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Abstract: Quantum foundations in the light of gauge theories We will present the conjecture according to which the fact that q and p cannot |
“observables" of the same quantum system indicates that there is a remnant universal symmetry acting on classical states. In order to un
claim we will generalize to unconstrained systems the gauge correspondence between properties defined by first-class constraints an
symmetries generated by these constraints. As we shall see, this means that the uncertainty principle might be encoded in the very definitic
canonical variables g and p. According to the ontology of quantum objects that stems from this analysis, the quantum-mechanical descrif
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“Gaugification” of quantum mechanics

B The aim of this talk is to apply to quantum mechanics a fundamental idea coming from
gauge theories. namely...
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“Gaugification” of quantum mechanics

B The aim of this talk is to apply to quantum mechanics a fundamental idea coming from
gauge theories. namely...

B _ that there exists a “gauge correspondence” between properties of physical
systems and symmetries generated by these properties,
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“Gaugification” of quantum mechanics

B The aim of this talk is to apply to quantum mechanics a fundamental idea coming from
gauge theories. namely...

® _ that there exists a “gauge correspondence” between properties of physical
systems and symmetries generated by these properties,

® This approach relies strongiy on an analysis of the geometric formulations of
mechanics, namely...

e _.. the symplectic formulation of classical mechanics,

e ... and geometric quantization (J.-M. Souriau & B. Kostant).
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Constrained Hamiltonian Systems

The first-class constrainis

e, ar—cr

ab

G_{_“'-
®» define the constraint surface &
Ga (0" .p:) =0.

(pre-symplectic submanifold of the
phase space P)
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Constrained Hamiltonian Systems

The first-class constrainis

(6. Rl —C%6.

L

® define the constraint surface &

Ge (@ .p:) =0.

(pre-symplectic submanifold of the
phase space F)

® and generate gauge transf.

5.F = * {F.G,}
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Phase space
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Constrained Hamiltonian Systems

The first-class constrainis

Phase space
(G C =€ ;6
® define the constraint surface ©
Gﬂ (qz = pa) — > """_-:_—i_-_ _"---__-._.___._H_?:_______r__._._f.__. = *
2 ' =T Podiad
. . . = ' — phase
(pre-symplectic submanifold of the e

phase space F) oo

® and generate gauge transf.

5.F = *{F.G,}

®» The fact that the constraints are in involution means that the orbits generated by G,
remain in the constraint surface defined by &}, which means that the gauge orbits
define a null foliation of X (Frobenius’ integrability condition).
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Constrained Hamiltonian Systems

The first-class constrainis

Phase space
{6 E} =—C€5LG,
® define the constraint surface ©
G-ﬂ (qz . pi ) — U. J______..--"":-i-__ __r-..%"'--.,_q__h__:‘:_ AFee _,_a—""f-'..: 2 .‘
o == S "_'F'-:.._ g Reduced
Lo --._______.____'_F_ phase
(pre-symplectic submanifold of the SR space
phase space F) Orbis : -
. Constraint surface
® and generate gauge transf, _ =

5.F =e*{F.G,}

B The fact that the constraints are in involution means that the orbits generated by G,
remain in the constraint surface defined by ;,, which means that the gauge orbits
define a null foliation of X (Frobenius’ integrability condition).

® Hence, we can take the quotient of the constraint surface T by the gauge

transformations. This quotient defines the reduced phase space F,_,;.
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Observables

® The observables are functions on P, _;, that is gauge invariant functions on .
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Observables

® The observables are functions on P, _;, that is gauge invariant functions on =.

® Instead of working on P,..4. it is generally more convenient to work in the original
phase space...

1) by fixing the gauge. i.e. by selecting one representative in each gauge orbit.

