Title: Integrability in gauge/string dualities
Date: Apr 27, 2009 02:00 PM
URL: http://pirsa.org/09040016

Abstract: Integrability in gauge/string dualities will be reviewed in a broad perspective with a particular emphasis on the recently proposed
eguations describing the full planar spectrum of anomalous dimensions in AAS/CFT [N.Gromov, V.Kazakov, PV]. These are a concise version of
Thermodynamic Bethe equations, called Y -system, which generalize the asymptotic Bethe equations of Beisert and Staudacher (which yield the full
spectrum of N=4 SYM for asymptotically long local operators) and incorporate the 4-loop results for the shortest twist two operators obtained by
Bajnok and Janik from the dual string sigma model (thus reproducing perturbative gauge theory computations with thousands of diagrams). On the
way, we will explain some of the interesting open problemsin the field.

Pirsa: 09040016 Page 1/56



Electron and heavy proton
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Either Brane or Background

Gauge String



CFT AdS

N=4 SYM in 4d type |IB in AdSs x S°

I
— [Maldacena]

L= F?+ (DB + (0,82 +ID¥ L= (02 +AG>-1)+...
= str (J{z) AxJ® 4+ g0 A JO

3D planar N=6 type llA in AdS4 x CP

CS matter

dual to
[ABJM]
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CFT AdS

N=4 SYM in 4d type |IB in AdSs x $°

L=F>+(D®)?+[®,®>+¥D¥ L=

A 5 _ R4 N’h (to set up these dualities we
= eiwall = typically use stacks of N branes
g} M 72 gb instead of a single brane)

Planar Limit N — o0

wdosanar CFT Free Stekags



CFT AdS

N=4 SYM in 4d type |IB in AdSs x $°

O=0

L=F24+ (D82 + (0,02 +0D¥ L=(0z)+A>-1)+...

5 R"l (to set up these dualities we
A — gifﬂ,‘[j\f — —2 — QSIV typically use stacks of N branes
o’ instead of a single brane)
Strongly coupled gauge theory Classical strings

"Pereurbative gauge theory Highly quantum strings



CFT AdS

N=4 SYM in 4d type IIB in AdSs x §°

X

® Understand and define quantum gravity/string theory
® Powerful tool for studying strong coupling phenomena

® Inspiration for solving for the first time non-trivial
gauge theories

Strongly coupled gauge theory Classical strings

"Perrurbative gauge theory Highly quantum serfhgs



Solve =?

® (Correlation functions:
2 pt functions (spectrum of anomalous dimensions)
3 pt functions (structure constants)

® S-matrix

anomalous dimensions string energies
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Integrability



Spin chains in N=4
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tr (®,®2(D3)*(®1)°...)



Spin chains in N=4

, 2

tr (©1®2(D3)*(®1)°...)




Spin chains in N=4

tr (®,®2(D3)%(®1)°...) C 2 >

Mixing matrix or
Dilatation operator

Or{ n (F) _ (Ef’ H log A )AB OB (1 )

(O (@) 0" (y)) = —2E

e — gl




Spin chains in N=4

r (®,®9(D3)*(®1)°...)

Mixing matrix or
Dilatation operator

Of; ) (f) _ (Eﬁ' H log A ]_-{B OB (,1' )

ren () OTEn (1)) = 0AB

H is nearest neighbors to leading order in perturbation thecry
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Spin chains in N=4

F=s

r (®,®2(D3)7(®1)°...)

Mixing matrix or

Dilatation operator Integrable spin chain
Hamiltonian

remn (. __ (. Hlog.
O-—‘i (1‘) o (6 )AB OB(I ) [Minahan, Zarembo; Beisert, Staudacher]

=
! Page 15/56-_.

ren T‘FH - 6.48

H is nearest neighbors to leading order in perturbation thecry
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2d S-matrix in N=4

S
/ A\

Particles (or magnons), Vacuum
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2d S-matrix in N=4

SR
/ A\

Particles (or magnons), Vacuum

| o®
Particles can scatter, e.g. S (p’ k) [Staudacher]
@O

_Particles transform in PSU(2|2)* extended [Beisert]

Pirsa: 09040016



2d S-matrix in N=4

C....ffm

- S(p:k)

PSU(2,2|4) » PSU(2|2)? extended

S-matrix (up to a scalar factor) and

| magnon dispersion relation
[Beisert; Aryutunoy, e 18758
Frolov, Zamaldar] amost fixed by symmeétry
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2d S-matrix in AdS/CFT

Worldsheet excitations in light-

Spin chain magnons in an
P i cone gauged string theory. 2D

operator with L fields QFT in a circle of size L
L
enns?) G
I ) .
L

Previous arguments hold for both
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Asymptotic Bethe equations and integrable 2D QF
n1+1ID Qi =) _p;, Q=) _p}. = {p1,p2} = {pl.ph}



