQg
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Bethe Equations

M
0= | elP H 5(1}_,-}};-) — 1 3 —

k=)

]+Z\/ + )\ sin?

[Staudacher; Beisert, Staudacher; Janik; Beisert, Eden, Staudacher;
Beisert, Hernandez, Lopez; Arutyunov, Frolov, Zamaklar]
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Explicitly




Sanll Al 0 M= 4D

[Beisert, Staudacher; Beisert, Eden, Staudacher; Beisert, Hernandez, Lopez]

| i
m —u2+ 3 =
- L =
111—“-‘3—2 Xl—_r.
lIg—itg—fllz-i!l—%llz—-H-;-—é
Uz — U2 +12 Uz — U] — = Up — U3 — 5
1 .
_U3—-iij+jx3—f
- L
u3—s:=—§x3—11

. — uq +1 £ —— — T Ty —=— — I3
» (th ) g | X4 X4 oL 05 X4 X‘l oL

X)) wg—ug—i ) — = X, — I3 I — xf Xa — T
_HE—HH—F%X,;,—II
—115—1.!1,—%}(5—I1

uﬁ—u.}—fu(,—uT—i; Uﬁ_f_{_‘)_i
_uﬁ—uh—l-suﬁ—u;-—%uﬁ—u_—,—% o

ug j — Us k T

Ug,j — Ug g

|
=
—u.,'
|
+
b | I'\-rl""
4
-1
|
=l
b= ol
1=
o

N |- o]



/. Pirsa: 090

...scary algebraic
equations....

|0 loop Feynman diagrams...
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Beautiful algebraic equations.....



What about small operators!?

we postpone discussing some interesting
points concerning the origin of the higher
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charges Q3 integrability and generalizations



[....Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperature|/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

= G_REU[L} 7 E_R‘f(

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.
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2D QFT argument - contrary to everything so far this is very stringy!



[...Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperature|/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

v - E_REU(L} 7= E_Rf(

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.
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2D QFT argument - contrary to everything so far this is very stringy!
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The AdS/CFT Y-system,
the full Planar Spectrum

[Gromov,Kazakov,PV]
[Gromov,Kazakov,Kozak, PV

a,s plane,
middle node roots/strings
-I-'h ole k: boson roots/strings
viw fermion roots
pyramids
AL f* = fluxi/2)

e | g The energy depends only on
ya :,Y;1 S ( L= Y::z s+1)(1+ ya s—1) the magnon dispersion relatio

and on the Y-functions found
Y"'lSY'_l" (1+ Yar15)(1 + Ya—1.5) from solving the Y-system:

> du Oe;
= Zel(bu_} +Z/ i Ou l-:)“(l—l—}’ﬂu w))

- 090 oI'e

u(ru i) =1 + boundary condittéhs



[...Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperature|/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

g G_REU(L} o — E_Rf(

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.

Pirsa: 09040016 Page 34/56

2D QFT argument - contrary to everything so far this is very stringy!



The AdS/CFT Y-system,
the full Planar Spectrum

[Gromov.Kazakov,PV
[Gromov,Kazakov,Kozak, PV

a,s plane,
middle node roots/strings
T— h 00 k: boson roots/strings
viw fermion roots
pyramids
ks R
| f= = fluti/2)

» The energy depends only on
Yu 3}11 s ( 5 K:r. s+1)(1+ }’a s—1) the magnon dispersion relati

and on the Y-functions found
YorrsYa—1 (l_[_Y_l"’}(l*Y —1.5) from solving the Y-system:

> du Oe, _
E = Zel(u“ —+—Z/ S 2log (1+ Y, (u))

S & u(fuj) = —1 + boundary condittdhs




Quantum strings and the
four loop Konishi operator

Konishi = tr[Z, X]° = ‘ ®> - ‘ ©>
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Quantum strings and the
four loop Konishi operator

