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Abstract: In this talk we introduce loop quantum gravity and we apply the theory to the black hole singularity problem. The Schwarzschild black
hole solution inside the event horizon coincides with the Kantowski-Sachs space-time and we can study a simple sphericaly symmetric
mini-superspace model. We show the classical black hole singularity is controlled by the quantum theory and the space-time can be dynamically
extended beyond the classical singularity. We consider a semiclassical analysis of the black hole in LQG and we focus our attention on the
space-time structure. The semiclassical solution is regular everywhere and similar to the Reissner-Nordstrom metric. The LQG black hole metric
interpolates between two asymptotically flat regions, the 'r=infinity' region and the 'r=0' region. The metric is self-dual in the sense it is invariant
under the symmetry (r ->1/r) which relates small and large distances. We study the thermodynamics of the semiclassical solution.
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Ashtekar variables



C Basic Formalism of Loop Quantum Grawvty )

Space-time foliation

M4 ~ M

71

< R

] Phase space
Phase space | We introduce the triads e’(z)
|:> ey |:> (Ef(z). Ki(z)). Bt = ee!
( Qi K ap i gusl ) = eX(z)ej(z]
} Kiiz) = KuErs"
[ Ashtekar variables ‘:
The transition to the ‘ [ . . T
A N S | New canonical pair on the phase space ‘
using a canomical transformation | |
] a ;
Al(z) =z} +4 K!z) ‘ (Az(z), B (x)) |
F, %: r:f'l: '_*c; ; 'u'm,Ellc;":rp,c..'l — _J J
k7, J R . . biovil — - T
{ Ef (z). Ej‘uygfzﬂ {AL(x). Al(y)} =0 | A.(z). Ef(y)} =7 G, 8,0 (2. y) :
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T'he constraints in terms of Ashtekar variables

—

(Gauss constraint

Gi{qu. Ké‘ . — fijkEﬂjK:

(
Dn h ; - | 2 ;
“eomorphysm V(B AL) == BEFL, — (1 +719)KL:G;
consiramnt

|
/H Tt omi | o by e =y
e S(E;,A)) := T (rEF;, — 2(1 + ":E}K-:;:KE:)
\ constraint \/ det( E)

Geometric operators w

L

| Area operator

AslE?] = [ \/EzE}s9n,nydo’ do?
Ey-

1002

Vuf

£
\ —€abe EFE) Ege*d’ o

IRE
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Quantum Einstein’s equations

G,(A.E) ¥ >:= D,E*|¥ >= 0.

-

Vu(A.E)|® >:= E°F',(A)| ¥ >= 0.

—
|

—

S(A.E)|® >:=[VdetE ESEPFI(A)+--|® >=0.

Kinematical Hilbert space

Holonomy : h. Al = Pexp - / A € SU(2)

o 2

h.[A] = h.,[Alh.,[A]

Under a gauge transformation : h.[Al = g(z(0)) h.[A]l g '(=(1))

Given o € Diff(X) we have : h.[0"A| =h,-(.|A]
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Quantum Einstein’s equations
lff:,:AL_E- i S— ﬂ:ﬁ”i@ >=— ),
V.(A.E)|® >:= E*F',(A)| & >= 0.

—

S(A.E)|® >:=[VdetE ESEPF3(A)+--|® >=0.

Kinematical Hilbert space

Holonomy : h. Al = Pexp - / A € SU(2)

o @

h.[A] = he,[Alh,,[A]

Under a gauge transformation : h.[A] = g(z(0)) h,[Al g '(=z(1))

Given o € Diff(X) we have : h.0"Al =h,-,[A]
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[ Spin networks

-

Cylindrical functions (Cyl.,) : v = {edges e C X | meeting at the end points}.

Yy €CyYly , [ StU(2YY- — C - MR W —

8 i et 4] = X ta &) TI(R.[A4]) Cyl = U, CyL.

H:{L:— ey -4- == JI[I'hm_.A_'mpr:r " II”I.:_ ;A_.‘m,", ;“|hf-:~4:1m-n. e e e

OLI212(A] =" H(h.,[A]) */* H(h.,[A]) an "> H(h.,| D cp o2 2P,

' J

)9011)024

- !ilhl':.'..A;ImJﬂJ kiliihﬂ::Alﬁm:ﬂJ % IIIhE.:—A;]m‘.n‘.Iﬂl[I'h.:.‘_i‘4._.|m‘.n; f'”l”l““‘:

g Ty My Ay
!