Asymptotic Bethe equations and integrable 2D QF
n1+1ID Qi =) p;, Q=) _p} . = {p1,p2} = {p.ph}

If (integrability!) dQ3 = Z Pj = {p1,P2,P3} = {Péwpéﬁp;}
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Asymptotic Bethe equations and integrable 2D QF
n1+ID Qi =Y pj. Qa=» p?. = {p1.p2} = {p}.Ph}

If (integrability!) dQ3 = Z Pj = {p1,P2,P3} = {Péwpiz-ﬂ?a}

6’3'0{@3
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Asymptotic Bethe equations and integrable 2D QF
In1+ID @, = ZR? , Clo= Zp? . = {p1,p2} = {py,p5}

If (integrability!) J(Q)3 = ij = {p1,p2,p3} = {P1, P2, P3}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.

e’iC’CQ:*,
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Asymptotic Bethe equations and integrable 2D QF
In 1+1D @1 = ZP' , Q2 = Z[E . = {p1,p2} = {p1, P2}

If (integrabiliy!) 3Q3 = > _p} = {p1.p2.p3} = {P}.Ph. P}}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.

e’iCEQg

Pirsa: 09040016 Page 24/56



Asymptotic Bethe equations and integrable 2D QF

Pi

IIIII

6?:(11{@3

n1+1D Q=) pj. Q=) _p3. = {p,p2}={p.0h}

If (integrabiliy!) 3Q3 = > _p} = {p1.p2.p3} = {P}. Ph. Ph}

Integrable theories:

* Factorized scattering.
e S-matrices obey YB.
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Bethe Equations

M
0= | et® H 5'[1)_;—}):; ) —1

k#=j

A:]+Z\/ + \sin?

[Staudacher; Beisert, Staudacher; Janik; Beisert, Eden, Staudacher;
Beisert, Hernandez, Lopez; Arutyunov, Frolov, Zamaklar]
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Explicitly




Sa) Neb e D00 K

[Beisert, Staudacher; Beisert, Eden, Staudacher; Beisert, Hernandez, Lopez]
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...scary algebraic
equations....

|0 loop Feynman diagrams...
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Beautiful algebraic equations.....



What about small operators!?

we postpone discussing some interesting
points concerning the origin of the higher
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charges Q3  integrability and generalizations



[...Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperaturel/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

7 — ¢ REo(L) 7 — eI

-

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.
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2D QFT argument - contrary to everything so far this is very stringy!



[....Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperaturel/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

7 — ¢~ REo(L) AP i

o

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.
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a,s plane,

T-hook:

b i g

a,s a,s

Y, "-lSYtl—lS

The AdS/CFT Y-system,
the full Planar Spectrum

[Gromov,Kazakov,PV
[Gromov,Kazakov,Kozak, PV

middle node roots/strings

boson roots/strings
viw fermion roots

pyramids
f*=fluti/2)

The energy depends only on

(. 15 Ya.5+1 = Y-ﬁ,s—l ) the magnon dispersion relatio

(].-I—Y . )(1 | Y l ) and on the Y-functions found
a+l.s R —1.s

from solving the Y-system:

> du Oe
S = ZQ(’M; ‘*‘Z/ ::z' o = log (1 + Y, (u))

+ boundary conditiSis



[...Matsubara, Zamolodchiko
Dorey and Tateo,...]

TBA Wick rotation

Ground state energy at size L = free energy
per unit length at temperaturel/L

Eo(L) = f(L)

Asymptotic Bethe Ansatz
equations in a circle of length
L at zero temperature

7 — ¢ REo(L) 7 — o Hf

-

Exact BAE a

temperature |/

A priori this is valid for the ground state energy only.
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The AdS/CFT Y-system,
the full Planar Spectrum ____ ... ..

[Gromov,Kazakov,Kozak, PV
a,s plane,

T-hook:

middle node roots/strings

boson roots/strings
viw fermion roots

pyramids

f= = futi/2)

- _ The energy depends only on
Ya SY(I S - ( L }fa.sfl )( 1 Y&,s—l ) the magnon dispersion relatio

— : and on the Y-functions found
Yor1s¥a—1s (1+ Yor1s)(1+ Ya—i15) from solving the Y-system:

> du de |
P = Zel(m] +Z/ S I*J”(l‘*‘yau u))

- °9°?°Ii.n(t-u. j)=-1 + boundary conditiéhs



Quantum strings and the
four loop Konishi operator

Konishi = tr|Z ‘ ®> ‘ ©>
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Quantum strings and the
four loop Konishi operator

Konishi = tr|Z ‘ ®> ‘ ®>

AKUHEM'& i — 1-)[}‘2 - 18{} T 33(}9[} -+ ('_'2}‘8'L T 381&3 - liiOG'J)qh
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Quantum strings and the
four loop Konishi operator

Konishi = tr|Z ‘ ®> ‘ ®>

Ak onishi = 12g% — 48¢* + 336¢° + (—2584 + 384(3 — 1440¢;5)g°

Reproduces the YM 4 loop computation

involving 130000 Feynman diagrams!

