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Abstract: Quantum mechanics is a non-classical probability theory, but hardly the most general one imaginable: any compact convex set can serve
as the state space for an abstract probabilistic model (classical models corresponding to simplices). From this altitude, one sees that many
phenomena commonly regarded as " characteristically quantum' are in fact generically ""non-classical’. In this talk, I'll show that amost any
non-classical probabilistic theory shares with quantum mechanics a notion of entanglement and, with this, a version of the so-called measurement
problem. I'll then discuss what's required for an abstract probabilistic theory to admit a somewhat simplified version of Everett's response to this
problem -- an exercise that turns out to be instructive in several ways.
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I am p, thy state, who brought you out of wavefunction realism...
Thou shalt have no other states before me.

— Matthew (Leifer)
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1. Two Views of QM

Apparatus of QM (cartoon version): A quantum system has

(i) pure states represented by unit vectors w in a complex Hilbert
space .

(i) dynamics implemented by unitary operators U on 2#

(i) Observables carresponding to self-adjoint operators A on #

Minimal Statistical Interpretation (MSI): the probability that
observable A takes value A, if measured in state v is

(Pry, )
where P; is the projection onto A's A -eigenspace.

Fact: MSI + structure of observables determines the rest of the
apparatus above (Gleason's Theorem, Wigner's Theorem, etc.)
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Two ways to look at this

(@) QM is a linear dynamical theory with a familiar mathematical
apparatus, but a mysterious probabilistic interpretation.

(b) QM is a conservative extension of classical probability theory,
with a relatively unproblematic interpretation. but a mysterious
mathematical apparatus.

Each of these views of QM faces its own characteristic problem:
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Two ways to look at this

(a) QM is a linear dynamical theory with a familiar mathematical
apparatus, but a mysterious probabilistic interpretation.

(b) QM is a conservative extension of classical probability theory.
with a relatively unproblematic interpretation, but a mysterious
mathematical apparatus.

Each of these views of QM faces its own characteristic problem:
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Two Problems

e For view (a), a problem of interpretation: “measurement”
seems out of place as a primitive term. One wants a dynamical
account of measurement — interpretive principles such that
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In this talk. I'm going to try to take both views at once:
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In this talk, I'm going to try to take both views at once:

» Adopting view (b), I'll regard QM as one among many possible
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dynamical account of measurement, as per view (a).
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In this talk, I'm going to try to take both views at once:

« Adopting view (b), I'll regard QM as one among many possible
probabilistic thearies.

» |'ll ask whether a generic probabilistic theory can support a
dynamical account of measurement, as per view (a).

This leads to a generic version of the Measurement Problem.

Question: can familiar interpretive strategies for solving the quantum
MP (Everettian, Bohmian, modal,...) be made to work in equal
generality?

To make a start, I'll consider what's required for a probabilistic theory
to sustain an attenuated version of Everett’s interpretation.

irsa: 09030019 Page 24/63




2. Probabilistic Models

Definition: A test space is a collection A of non-empty sets, called
tests. understood as the outcome-sets of various “measurements”.
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2. Probabilistic Models

Definition: A test space is a collection A of non-empty sets, called
tests. understood as the ocutcome-sets of various “measurements”.

e X =) is the outcome space for 2L.
« A probability weight on 2 is a mapping « : X — [0, 1] with

Y alx)=1
xcE
for all E = 2.
e The convex set (2(2A) of all probability weights on 2 is the latter's
state space.