2) and by intfroducing a cohomological algorithm for identifying the observables,
namely the BRST cohomology.
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Restriction & projection

Phase space
®» If a state (¢.p) satisfies the con-
straint B =
Ga(g.p) =0. ﬁ’ I~ 7 L7
S =

we will say that &, is a property of Lok — =
the state (q.p). mm ' =%
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Restriction { projection

Phase space
If a state (g.p) satisfies the con-
straint
ﬂ;{l [q p} = (. Fff':f_ _ "“'--...x.______..h._______J__._ o *

A e T i e
we will say that G, is a propertfy of -.; p L =
the state (q. p). mm ~_os v ' =

Consmaint surface =
{Ga=0)

B The attribution of properties strikes twice:
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1) there is a restriction to the constraint surface,

2) and there is a projection to the orbit space defined by the gauge transf.
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Restriction & projection

Phase space

® If a state (¢.p) satisfies the con-

straint
Ga tq p) = 0. #""P_ Z ] '“---..ﬁ____%_.?__ e - *
*___—__ ot N
we will say that G, is a property of P L oss
the state (g.p)- amm = : v t =
Consmaint surface =
{Ga = 0)

B The atiribution of properties strikes twice:

1) there is a restriction to the constraint surface,

2) and there is a projection to the orbit space defined by the gauge transf.

® In other terms, “localization” to ¥ entails the impossibility of localizing along the gauge
orbits. Hence. there is a limit to the “complete” localization of states.
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Gauge commutativity

® \What is the obstruction to this “complete” localization or determination of states?
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Gauge commutativity

® What is the obstruction to this “complete” localization or determination of states?

» Two constraints G, and G; can be both properties of the same states only if they
commute (weakly):

{Ga.Gp} =CS,G. ~ 0.
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Gauge commutativity

$ What is the obstruction to this “complete” localization or determination of states?

» Two constraints G, and G; can be both properties of the same states only if they
commute (weakly):

6. Cl—CC.~0

® Hence. non-commutativity is the obstruction to the attribution of different properties to
the same state.
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Gauge commutativity

® What is the obstruction to this “complete” localization or determination of states?

» Two constraints G, and G; can be both properties of the same states only if they
commute (weakly):

{Ga.Gp} =C5,G. ~ 0.

B Hence. non-commutativity is the obstruction to the atiribution of different properties to
the same state.

B |n other terms, if G, is a property of a state (g. p). then (g.p) is defined moduio the
gauge transformations generated by ..

—Pirsa:-69030041 Page 18/149

—p 7




Gauge commutativity

$ What is the obstruction to this “complete” localization or determination of states?

» Two constraints G, and G; can be both properties of the same states only if they
commute (weakly):

{Ca. Gy} = C5Ge ~ 0.

B Hence. non-commutativity is the obstruction to the atiribution of different properties to
the same state.

B Inother terms, if G, is a property of a state (g. p). then (q. p) is defined moduio the
gauge transformations generated by ..

® Therefore, functions which are not invariant along the gauge orbits generated by G,
cannot also be properties of (¢. p) (i.e. properties commute with the constraints).
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Gauge commutativity

What is the obstruction to this “complete” localization or determination of states?

Two consiraints &, and ; can be both properties of the same states only if they
commute (weakly):

{Ga.Gp} =CS,G. >~ 0.

Hence, non-commutativity is the obstruction to the atiribution of different properties to
the same state.

In other terms, if &, is a property of a state (g. p). then (q. p) is defined modulo the
gauge transformations generated by ..

Therefore, functions which are not invariant along the gauge orbits generaied by -,
cannot also be properties of (4. p) (i.e. properties commute with the consiraints).

This imposes a sort of “non-commutative” limit to the process of determination of
states: we can go on atiributing properties io {g. p) < the properties commuie.
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Gauge commutativity

What is the obstruction to this “complete” localization or determination of states?

Two constiraints (-, and ; can be both properties of the same states only if they
commute (weakly):

{Ga.Gp} = C5, G~ 0.

Hence, non-commutativity is the obstruction to the atiribution of different properties to
the same state.

In other terms, if &, is a property of a state (g. p). then (q. p) is defined modulo the
gauge transformations generated by ..

Therefore, functions which are not invariant along the gauge orbits generated by -,
cannot also be properties of (g. p) (i.e. properties commute with the constraints).

This imposes a sort of “non-commutative” limit to the process of determination of
states: we can go on atiributing properties to (g. p) < the properties commutie.

The fact that the observables do not permit to distinguish states belonging to the same
gauge orbit does not mean that the theory is incomplete, i.e. that it could exist
hypothetical hidden variables that would permit to distinguish gauge equivalent sigigs.
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Relevance for quantum mechanics

® According to the theory of constrained Hamiltonian systems, there exists a “gauge
correspondence” between. ..

properties (consirainis) «—~ symmetries (gauge transformations),

being non-commutativity the obstruction to the atftribution of different properties to the
same state.
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Relevance for quantum mechanics

® According to the theory of constrained Hamiltonian systems, there exists a “gauge
correspondence” between. ..
properties (consirainis) «—~ symmetries (gauge transformations),

being non-commutativity the obstruction to the attribution of different properties to the
same state.

