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Abstract: Motivated by recent mathematical developements in non-commutative Donaldson-Thomas theory, we construct a new sta
mechanicalmodel of crystal melting to count BPS bound states of DO and D2 branes on a single D6 brane wrapping an arbitrary toric Cale
threefold. We also discuss the wall crossing phenomena, which are crucial for the proper understanding of the relation between the crystal
and the topological string theory.
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Counting of BPS States

 Counting BPS bound states of D-branes
wrapping holomorphiccycles of Calabi-Yau
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»BH microstate counting
»~Gauge theory (quiver,
instanton...)
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Counting of BPS States

* Counting BPS bound states of D-branes
wrapping holomorphiccycles of Calabi-Yau

»BH microstate counting
Relation with ~Gauge theory (quiver,
various topics instanton...)

»\Variations of AdS/CFT

»~Wall crossing

» Topological string theory

There are two different connections.....

Pirsa: 09020022




(1) OSV conjecture (when the D-brane bound states
become large black holes) [Ooguri-Strominger-Vafa "'04]

>
ZBH = | Ztop]

(2) Crystal Melting (with a single D6-brane with D0O/D2)
(lgbal)-Okounkov-Reshetikhin-Vafa ‘03]

\ Donaldson-Thomas

ZBH = Ztop

They in general hold in different
region of validities
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(1) OSV conjecture (when the D-brane bound states
become large black holes) [Ooguri-Strominger-Vafa "'04]
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Today’s main interest

(2) Crystal Melting (with a single D6-brane with DO/D2)
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Originally, crystal melting is only for C3, although
topological vertex [AKMYV "04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!

|
Counting of

bound states
of D-branes
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Non-commutative Donaldson-Thomas theory j
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Originally, crystal melting is only for C3, although
topological vertex [AKMYV "04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!
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Originally, crystal melting is only for C3, although
topological vertex [AKMYV "04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!
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Originally, crystal melting is only for C3, although
topological vertex [AKMV "04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!

Counting of
bound states
of D-branes

irsa: 09020022
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Originally, crystal melting is only for C3, although
topological vertex [AKMV '04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!

| Counting of

bound states
of D-branes

~

==

New statistical mechanical

model of crystal melting
[This work]

o

oz | L 9Z€NAroi "07 Mozgovoy-Reineke "08]

Non-commutative Donaldson-Thomas theory ‘




irsa:

(1) OSV conjecture (when the D-brane bound states
become large black holes) [Ooguri-Strominger-Vafa "04]

2
ZBH — IZt0p|

(2) Crystal Melting (with a single D6-brane with D0O/D2)
[(Igbal)-Okounkov-Reshetikhin-Vafa ‘03]

\ Donaldson-Thomas

ZBH = Ztop

i
Wi
NN
vhh

‘N

J

)
|

They in general hold in different
region of validities

Page 16/144

l.;"' -
T
~ 1T

S
~~1 T
-""-
ny Ny
~ T

ST




(1) OSV conjecture (when the D-brane bound states
become large black holes) [Ooguri-Strominger-Vafa "04]
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Originally, crystal melting is only for C3, although
topological vertex [AKMYV "04] suggests a generalization....

We have generalized the crystal melting to an
arbitrary toric Calabi-Yau manifold!

Counting of New statistical mechanical

bound states ” model of crystal melting
of D-branes [This work]
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Today’s Contents

(1 Introduction
@ Supersymmetric quiver quantum mechanics
@) Our new crystal melting model

@ Proof via non-commutative Donaldson-
Thoma theory

(5) Discussions on wall crossing
(6 Summary and discussions
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Today’s Contents

(1) Introduction v/

@ Supersymmetric quiver quantum mechanics

‘ @) Our new crystal melting model IJ

:@ Proof via non-commutative Donaldson-

|
' Thoma theory :
| |
I I
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(2) Supersymmetric Quiver
Quatum Mechanics
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Quiver Quantum Mechanics