A probabilistic model is a pair (A.') —A atest space. I < Q(A) a
compact, convex, cutcome-separating set of states. Roughly, a
probabilistic theory is a class of such models — more on this in a
moment.
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Example (Classical)

Let A = {E} where E is a finite set. States are simply probability
weights on E; pure states are point masses. Note that every state is
uniquely a mixture of pure states, i.e., the state space is a simplex
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Example (Classical)

Let A = {E} where E is a finite set. States are simply probability
weights on E; pure states are point masses. Note that every state is
uniquely a mixture of pure states, i.e., the state space is a simplex

Example (Quantum)

Let A = §(H). the set of orthonormal bases for a Hilbert space H. All
states on § have the form x(x) = (px.x), p a density operator on H
(Gleason’'s Thearem). Hence, pure states have the form

oy (X) = |{v,x)|2, v a unit vector in H.
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These examples have several things in common:

(1) Every pure state « makes some outcome certain; conversely, for
every outcome x, there is a unique pure state g, with e¢(x) = 1. Call a
model with this last property sharp.

(2) while the set of density matrices is not a simplex, every state has

a representation — generically unique — as a mixture of orthogonal
pure states.
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(2) while the set of density matrices is not a simplex, every state has
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Definition: A set of states «. .... «, is orthogonal iff there exists a
test E and outcomes Xxy....xpc Ewith ai(x;)=1fori=1..... n. A
state is spectral iff it can be expressed as a mixture of orthogonal
states.
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These examples have several things in common:

(1) Every pure state « makes some outcome certain; conversely, for
every outcome x, there is a unique pure state g, with ex(x) = 1. Call a
model with this last property sharp.

(2) while the set of density matrices is not a simplex, every state has
a representation — generically unique — as a mixture of orthogonal
pure states.

Definition: A set of states «;. .... «, is orthogonal iff there exists a
test E and outcomes xy.... xpc Ewith ai(x;)=1fori=1.....n. A
state is spectral iff it can be expressed as a mixture of orthogonal
states.

Note that a pure state « is spectral iff 3x = X with a(x) = 1.

Pirsa: 09030019 Page 36/63




Example (Entomological)

A firefly is sealed in a triangular box with opaque top and bottom and
translucent walls. The box is divided into three chambers:

Each exterior wall corresponds to a possible “measurement” of the
firefly, giving us atest space A = {{a.x.b}.{b.y.c}.{c.z.a}} (x =no
light behind the a. b wall, etc.) This has five pure states, four
dispersion-free and the fifth, non-spectral:

w(a)=o(b)=w(c)=1/2; o(x)=o(y)=w(z)=0.
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3. Entanglement

If 2t and B are test spaces, let A « B ={E <« FIE <A F =B}. A state
@ on A < ‘B is non-signaling if it has well-defined marginal states

w1(x):= ) o(x.y) and aa(y) = ) o(x.y)
yeF x=E

(independent of £E = A and F = *B, respectively).
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@ on A « ‘B is non-signaling if it has well-defined marginal states

@ (x):= Y o(x.y) and ea(y) =} o(x.y)
y<F x<E

(independent of £E = A and F = *B, respectively).

o Mixtures of product states (a = B)(x.y) = a(x)B(y) are
obviously influence-free.
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3. Entanglement

If 24 and B are test spaces, let A « B = {E <« FI[E <A F = B}. A state
@ on A < B is non-signaling if it has well-defined marginal states

@(x):= Y o(x.y) and oa(y) =} o(x.y)
y<F x=E

(independent of £ = A and F = *B, respectively).

o Mixtures of product states (a = B)(x.y) := a(x)B(y) are
obviously influence-free.

e Unless () or (2(B) is a simplex, there exist entangled
influence-free states not mixtures of product states.
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If @ is influence-free, every A-outcome x yields a conditional state
wpx € S2(B):

@(Xx.y)

@1 (X)

if @(x) > 0; otherwise mgx = 0. Likewise, every ‘B-outcome yields a
conditional state w4, on 2. These obey obvious /aws of total
probability: for any tests E< 2, F =B,

a’ZIA'(.V) =

W= Y wp(y)oyy and @z = Y o (X)oy.
yeF xcE
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Definition: A composite of two models (A.()) and (B.1') is a model
(€.02: ) where

(a) € 2O A x'B;

(b) States on ¢ are determined by their values on 2 < B (and so can
viewed as states on A <« ‘B);

(c) QT is a convex set of non-signalling states, containing all
product states;

(d) For every bipartite state w < (2 - I and all outcomes
xe Ay eUB, oy €Q2and agy =T

Still roughly: a probabilistic theory is a class of probabilistic models
closed under the formation of some mechanism for forming
composites.
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Example

Let A = §(H;) and B = §(H>) for two Hilbert spaces H; and H». Then
¢ = §(Hy = Hp) with 4 = (25 the set of density operators on H; - Ho.