(done in components)

3
[Bajnok,janik] [Fiamberti, Stambrogio,
[Gromov,Kazakov,PV] Sieg, Zanon]
[Velizhanin]

The Y-system incorporates both the Asymptotic Bethe equations and the
rdeading Luscher corrections and generalizes the latter for any operatorrsessss



Hirota Dynamics

The Y-system is equivalent to
the integrable Hirota equations:

rrr - =

a.s—a.s

aokidatiat Lot

e Hirota can be written as the compatibility equation for a linear
auxiliary problem

LT =4, M»T ={

* Beautifully solved in terms of determinants exploiting the Jacobi

relation:




SU(2) PCF an example

irsa: 09040016

M E(L)/m
- c 0
= S a
3 T e
e ot Y m
—_— o
- Hirota: -
5 gl
= ® o o
=
¢ equation
s
ThermodynamicalBetheansatz
>
Lm

® On the example of the
SU(2) PCF we were able to
explore this ideas to reduce
the Y-system equations

YoV, =[1+Y. i) LY. )

0oty _0o8a 8o,
to a single DdV like integral
equation of trivial numerical
iterative solution.
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Simple numeric implementation

matica File Edit Insert Format Cell Graphics Evaluation Paiettes Window Help P S o4 WM &Eome mar. 1924 §
Mumencs U(1) sector

S0(x |]=I-Gamma[-(x/(2I))|Gammafl/2Z+x/(2I})]/(CGamma(x/ (2I)]Gammall/2-x/(2I)]);
KO[x ] =DI[Log[80([x]"2], x]/ (2«Pi«1I);

n={0, 0, 0}; M=Length[n];
L=1/2;

X = ArcCosh[8 Log [10] /L] / n;

eq[i , v.] s=LeSinh([Piwex[i]] +Sum[I£[i=73, 0, Log[S0[x[4i] -x([3]172]/Z], {3, M}] -2n([i]]1Pi+v[[i]];
BAE[v ] := Table[x[i], {i, M}] /. FindRoot [Table[Re[eq[j, »]1, {j, M}], Table[{x[i], 2i/M-1/2}, {i, M}]];

F[S ] := FunctienInterpolatioa[s, [x, -X, X}, InterpolationPoints —» 30];

r{k_, v ] :=Log{(A[k][7] -1)/ (Abs[A[X][r]]-1)];
refk ;, v ] :=Conjugaterik, v]];

@[0] = BAE[Table ([0, {1, M}]]

{-0.707446, —1.55606 x 10™'°, 0.707446}

A[O0] =F[-Exp[-L«Cosh[Piwx]] «Product [SO[x-0[0][[j]] «X/2]"°2, {i, M}]];

Afk_] = A[k] = F{(-Exp[(-L) «Cosh[Pi +«x]]) «Product[S0([x - &[k - 1][[]]] + I/2]"2, (i, M}] =
Exp{¥Integrate[R0[x - y]l o[k -1, ¥] -RO[x - ¥ + L]l ercfk -1, ¥v] « 1, (v, -X, x, X},
Method -»> PrincipalvValue] - 2«X - re(k - 1, x11]
phase{k ][{x ] := NIntegrate[2«Im[KO[x - vy - I /2] ek -1, ¥1] + 1, {7, -X, X}] - 2X;
o(k_] := 8[k] = BAE(Table(phase[k][e[k - 1][([3]]], (5, M}]1];

En[k ] := Sum([Cosh{Pi«8[%][[1]]], {3, M}] - NIntegrate([Re([r(k, y]] Cosh[Pi~y], (¥, -X, X}];

PirsZ@BUeOIEBn [§], {1, 1, 8}] Page 41/56
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The exact spectrum of the SU(2) PCF

EL/2%




The exact spectrum of the SU(2) PCF

| B :""'I'_ | == BAE

- ——— -

H S{H& _ 9}} HS(HL - Hj } ‘Iﬂ — ¢ —im L sinh{w8) LIM

: N
—4 E(L) = E m cosh w#; + / dg H S(p;,q)e ™LEW@
i} j y =1
= —— ] = - ——
L | . mim + 2)
(Ep. — Ey) = —es(L)m(m +2) = — —
o 40.0,....0} M= 0! " 4log(w/L)
| f-________,...—-—-"'-—' . o "]
= = _1_._ = — —
= N 3




Next

*Do the same for AdS/CFT and reduce the Y-system to
a single DdV integral equation. Not just a technical
detail, it might contain important physics!