B Symmetries reduce the amount of observable information that is necessary for
describing a physical system.
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Relevance for quantum mechanics

>
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According to the theory of constrained Hamiltonian systems. there exists a “gauge
correspondence” between. ..

properties (constrainis) —~ symmetries (gauge transformations),

being non-commutativity the obstruction to the attribution of different properties to the
same siate.

Symmetries reduce the amount of observable information that is necessary for
describing a physical system.

On the other hand, ¢ and p cannot be both “observables” of the same quantum system.
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Relevance for quantum mechanics

>
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According to the theory of constrained Hamiltonian systems, there exists a “gauge
correspondence” between. ..

properties (consirainis) «—~ symmetries (gauge transformations),

being non-commutativity the obstruction to the attribution of different properties to the
same state.

Symmetries reduce the amount of observable information that is necessary for
describing a physical system.

On the other hand. g and p cannot be both “observables” of the same guantum system.

Just an idea... maybe the reason for this quantum “uncertainty” is that we forgot to take
the quotient by a remanent “quantum”™ symmetry.
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Relevance for quantum mechanics

® According to the theory of constrained Hamiltonian systems. there exists a “gauge
correspondence” between. ..

properties (consiraints) —~ symmetries (gauge transformations),

being non-commutativity the obstruction to the attribution of different properties to the
same state.

B Symmetries reduce the amount of observable information that is necessary for
describing a physical system.

B On the other hand. g and p cannot be both “observables” of the same quantum system.

® Just an idea... maybe the reason for this quantum “uncertainty” is that we forgot to take
the quotient by a remanent “guantum”™ symmetry.

® Roughly speaking... it might be the case that...

Classical mechanics / “quantum” symmetry — Quantum mechanics.
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Constraints vs. observable properties

» We will then try to generalize to unconstrained systems the gauge correspondence
between properties defined by G, and symmeifry transf. generated by ..
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Constraints vs. observable properties

B We will then try to generalize to unconstrained systems the gauge correspondence
between properties defined by G, and symmeifry fransf generated by ...

» To do so, we will distinguish between. ..

s ___ the properties given by the constraints -, = C™ ( ). which define the
reduced subspace of possible physical states of the theory.

e ... and the properties given by the observables f(q.p) = C~~(F,.4), which
permit us to select one possible solution among all possible physical solutions.
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Constraints vs. observable properties

B We will then try to generalize to unconstrained systems the gauge correspondence
between properties defined by (. and symmeiry fransf. generated by ..

» To do so, we will distinguish between...

e ___ the properties given by the constrainits -, = C™ ( P), which define the
reduced subspace of possible physical states of the theory.

e _.. and the properties given by the observables fiqg.p) = C>~(F,_;). which
permit us to select one possible solution among all possible physical solutions.

» We will then claim that the gauge correspondence should be valid for both kinds of
properties. i.e. not only for properties given by (&, . but also for the observable
properties.
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Constraints vs. observable properties

» We will then try to generalize to unconstrained systems the gauge correspondence
between properties defined by . and symmeiry fransf. generated by G..

» To do so, we will distinguish between...

e ___ the properties given by the constrainis -, = C™ ( P). which define the
reduced subspace of possible physical states of the theory.

e .. and the properties given by the observables f(q.p) = C~~(F,.;). which
permit us to select one possible solution among all possible physical solutions.

» We will then claim that the gauge correspondence should be valid for both kinds of
properties. i.e. not only for properties given by .. but also for the observable
properties.

® It is worth noting that this is not the case in classical mechanics since observable
properiies do not generate symmeiry transformations.
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Constraints vs. observable properties

>
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We will then fry to generzalize to unconstrained systems the gauge correspondence
between properties defined by . and symmeiry fransf. generated by ..

To do so, we will distinguish between...

e . the properties given by the constraints G, < C ™ ( F), which define the
reduced subspace of possible physical states of the theory.

e ... and the properties given by the observables f(q.p) = C™~(FP,.;). which
permit us to select one possible solution among all possible physical solutions.