Other possibilities: we could take ¢ to consist only of product frames,
or Q22 T to consist of all non-signaling states, or only unentangled
states.
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Lemma

Let w be a pure state in ) - T. If either marginal state @, or m»s is
pure, then @ = @y - wo.

Proof: Suppose a» is pure. Fix x, and let £ be a test containing x. By the
LOTP. we have

g = Z @1 (X )02
x<E
This gives us o as a convex combination of the conditional states o ,. As
@, Is pure, we have, for each x < E, either @4(x) =0 or @), = @y In either
case we have w(x.y)= oy (x)a(y) forall y = JB. .

It follows that the reduced states of an entangled pure state are
always mixed (regardless of what tensor product we use). Thus, the
familiar distinction between proper and improper mixtures in QM
arises in (almost) any non-classical probabilistic theory.
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A number of other "characteristically guantum” phenomena turn out
to be either generically non-classical in this way, or to obtain subject
to very weak additional constraints.
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A number of other "characteristically quantum” phenomena turn out
to be either generically non-classical in this way, or to obtain subject
to very weak additional constraints.

Examples include

+ No-cloning and no-broadcasting theorems (BBLWOQ6, '07)

» Post-selected teleportation and entanglement swapping
(BBLWOS8)

o A version of the “measurement problem” — as we'll now see.
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4. Measurement

Standard model of quantum measurement: To measure a discrete
observable (test) E = {x;} on object system O with Hilbert space Hp,
couple O to an “apparatus” system A with Hilbert space H,, initially in
a (pure) ‘ready” state y, < Hs. The coupled system then undergoes
unitary evolution U perfectly carrelating £ with a “pointer” observable
F={y;} of O:

U: X ® Yo — % 2 Y. (1)

More generally, U takes an initial state-vector v=Y,cx; =Hp 1o a
final joint state-vector

U(v @ Yo) = } CiX%2 Vi (2)
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Standard Quantum Measurement Problem: If v is a proper
superposition of the x; (more than one ¢; > 0), the final state (2) is
entangled, and A's marginal state after interaction, ¥;|c;|°Py,, is an
improper mixture: the apparatus isn't in any one of the final states
(represented by) y;.

Everettian Solution (Cartoon Sketch): After measurement, the
apparatus is actually in all the final states y;. The state of the
apparatus is y; relative to state of the system being x; (and vice
versa).

Roughly speaking. each of the product states x; - y; represents a
“‘world"” (or a “world at a time") in which object and apparatus have

definite states (correlated by u); but none of these worlds is more
actual than another.
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How much of this story can be reproduced in a more general setting?

Definition: A measurement of a test £ of (21.(2) by a second system
(‘B.I") consists of a compaosite (€. Q2 IN). plus

(a) an affine mapping u : Q= I — Q& I — the measurement
dynamics

(b) an initial apparatus state , < I', and
(c) adiscrete set {px|x € E} of final apparatus states such that,

Ya € ),
u(e = Bol2 = Z_éa(x)ﬁx-
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Measurements always exist. Let Sy = I' be (distinct) states I’ and ay,
any states in €2, indexed by x = E: then

u:o— Z @1 (X )ty < Px
xcE

iIs measurement of £ with final states gy. Note that u takes pure
states to mixed states, and is non-reversible.

The unitary operator U of Equation (1) yields a gentle measurement
Hy:@— @oU:

This is an affine automorphism of the composite state space, taking
initial state &, - «,, to final state &, - £, In which object and apparatus

are correlated.
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Definition: Call a measurement u - 2 = I — Q - I purity preserving
iff it takes pure states to pure states.