*Konishi:The plot, 5 loops, correction to the \'/*
behavior at strong coupling

*BKFL, the exact intercept, connection with DIS...

2aemi-classical string limit



Two miracles so far

® Higher charges exists and hence the
quantum theory is integrable

® The Hirota equations governing their exact
spectrum are integrable
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Qs in string theory,
Algebraic Curves

EA(IT) (8x8 matrix) which is flat on the e.o.m
[Bena, Polchinski, Roiban] e ..

\“/\J =Sz = Pexp/A(g:.r)

Eigenvalues are conserved... for

any x!!
Classical Strings < > Algebraic Curves
| Kazakov, Marshakov,
pitsa: 09040018 Minahan, Zarembo; Beisert, Page 46/56

Ka7rakav Sakat 7Zarembol



Semi-classics

Classical motion Perturbation
[Kazakov, Marshakov, Minahan, Zarembo] [Beisert, Freyhult] (YM side)
[Beisert, Kazakov, Sakai, Zarembo] [Gromoyv, PV]
v Y

Extra poles in the

Riemann Surface .
Riemann Surface
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Semiclassics

~

g {_/ Cuts = classical
- condensation of
. Bethe roots.

[KMMZ]

{ /
{
J2 g_/ Quasi-classical
Bethe equations
—

BN 2 Y Y IV V2 I

can be derived!

[AFS]
S [Gromov, PV]
Page 48/56
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Two weapons

Thus, when finding a new integrable gauge/string
duality we should pay special attention to

® Symmetry, in particular SU(2|2) extended is
highly constraining

® Discretization of the algebraic semi-classical
curves

indeed...



Spin chains in the ABJM theory

f-.},. (}'1 }--"lil- }e"l}f;}'l },rli_}“j }‘f}_.rl},'l'T}‘ﬁ}-lT}.-l | y,.'l }"f)

Cmenemoneponecsd)

Integrable 2-loop spin chain Hamiltonian [Minahan, Zarembo]

Integrable string coset [Aryutunav, Frolov]
H —S(p.k) : OSp(2.2/6) — SU(2[2) extended (Z5%,

String algebraic curves and semiclassics [Gromov.PV]

All loop asymptotic Bethe equations [GromovPV]



Ko :
H U-]L_J' — U2 i : é [Gromov,PV]
| - 4
i Y13 — Y2k — 5 uz
Ul u? us
: 1 1
UI—EIJ—LLXI_TXI__}"
l . - 2 '[_L L i
— = -1
,[_1_ r-}
lzug—u)—xuz—m+§uz—u«;+..—"; U4
uz_ffj+fuz—-igl__i;uz_“{_%v
—\ L T i
L_(xfi) u4_”i+" 1 xi X4—.T‘;
+ : oeralla. u : |
X4 . Uy — Uy —1 ) — - XI = Iy BES\U4, U4) OBES (U4, U2)
){4 X
-\ L g — L
(X3 wg—uz+i T x; X3 — 73
e : Lo — oggs (U3, u3) oBES (M3 |
X3 Uz — Uz — % T — IL X;{ — Ty s(Uz, U1) OBES (Mhasstia) -
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[Gromov, Kazakov, P

Full spectrum of planar ABJM

O—C—C—C—0)




® The known examples of integrable gauge theories are
super-conformal theories with cravity duals
® What is the landscape of integrable theories?

® Can we find new gauge/gravity dualities based on the
integrable structures’

® How close to QCD can we get!

® What about going beyond the spectrum?
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From the string 2D QFT point of
_ view it seems reasonable...

amplitudes

\/\j spectrum

.-’ ﬂ Different
topologies, same

integrable structure?

3 pt functions
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see e.g. [Beisert, Ricci, Tseytlin, Wolf], [Berkovits, Mifd4cena]
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Conclusions and future

® [ntegrability can provide us with a very elegant description of the full
planar spectrum of some gauge theories and their corresponding gravity
dual.

® The study of the full planar spectrums needs to be further simplified and a
nice plot of A(A) for the Konishi operator would be most welcome

[ Gromov, Kazakov, PV] work in progress

® A thorough classification of integrable theories is still missing and might
teach us a lot about realistic gauge theories and the corresponding gravity
duals

® [ntegrability techniques ought to be applied beyond the spectrum.
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From the string 2D QFT point of
_ view it seems reasonable...

amplitudes

k/_\j spectrum

: ﬂ Different
topologies, same

integrable structure?

3 pt functions
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see e.g. [Beisert, Ricci, Tseytlin, Wolf], [Berkovits, Mifdicena]
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