We will then claim that the gauge correspondence should be valid for both kinds of
properties. i.e. not only for properties given by (-, . but also for the observable
properties.

It is worth noting that this is not the case in classical mechanics since observable
properiies do not generate symmetry iransformations.

In other terms, since any two distinct points in F,._; are supposed to describe states
which are physically different. there can be no symmetry acting on P,._;.
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Quantum symmetry

® The proposed generalization of the gauge correspondence to unconstrained systems
will forbid localization in phase space even if there are no consiraints.
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Constraints vs. observable properties

>
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We will then fry to generzalize to unconstrained systems the gauge correspondence
between properties defined by (7. and symmefry fransf. generated by ..

To do so, we will distinguish between...

e ___ the properties given by the constraints -, = C™ ( P), which define the
reduced subspace of possible physical states of the theory.

e .. and the properties given by the observables (q.p) = C~(F,.4). which
permit us to select one possible solution among all possible physical solutions.

We will then claim that the gauge correspondence should be valid for both kinds of
properties. i.e. not only for properties given by &, . but also for the observable
properties.

It is worth noting that this is not the case in classical mechanics since observable
properiies do not generate symmetry fransformations.

In other terms, since any two distinct points in F,._; are supposed to describe states
which are physically different. there can be no symmetry acting on F,._,.
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Quantum symmetry

B The proposed generalization of the gauge correspondence to unconstrained systems
will forbid localization in phase space even if there are no consiraints.
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Quantum symmetry

The proposed generalization of the gauge correspondence to unconsirained systems
will forbid localization in phase space even if there are no consiraints.

The remanent "quantum symmetry” that forbids localization in an unconstrained
(reduced) phase space F,._; will be generated by the very (reduced) canonical
variables gand p of F,._,.
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Quantum symmetry

B The proposed generalization of the gauge correspondence to unconstrained systems
will forbid localization in phase space even if there are no consiraints.

®» The remanent “quantum symmetry” that forbids localization in an unconstrained
(reduced) phase space F,._; will be generated by the very (reduced) canonical
variables gand p of F,._;.

® |n other terms, the main idea of this approach is that the conceptual justification of the
uncertainty principle is somehow encoded in the very definitions of g and p.
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Quantum symmetry

The proposed generalization of the gauge correspondence to unconstrained systems
will forbid localization in phase space even if there are no consiraints.

The remanent “quantum symmeitry” that forbids localization in an unconstrained
(reduced) phase space F._; will be generated by the very (reduced) canonical
variables gand p of P, _;.

In other terms, the main idea of this approach is that the conceptual justification of the
uncertainty principle is somehow encoded in the very definitions of g and p.

So this is our minimal prescription for trying to understand quantum mechanics... let's
simply try to understand what a momentum p is !
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Quantum symmetry

The proposed generalization of the gauge correspondence to unconsirained systems
will forbid localization in phase space even if there are no consiraints.

The remanent “quantum symmetry” that forbids localization in an unconstrained
(reduced) phase space F._; will be generated by the very (reduced) canonical
variables gand p of F,._,;.

in other terms, the main idea of this approach is that the conceptual justification of the
uncertainty principle is somehow encoded in the very definitions of g and p.

So this is our minimal prescription for trying to understand quantum mechanics... let's
simply try to understand what a momentum p is Il
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What is mechanics?

B |f the “quantum” symmetry does not stem from the existence of constraints... what
could be the conceptual motivation for formulating this new symmetry principle?
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What is mechanics?

If the “quantum”™ symmetry does not stem from the existence of constraints... what
could be the conceptual motivation for formulating this new symmeitry principle?
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What is mechanics?

B |f the “quantum” symmetry does not stem from the existence of constraints... what
could be the conceptual motivation for formulating this new symmeitry principle?

B |n order to answer, it might be necessary to go back to very basic questions, such as
e What is mechanics?

e What is an observable like the momentum p?
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What is mechanics?

If the “quantum”™ symmetry does not stem from the existence of constraints... what
could be the conceptual motivation for formulating this new symmetry principle?

In order to answer, it might be necessary to go back to very basic questions, such as
e What is mechanics?

e What is an observable like the momentum p?

Usual “pre-relativistic” answers: mechanics is the study of the evolution of physical
systems in time and p is related to g(7). i.e. to an effective physical motion in g.
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What is mechanics?