Konishi = tr[Z, X]° = ‘ ®> - ‘ ®>

A R — 12.(;2 — -1‘8_{;4 + 336_{}” + (—2584 + 384(3 — 1440(5)g°
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Quantum strings and the
four loop Konishi operator

Konishi = tr|Z, X]E - ‘ ®> - l ®>

AKUH!HPI P — 12(}3 - 18(]4 + 33(](}{} -+ (—_)38—1 5 284(3 o= 1—1—10(:'5 )q\

Reproduces the YM 4 loop computation

involving 130000 Feynman diagrams!
(done in components)

+ - -
[Bajnok,janik] [Flamberti, Stambrogio,
[Gromov,Kazakov,PV] Sieg, Zanon]
[Velizhanin]

The Y-system incorporates both the Asymptotic Bethe equations and the
rrdeading Luscher corrections and generalizes the latter for any operatorrs:ses



Hirota Dynamics

The Y-system is equivalent to
the integrable Hirota equations: 7. T . =T, .1 Tui1s + Ty 1.

a.s a.s

e Hirota can be written as the compatibility equation for a linear
auxiliary problem

L =4, M 1T =H{

 Beautifully solved in terms of determinants exploiting the Jacobi

relation:
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Conformaltheory

SU(2) PCF an example

ez,
=
~
=

I-I]rota
equation

rection
Bethea nsatz

hLIL

ThermodynamicalBetheansatz

IIIII

: 09040016

>
L. m

® On the example of the
SU(2) PCF we were able to
explore this ideas to reduce
the Y-system equations

Y Y =(1+Y,1)(1+Y, 1)

—O-C—-O0—C-@-O0-0-0-C
to a single DdV like integral
equation of trivial numerical
iterative solution.
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Simple numeric implementation

matica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help £ = 4 B & 70 mar. 1924
Numencs U(1) sector

S0(x |]=I«Gammal-(x/(2I))]Gammafl/2+-x/(2I)]/(Gamma(x/ (2I)]Gamma(l/2-x/(2I)]);
KO[x_] = D[Log[SO0[x] "2], x]/ (2«PieI);

n={0,0, 0}; M=Lengthn];
L=1/2;

X = ArcCosh[8 Log[10] /L] / =;

eq[i , v.] s=LeSinh([Piex[i]] +Sum[If[i=73, 0, Log(SO(x[{] -x([3]]172]/Z], {3, M}] -2n([[4i]]Pi-v[[i]];
BAE[v_ ] := Table([x[1], {i{, M}] /. FindRoot [Table[Re[eq[], v]], {i, M}], Table[{x[i], 21/M-1/2}, {i, M}]];

F[5 ] := FunctionInterpolation[s, (x, -X, X}, InterpolationPoints - 30];

r(k_, v ] s=Log[(A[k][¥]-1)/ (ADs[A[k][¥r]]-1)];
ref(k_, y_] := Conjugaterik, rv]];

8[0] = BAE[Table [0, (i, M}]]

{-0.707446. — 1 55606 x 10™'°, 0.707446|

A[0] =F[-Exp[-L«Cosh[Piwx]] «Product [SO[x-6[0]([[j]] ~X/2]"°2, {1, M}]]:

Ak ] = A[k] = F[(-Exp[(-L) «Cosh[Piex]]) « Product[S0[x - &[k - 1][[§]] » 2/2]°2, {j, M}] »
Exp[NIntegrate[KO[x - y]ler[k -1, y] - KO[x -y + L] ere([k -1, ¥] - 1, {y. -X, =, X},
Method -> PrincipalValue] - 2eX - re[k - 1, x]1]
phase(k ][x_] := NIntegrate[2«Im[KO[x - ¥y - I/2]er[k -1, y]] » 1, (¥, -X, X}] - 2eX;
&[k_] := 8[k] = BAE([Table([phase[k][e[k - 1][[3]]]., (3, M}]1];

En[k ] := Sum([Cosh[Pi«8[%][[1]]], (3, M}] - NIntegrate(Re[r[k, y]] Cosh[Pi~y], (¥, -X, X}];

PirsZ@BMeOIEBn [4], {1, 1, 8} ] Page 41/56
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The exact spectrum of the SU(2) PCF

"EL/2n




The exact spectrum of the SU(2) PCF
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Next

*Do the same for AdS/CFT and reduce the Y-system to
a single DdV integral equation. Not just a technical
detail, it might contain important physics!