Note that reversible = purity-preserving.

Definition: A state a is an eigenstate for atest E = A iff a(x) =1 for
some outcome x < E.

Lemma

Let u be a purity-preserving measurement of E. If a < (1 is pure, but
not an eigenstate of E, then u(«) is entangled.

Proof: As a's not an eigenstate of £, the marginal state uo(a) =Y g a(X)Bx
is mixed; thus, the pure state u(«) isn't a product state. [J

Call E classical iff every pure state is an eigenstate of E. The
Lemma says that a purity-preserving measurement of a non-classical
test requires entanglement — and hence, a non-classical measuring
apparatus.
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» We now have a generic version of the standard quantum MP: If
a’'s not an eigenstate of a and u is purity-preserving. u(a ) is not
a proper mixture of the pointer states x — so that the apparatus
system is not actually /n any of them.
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e SO purity-preserving (in particular: reversible) dynamics can't
account for outcomes of non-classical observables in any theory.
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+« We now have a generic version of the standard quantum MP: If
a’'s not an eigenstate of a and u is purity-preserving, u(e) is not
a proper mixture of the pointer states gy — so that the apparatus
system is not actually /n any of them.

e S0 purity-preserving (in particular: reversible) dynamics can't
account for outcomes of non-classical observables in any theory.

+ Reasonable response: “Pure-statism” is silly — what's wrong with
non-purity preserving dynamics? Even so, we have an
interesting

e Exercise: can familiar strategies for solving the quantum MP —
“no-collapse interpretations” of QM — be made to work more
generically? This may help to clarify these interpretations, and
also, possibly, to characterize QM.
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o Everett?

Can we frame a generic Everett-style response to our generic MP? A
key part of the Everettian (and also, the modal) story about

measurement is that measurements correlate object and apparatus.

Definition: A bipartite state @ = () - I correlatestesis E<2, F =B
iff there exists a bijection f : E — F such that, for (x,y) € E < F,

w(x,y) >0 = y=Ff(x).
@ 1S correlating iff it correlates some pair of tests.

The biorthogonal decompasition tells us that every pure bipartite
quantum state is correlating.
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Lemma
The marginals of a correlating bipartite state are spectral.

Proof: As observed above ap(y) = ¥ - @1 (X)og,(y) for all y. If @
correlates E and F along a bijection f : E — F, then vx < E with @y(x) > 0,
that ) (¥) =1 if y = f(x) < F. So the conditional states @y, X < E, are
orthogonal, being distinguishable by {f(x)|@:(x) >0} C F. [0
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In order to put aloft an Everettian solution to our general MP. we need
to guarantee that every test £ on A admits a measurement u which
correlates E with some observable of the apparatus.

It also seems reasonable to require of a reasonable measurement
dynamics u for a test E that, for every x = E,

(e )o = Bx-

For u correlating, it follows that the post-measurement appratus
states [y are eigenstates of a pointer observable.

Definition (ad hoc): A probabilistic theory is weakly Everettian iff
every test E has a purity-preserving, correlating measurement with
final states f, = u(a )y, independent of .

How strong a constraint is this? Can we construct non-quantum
weakly-Everettian theories?
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6. Symmetry

Definition: A symmetry of a model (21,I') is a bijjection g: J2A — J2A
with 2 and Q invariant under g and g—'. Call (2.Q) fully symmetric iff,
forall E.F <1,

(a) |E| =|F]| and,

(b) for every bijection f : E — F there exists a symmetry g with
gx = f(x) for every x < E.

Classical and quantum models are fully symmetric, and there’s no
shortage of exotic specimens.

Lemma

Suppose that (A,I') is sharp, and that there exists a fully-symmetric
composite (€. . T) of (A.T) with a copy of itself. Then every test in
E = U admits a reversible, correlating measurement u with final
states e, for all x = E.
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