» f the “quantum” symmetry does not stem from the existence of constraints... what
could be the conceptual motivation for formulating this new symmetry principle?

® |n order to answer, it might be necessary to go back to very basic questions. such as
o \What is mechanics?

e What is an observable like the momentum p?

® Usual “pre-reiativistic” answers: mechanics is the study of the evolution of physical
systems in time and p is related to ¢(7). i.e. to an effective physical motion in q.

#® These answers depend on the existence of a temporal structure, i.e. of an external
parameter f (or an internal clock) and a conjugated Hamiltonian h(g. p).
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Temporal structures

B Nevertheless. a temporal structure is an additional layer of structure which is not
encoded in the very definition of a symplectic manifold and its canonical variables g
and p.
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Temporal structures

B Nevertheless, a temporal structure is an additional layer of structure which is not
encoded in the very definition of a symplectic manifold and its canonical variables g
and p.

® Indeed. a temporal structure can be defined...

e ... either by introducing an external parameter ¢ and a Hamiltonian function
h{g.p) on phase space (for subsystems of the universe).

e _.. or by selecting an internal physical clock in a parameterized system with a
Hamiltonian constraint of the form H = pﬁ — h%(q,p) = 0 (for cosmological systems).
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Temporal structures

B Nevertheless. a temporal structure is an additional layer of structure which is not

encoded in the very definition of a symplectic manifold and its canonical variables g
and p.

® Indeed. a temporal structure can be defined...

e ... either by introducing an external parameter ¢ and a Hamiltonian function
hi{g.p) on phase space (for subsystems of the universe).

e _.. or by selecting an internal physical clock in a parameterized system with a
Hamiltonian constraint of the form H = p% — hZ%(q, p) = 0 (for cosmological systems).

®» Moreover. there are systems (e.g. the gravitational field) which do not have a
(cancnical) temporal structure.
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Temporal structures

Nevertheless. a temporal structure is an additional layer of structure which is not
encoded in the very definition of a symplectic manifold and its canonical variables g
and p.

Indeed, a temporal structure can be defined...

e ... either by introducing an external parameter ¢ and a Hamiltonian function
h{g.p) on phase space (for subsystems of the universe).

e ... or by selecting an internal physical clock in a parameterized system with a
Hamiltonian constraint of the form H = pf, — hZ%(q, p) = 0 (for cosmological systems).

Moreover. there are sysiems (e.g. the gravitational field) which do not have a
(canonical) temporal structure.

Hence, the answers o the questions What is mechanics? and What is an observable
like p? cannot depend on the presupposition of a temporal structure.
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Symplectic diffeomorphisms

® in order to answer these questions, we can begin by noting that the very definition of
physical cbservables f = C~(A]) is related to the action of a group (of sympleciic

diffeomorphisms) on phase space.
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Temporal structures

Nevertheless. a temporal structure is an additional layer of structure which is not
encoded in the very definition of a sympilectic manifold and its canonical variables g
and p.

Indeed, a temporal structure can be defined...

e ... either by introducing an extiernal parameter ¢ and a Hamiltonian function
hi{g.p) on phase space (for subsystems of the universe).

e _.. or by selecting an internal physical clock in a parameterized system with a
Hamiltonian constraint of the form H = p;’, — hZ%(g, p) = 0 (for cosmological systems).

Moreover. there are sysiems (e.g. the gravitational field) which do not have a
(canonical) temporal structure.

Hence, the answers o the questions What is mechanics? and What is an observable
like p? cannot depend on the presupposition of a temporal structure.
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Symplectic diffeomorphisms

B In order to answer these questions, we can begin by noting that the very definition of
physical cbservables f = C™(A/]) is related to the action of a group (of symplectic

diffeomorphisms) on phase space.
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Symplectic diffeomorphisms

® |n order to answer these guestions, we can begin by noting that the very definition of
physical cbservables f = C~(A]) is related to the action of a group (of symplectic

diffeomorphisms) on phase space.

® To clarify this point we have to take into account that phase space is a symplectic
manifold (A/. ), i.e. a manifold endowed with 2-form . which is closed

duwr = 0

and non-degenerate
X ) =04 X =10
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Symplectic diffeomorphisms

® In order to answer these questions, we can begin by noting that the very definition of
physical ocbservables f = C~(A]) is related to the action of a group (of symplectic
diffeomorphisms) on phase space.