* ConsiderllA on toric CY; with a single D6 and
DO/D2 branes bound on it

Bound states of BPS particles in 4d viewpoint

* The theory on DO/D2/D6-branes (in 4d) is the
quiver guantum mechanics

v First discussed by [Douglas-Moore "96]
v Generalized to an arbitrary toric Calabi-Yau:

brane tiling [Hanany and collaborators ‘05-]
(see my review arXiv:0803.4474 for details)
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* Brane tiling techniques gives a quiver diagram
and a superpotential for an arbitrary toric CY,

Example: Suspended Pinched Point (xy=zw?)

quiver diagram on T2

274

quiver diagram

AN

(c)

toric diagram

(a) (b)
These graphs represent physical configuration of D-branes!
[P8hg-He-Kennaway-Vafa '06; Imamura-Kimura-lsono-M.Y. ‘07T
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 The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X120 X293 X320 — X293 X33X39
+ X33 X371 X173 — X31X12X91 X53)
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* Brane tiling techniques gives a quiver diagram
and a superpotential for an arbitrary toric CY,

Example: Suspended Pinched Point (xy=zw?)

quiver diagram on T?

274

toric diagram

guiver diagram
1

(a) (b)
These graphs represent physical configuration of D-branes!
[F&hg-He-Kennaway-Vafa '06; Imamura-Kimura-lsono-M.Y. ‘07T
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X120 X23 X352 — X293 X33X39
+ X33 X371 X173 — X31X12X91 X53)
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X120 X293 X320 — X293 X33X39
+ X33 X371 X173 — X31X12X91 X53)
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* Brane tiling techniques gives a quiver diagram
and a superpotential for an arbitrary toric CY,

Example: Suspended Pinched Point (xy=zw?)

quiver diagram on T2

> d

toric diagram

quiver diagram
1

(a) (b)
These graphs represent physical configuration of D-branes!
“F&hg-He-Kennaway-Vafa '06; Imamura-Kimura-isono-M.Y. ‘O7Y
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X12X23 X302 — X293 X33X39
+ X33 X317 X173 — X371 X12X91 X53)
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(X21 X12X23 X392 — X23 X33 X35
+ X33 X371 X173 — X31X12X91 X53)
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X120 X293 X352 — X293 X33X39
+ X33 X371 X173 — X31X12X91 X53)
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@)New Crystal Melting Model

BPS state= a configuration of molten crystal
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An example of a crystal

Unmolten crystal

Lift of quiver diagram on T?
(ground state; pyramid)

to universal cover
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= This corresponds to a D6 withdﬁ(DO/ D2
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3)New Crystal Melting Model

BPS state= a configuration of molten crystal
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An example of a crystal

Unmolten crystal
(ground state; pyramid)

Lift of quiver diagram on T?
to universal cover

- S = i
P

iy s This corrésponds toa D6 witho}rt/DO/ D2




The atoms are colored 1
according to the position at . q
original quiver diagram

1 2

\?2 -T\is
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An example of a crystal

Unmolten crystal

Lift of quiver diagram on T?
(ground state; pyramid)

to universal cover
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An example of a crystal

Unmolten crystal

Lift of quiver diagram on T?
{ground state; pyramid)

to universal cover

‘anE
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T This corresponds to a D6 withojﬁ(DOI D2




The atoms are colored
according to the position at
original quiver diagram




* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X12X23 X392 — X293 X33X39
+ X33 X371 X153 — X31X12X91 X13)
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* Brane tiling techniques gives a quiver diagram
and a superpotential for an arbitrary toric CY,

Example: Suspended Pinched Point (xy=zw?)

quiver diagram on T2

_

toric diagram

quiver diagram
1

(a) (b)
These graphs represent physical configuration of D-branes!
[F8hg-He-Kennaway-Vafa '06; Imamura-Kimura-lsono-M.Y. ‘077
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* The upshot: the quiver diagram is
written on T?, encoding the
superpotential

Each face of the quiver on T? corresponds to a term in
the superpotential, e.g.