*Konishi:The plot, 5 loops, correction to the \'/*
behavior at strong coupling

*BKFL, the exact intercept, connection with DIS...

2aemi-classical string limit



Two miracles so far

® Higher charges exists and hence the
quantum theory is integrable

® The Hirota equations governing their exact
spectrum are integrable
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Qs in string theory,
Algebraic Curves

3:—1(1‘) (8x8 matrix) which is flat on the e.o.m
[Bena, Polchinski, Roiban] e —

\/\J =(z) = Pexp / A(g: x)

Eigenvalues are conserved... for

any x!!
Classical Strings - > Algebraic Curves
| Kazakov, Marshakov,
R Minahan, Zarembo; Beisert, Page 46/56

Ka7akov Sakat 7arembol



Semi-classics

Classical motion Perturbation
[Kazakov, Marshakov, Minahan, Zarembo] [Beisert, Freyhult] (YM side)
[Beisert, Kazakov, Sakai, Zarembo] [Gromov, PV]
Y v

Extra poles in the

Riemann Surface .
Riemann Surface
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Semiclassics

NS

e e e el et EO

e o’ B’ o’ Bt o BN oW SN

00000000

SNAR

Cuts = classical
condensation of

Bethe roots.
[KMMZ]

Quasi-classical
Bethe equations
can be derived!

[AFS]
[Gromov, PV]
Page 48/56



Pirsa:

00000000

Two weapons

Thus, when finding a new integrable gauge/string
duality we should pay special attention to

® Symmetry, in particular SU(2|2) extended is
highly constraining

® Discretization of the algebraic semi-classical
curves

indeed...



Spin chains in the ABJM theory

Jh ol B hs i s sbie s i Mg

=

Integrable 2-loop spin chain Hamiltonian [Minahan, Zarembo]

Integrable string coset [Aryutunov, Frolov]
H —S(p.k) : OSp(2.2/6) — SU(2[2) extended 5%

String algebraic curves and semiclassics [Gromov.PV]

All loop asymptotic Bethe equations (Gromov.PV]



I‘L’-_g
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[Gromov, Kazakov, P

Full spectrum of planar ABJM

===



® The known examples of integrable gauge theories are
super-conformal theories with cravity duals
® What is the landscape of integrable theories?

e Can we find new gauge/gravity dualities based on the
integrable structures’

® How close to QCD can we get!

e What about going beyond the spectrum?
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From the string 2D QFT point of
view it seems reasonable...

amplitudes

K/_\_; spectrum

ﬂ Different
topologies, same

integrable structure?

3 pt functions
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see e.g. [Beisert, Ricci, Tseytlin, Wolf], [Berkovits, ™ifdacena]
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Conclusions and future

® |Integrability can provide us with a very elegant description of the full

planar spectrum of some gauge theories and their corresponding gravity
dual.

® The study of the full planar spectrums needs to be further simplified and a
nice plot of A(A) for the Konishi operator would be most welcome

[Gromoyv, Kazakov, PV] work in progress
® A thorough classification of integrable theories is still missing and might

teach us a lot about realistic gauge theories and the corresponding gravity
duals

® |ntegrability techniques ought to be applied beyond the spectrum.
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From the string 2D QFT point of

spectrum

view it seems reasonable...

S

amplitudes

Different

.
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topologies, same
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3 pt functions

integrable structure?

see e.g. [Beisert, Ricci, Tseytlin, Wolf], [Berkovits, ™afdacena]

Miriimmeand Hanmn Plaflea]l far vary inraracring firer cramc