® To clarify this point we have to take into account that phase space is a symplectic
manifold ( M. w), i.e. a manifold endowed with 2-form . which is closed

dur = 0

and non-degenerate
wiX.-) =0+ X —0

®» The symplectic structure . induces a correspondence:

Observables f < C™(Al) — classical operators vy € T M.
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Symplectic diffeomorphisms

In order to answer these questions. we can begin by noting that the very definition of
physical cbservables f = C™(A[]) is related to the action of a group (of symplectic
diffeomorphisms) on phase space.

To clarify this point we have to take into account that phase space is a symplectic
manifold { Al. ), i.e. a manifold endowed with 2-form . which is closed

do =0

and non-degenerate
X =0 X —0

The symplectic structure . induces a correspondence:
Observables f < C™ (Al) — classical operators vy € T M.

Classical operators vy < T'M generate symplectic difffomorphisms of phase space
(M. w). i.e. diffeomorphisms of A/ that preserve the symplectic structure .
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Symplectic mechanics

Classical
observables

feC™ s .

o
ES

v, = &ff2p aiéq - 2fiq 32p

Hamilonian F " R
vector fieid

v==-aap[
‘ap)
Vv, = 2i2q

Phase space [M,w)

e Correspondence between observables and classical operafors (Hamilionian vector fields):

=T M — TM
af d af o
PEEEm e e suchthat  w(v;. ) = df
Jp dg dg dp

i - [dj,_.f +iv d)w = dgf =4

£
+
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Symplectic diffeomorphisms

In order to answer these questions, we can begin by noting that the very definition of
physical ocbservables f = C~(A]) is related to the action of a group (of symplectic
diffeomorphisms) on phase space.

To clarify this point we have to take into account that phase space is a symplectic
manifold ( M. ), i.e. 2 manifold endowed with 2-form . which is closed

do =0

and non-degenerate
url X, ) =0+ X =0

The symplectic structure v induces a correspondence:
Observables f < C™(A!) — classical operators vy € TM.

Classical operators vy € T M generate symplectic diffeomorphisms of phase space
(A.w). i.e. diffeomorphisms of A/ that preserve the symplectic structure .
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Symplectic mechanics

Classical
observables

feC @

V, = aflep f2q - 31laq 3i2p

Hamiltonian " R
vector field

V, =-dép
iqp)
V_ =aiaqg

Phase space {M,w)

e Correspondence between observables and classical operators (Hamiltonian vector fields):

W T*M — TM
gf o 2
df +— vF= oL r_f suchthat wiv:.-)=df
dp dgq dq dp .

Eopur— (e + iupdinr —d° f —0
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Momenta vs. velocities

® n particuiar, p generates canonical transformations of ¢ through the action of the

classical operator v, = ;L}—J c FAM:

Liev,g=1{q.p} =1

—Pirsa:-69030041
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Momenta vs. velocities

® n particuiar, p generates canonical transformations of ¢ through the action of the
classical operator vp = 5= € TAL:

Liev, g ={q.p} =L

® f one can define a Hamiltonian A {g.p) and a physical clock {, then the momentum p
can be related to the velocity 4(1) through Hamilion’s equation g(f) = _ Fham)

f.'-.?p
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Momenta vs. velocities

In particular, p generates canonical transformations of ¢ through the action of the
classical operator v, = 5= € TAL
Liev,g=1{q.p} =1

If one can define a Hamiltonian h{g. p) and a physical clock 7, then the momentum p

can be related to the velocity g(1) through Hamilton’s equation g(f) = —%5—15‘”

However, it is only through the mediation of the Hamiltonian /2 {g. p) that the canonical
transf. of ¢ generated by p becomes a transf. of ¢ in fime, i.e. a physical motion.
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Momenta vs. velocities

In particular, p generates canonical transformations of ¢ through the action of the
classical operator v, = 5- € TM:

Liev,g={q.p} =1

If one can define a Hamiltonian h{g. p) and a physical clock 7, then the momentum p

can be related to the velocity g(7) through Hamilton's equation ¢(7) = —%

However, it is only through the mediation of the Hamiltonian /2 (g. p) that the canonical
transf. of ¢ generated by p becomes a transf. of g in fime. i.e. a physical motion.