W = tr(Xo1 X12 X293 X352 — X293 X33X39
+ X33 X371 X153 — X31X12X91 X13)
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The atoms are colored 1 2

3
according to the position at . 3 C

original quiver diagram




An example of a crystal

Unmolten crystal
{ground state; pyramid)

Lift of quiver diagram on T?
to universal cover

X

= This corrésponds toa D6 withd}ﬁ/DO/ D2




The atoms are colored
according to the position at
original quiver diagram




 Each atom corresponds to an equivalence
class of paths starting at the reference point
ip modded out by F-term conditions

Each arrow from i, toi is, modulo F-terms, equivalent
to v; wl, with v, the shortest path and w a path
encircling a face; v; w! gives an atom with positioni and
height j




* Each atom corresponds to an equivalence
class of paths starting at the reference point
ip modded out by F-term conditions

Each arrow from i, toi is, modulo F-terms, equivalent

to v; wl, with v, the shortest path and w a path

encircling a face; v; w! gives an atom with positioni and
height j
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The atoms are colored
according to the position at
original quiver diagram




* Each atom corresponds to an equivalence
class of paths starting at the reference point
i, modded out by F-term conditions

Each arrow from i, toi is, modulo F-terms, equivalent
to v; wl, with v, the shortest path and w a path
encircling a face; v; w! gives an atom with positioni and
height j
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* Each atom corresponds to an equivalence
class of paths starting at the reference point
i, modded out by F-term conditions

Each arrow from i, toi is, modulo F-terms, equivalent

to v; wl, with v, the shortest path and w a path

encircling a face; v; w! gives an atom with positioni and
height j
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An example of a crystal

Unmolten crystal
(ground state; pyramid)

Lift of quiver diagram on T?
to universal cover
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* Each atom corresponds to an equivalence
class of paths starting at the reference point
i, modded out by F-term conditions

Each arrow from i, toi is, modulo F-terms, equivalent

to v; wl, with v, the shortest path and w a path

encircling a face; v; w! gives an atom with positioni and
height j
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An example of a crystal

Unmolten crystal

Lift of quiver diagram on T?
{ground state; pyramid)

to universal cover
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molten crystal

- Adding D0O/D2 charges corresponds to molten crystals

irsa: 09020022 Page 59/144

BPS bound state = molten crvstal




Melting Rule:
Forae A, aa € = a el

Pirsa: 09020022




€ BPS bound states are constructed out of atoms,

which carries linear combination of D-brane charges
(Similar to quark models, as opposed to Sakata model)

B Arbitrary BPS bound state

(Reminiscent of bubbling AdS geometry [LLM]
Fuzzball conjecture [Mathurl])
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Melting Rule:
Forace A, aa € = ac)°
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molten crystal

- Adding D0O/D2 charges corresponds to molten crystals

irsa: 09020022 Page 63/144

BPS bound state = molten crvstal




An example of a crystal

Unmolten crystal

Lift of quiver diagram on T?
(ground state; pyramid)

to universal cover

w

=" This corresponds to a D6 withdﬁﬁDO/ D2
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An example of a crystal

Unmolten crystal
(ground state; pyramid)

Lift of quiver diagram on T>
to universal cover
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An example of a crystal

Unmolten crystal
(ground state; pyramid)

Lift of quiver diagram on T?
to universal cover
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More to come!
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More to come!

* Thermodynamiclimit of the statistical model
(w/ H. Ooguri, to appear)

Classical geometry
- reproduced from crystal;

Meaning of fluctutions, - s

implications for BHs? =
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(Figure from Okounkov-Reshetikhin-Vafa)




Summary

1. New crystal melting which captures the BPS
states of DO/D2/D6-branes; applicable to an
arbitrary toric Calabi-Yau manifold

Wall Crossing Formula

[ Kontsevich-Soibelman,
Denef-Moore, Gaiotto-
Moore-Neitzke,...]
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Example: conifold
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