If we abstract the existence of /2(g. p). we cannot pass from canonical transformations
to effective physical motions.
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Momenta vs. velocities

In particular, p generates canonical transformations of ¢ through the action of the
classical operator vp = 5- € TM:

LCiev, g ={q.p} = 1.

If one can define a Hamiltonian h{q. p) and a physical clock ¢, then the momentum p
_ Ohig.p)

can be related to the velocity 4( 1) through Hamilton’s equation g(f) = 5o

However, it is only through the mediation of the Hamiltonian /{g. p) that the cancnical
transf. of ¢ generated by p becomes a transf. of ¢ in fime, i.e. a physical motion.

If we abstract the existence of /{g. p). we cannot pass from canonical transformations
to effective physical motions.

In other terms, the intrinsic definition of p as a generator of canonical transf. of ¢ does
not make any reference to temporal processes.
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Momenta vs. velocities

In particular, p generates canonical transformations of ¢ through the action of the

classical operator v, = L% e FAM:

Liev,g={q.p} =1

If one can define a Hamiltonian h{g. p) and a physical clock ¢, then the momentum p

can be related to the velocity () through Hamilton's equation ¢(t) = ——E}hfi’p E

However, it is only through the mediation of the Hamiltonian /2({g. p) that the canonical
transf. of ¢ generated by p becomes a transf. of g in fime. i.e. a physical motion.

If we abstract the existence of h{g. p}. we cannot pass from canonical fransformations
to effective physical motions.

In other terms, the intrinsic definition of p as a generator of canonical transf. of ¢ does
not make any reference to temporal processes.

However, what information about the state (g. p) is conveyed by p if it is not related to
the velocity of an effective physical motion?
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What does p measure?

Indeed. if we want to define p as a quantity that generates canonical transf. of ¢, there
should exist a relationship between the particular value of p and the transf. that it
generates.
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What does p measure?

Indeed. if we want to define p as a quantity that generates canonical transf. of g, there
should exist a relationship between the particular value of p and the transf. that it

generates.

In other terms, what information about the canonical transf. of ¢ is conveyed by the
particular value of p?
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What does p measure?

Indeed. if we want to define p as a quantity that generates canonical transf. of ¢. there
should exist a relationship between the particular value of p and the transf. that it
generates.

In other terms, what information about the canonical transf. of g is conveyed by the
particular value of p?

If the particular value of a velocity ¢ conveys information about the transformation of ¢
in time...
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What does p measure?

Indeed. if we want to define p as a quantity that generates canonical transf. of ¢, there
should exist a relationship between the particular value of p and the transf. that it
generates.

In other terms, what information about the canonical transf. of ¢ is conveyed by the
particular value of p?

If the particular value of a velocity ¢ conveys information about the tfransformation of ¢
in time...

... we could in principle expect that the particular value of p conveys information about
some kind of “virtual velocity” associated to the canonical transformations of q.
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Momenta as “virtual velocities”

® However. this is not the case in classical mechanics.
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Momenta as “virtual velocities”

® However. this is not the case in classical mechanics.

B |n other terms, the canonical transf. of ¢ generated by p does not depend on the vaiue
of p. Indeed, p and p’ = p + k define the same transf. of ¢:

Liev, ,a={a.p+k}={¢p}=1
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Momenta as “virtual velocities”

® However. this is not the case in classical mechanics.

® |n other terms, the canonical transf. of ¢ generated by p does not depend on the value
of p. Indeed, p and p’ = p + k define the same transf. of ¢:

Liev,  q={a.p+k} ={q¢.p}=1

# This is a consequence of the fact that the classical correspondence between
observables and classical operators is not injective (or faithful)

ok o ok O
—3 ) §

{-'_ :kER e i : — : —
f_q ) o dp Og dg adp
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Momenta as “virtual velocities”

However. this is not the case in classical mechanics.

In other terms, the canonical fransf. of ¢ generated by p does not depend on the value
of p. Indeed, p and p’ = p + k define the same transf. of g:

Liev,, ,g={a.p+k} ={¢.p} =1

This is a consequence of the fact that the classical correspondence between
observables and classical operators is not injective (or faithful)

ok d ok O
=) ( LY —fl

I_:;{ER — UL = . TR ==
f(e-p) Op dg dg ap

In other terms, the correspondence between the Poisson algebra of observables and
the Lie algebra of classical operators is not a Lie algebra isomorphism.
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Classical operators commute...

B |t is easy to see that the fact that the canonical transf. generated by vp does not
depend on the particular value of p is a consequence of the commutativity of v, and v,.

¢ Indeed, since the transition from p to p’ = p + k is generated by v, = —;—;

e _.. the variation of v, under a variation of p (generated by v, ) is given by

Liev,vp = [Up. Vg] = vgg 1 = v1 =0.
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Classical operators commute...

It is easy to see that the fact that the canonical transf. generated by v, does not

depend on the particular value of p is a consequence of the commutativity of v, and v,.

¢ Indeed, since the transition from p to p’ = p + k is generated by v, = —;—;

e _.. the variation of v, under a variation of p (generated by v, ) is given by

The commutativity of v, and v, is then the obstruction that prevents us from defining
observables as properties that quantify faithfully virtual transf.
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Classical operators commute...

It is easy to see that the fact that the canonical transf. generated by v, does not
depend on the particular value of p is a consequence of the commutativity of v, and v,.

i

e Indeed, since the transition from pto p’ = p + k is generated by v, = — 55

e _.. the variation of v, under a variation of p (generated by v, ) is given by
Li€p,vp = [Up. Vg] = vgg p1 = v1 =0.

The commutativity of v, and v, is then the obstruction that prevents us from defining
observables as properties that quantify faithfully virtual transf.

If we still want to interpret p as a “virtual velocity™ that quantifies faithfully the virtual
(timeless) transformations of g...

e ... we have to force the non-commutiativity of the operators associated to ¢ and

e and we have to provide a physical interpretation of theses virtual transf.
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Momenta as “virtual velocities”

However. this is not the case in classical mechanics.

In other terms, the canonical transf. of ¢ generated by p does not depend on the value

of p. Indeed, p and p’ = p + k define the same transf. of 4:

.

Liev, ,g={a.p+k}={¢.p}=1

This is a consequence of the fact that the classical correspondence between
observables and classical operators is not injective (or faithful)

D D
= =P =0

(fgp)=kcR — vr= — — —
flg.-p) Uk 5w oe O 0p

In other terms, the correspondence between the Poisson algebra of observables and
the Lie algebra of classical operators is not a Lie algebra isomorphism.
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Classical operators commute...

B |t is easy to see that the fact that the canonical transf. generated by vp does not
depend on the particular value of p is a consequence of the commutativity of v, and v,.

8

e Indeed. since the transition from pto p’ = p + k is generated by v, = — 55

e ... the variation of v, under a variation of p (generated by v, ) is given by

Li€y,vp = o o) — Uig.p} = v1 =0.
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Classical operators commute...

P |t is easy to see that the fact that the canonical transf. generated by vp does not
depend on the particular value of p is a consequence of the commutativity of v, and v,.

o

e Indeed, since the transition from pto p’ = p + k is generated by v, = — 35

e _.. the variation of v, under a variation of p (generated by v, ) is given by
Liev,vp = [Up. Vg] = vgg p3 = v1 =0.

» The commutativity of v, and v, is then the obstruction that prevents us from defining
observables as properties that quantify faithfuily virtual transf.
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| Classical operators commute...
! ——1 =1
I P iiis easy to see that the fact that the canonical transf. generated by vy does not
i depend on the particuiar value of p is a consequence of the commutativity of v, and v,
? ¢ Indeed, since the fransition from pto p’ = p + &k is generated by v, = —%
! « ___ the vanation of v, under a vanation of p (generated by v,) is given by
| Liey vp =[p.Vg] =040 =vi =0.

£ 2

$» The commutativity of v, and v, is then the obstruction that prevents us from defining
f observables as properties that quantify fathfully virtual transf.
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Classical realization
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Classical realization

uriversal operators
EelieG e
"EI = F' - o 3 ===
operatons - m e T s
= L Ve ¥ Realized” '
- operalons
fo T e
B (M. w)

In classical mechanics. a non-irivial transf. of p does not affect the classical operator

i
o

Liey,p=1{p.q} = —1
Liey,vp = [Up, Vgl =v(p gy =v—1 =0

Hence, states with different p do not necessarily realize differently the universal
operator &,,.
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