3 -'l k P Page%4/£
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Scalar Product



[ Inner product

W £, Wor g >= / H dh‘: fl-h_;_.. h'—'\. |g':h_ﬁ,_l_ h,':_‘_ |
S P

... is any graph such that both~ _ I'... and ~" C I'__..

The kmnematical Hilbert space Hy,, is the Cauchy completion

of the space of cylindrical functions Cvl in the Ashtekar-Lewandowsk: measure.

o =

L = ; O U'p . wilm = ; ln 3 L'p -
- e
n=1 m=1

Pirsa: 09010024 Page 27/83




Diff-Invariant States
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Aglv >= 8=t}- S\jp.j;, - 1)
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Hamiltonian Constraint
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[ Quantization of the scalar constraint ]

a b
S*(N) = [d“‘: N—= =) e o,
J y/ det( E)
EthE': : 4 "
'i'T‘;f.' e ape = — {Aﬁ V. V= / vdet{ E) volume of X.
" s b J

SE(N) = [dz-‘ N "™ 5;Fau {AL. V).

Given an infinitesimal loop ., on the ab — plane with coordinate area ¢~.

hoo[A] — b J[A] = EFyri+ O() . h.'[A]{h[A]l. V} =€{A;. V} + O() .

e |
e, 18 a path along the a-coordinate of coordinate length «.

01002

SE(N) =1limY" Ny eTr|(h, [A] - h ' [A)h5'[A] {hi[Al. V}|.
bl — L s o, i el | 1 | 1 |
|
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Action on
Spin Networks
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The gquantum constraint can formally be written :

SE(N)=1m Y N; ¢®™Tr [IhA h," .»1_}.*-1_,_;".:1_ -f-l,,; Al V]|

R—

The regulated gquantum scalar constraint acts only on spin network nodes
S". (N Y- f = Z --.V.;S'.n U f
n-

where .‘3'," acts only on the node n C v and N,

ts the value of the lapse Nix) at the node.

A !
—he(A) = / dsé(s)"6”(e(s).z) he,(A) 7 h.,(A)

- i

E*(xz) =—-th8=GxN

]

i)

The action on four valent nodes can be written as :

op Q
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Avoiding Black Hole
Singularity in LQG
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The Schwarzschild solution inside the horizon

dT? 2MGx 5 , ,
+ | ——= — 1 |dr" +T?*(sin®* 0do® + d#?)
1)

(2268 _ r

I

Teo.2MGy| , <} —oo.+2al.

The Kantowski-Sachs space-time (R x R x §7) -

ds® = —N*(t)dt* + a*(t)dr* +b*(t)(sin” #do” + d6*)

48GM*
b(t)®
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K.S. Classical T heory

A = &(t)radr + b(t)T2df — b(t)1y sin fdo + T cos Bdo.

) ) ) B _ ) o o)
E = p.(t)m3sm b — + pp(t)m2sin @ — — pp(t)m71 -
or )t do

Hamiltonian constraint :

Cr = / dBzNe e;ju Fi E*EL —2(1 +v?)K. K} E*E?], E™ = (dete)e™.

. N 2 5. PhSEN(pe) — .
LHZ—,}(—, . [b'—:—j'ﬂ” __‘l. +2be/Ip:l| . C*=0. G =0.
ST N V- Pe

Rescaled variables : b=b, ¢ =Loé. py=Lops. pc =pc. [ =L", [p] =L, [b] =L", [p] =L"

—_———
V = —lﬁwhﬂ—. Pw -

}

i o A ; o A,
Gab = cliat;__r,( by Pels |Pel SINT H) = iililg(ﬁ_. hb=.b"sm” 9)

LY
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C'lassical phase space
C'anonical pairs: (b.py). (e.p.).
Symplectic structure : {e.p.} =27Gy, {b.pp} =GN
Holonomies
— i
hi(A) =e®c™,
hy = exp /A} mdA — ha(A) = eddmz E
ha(A) = S ein - Lod
fh:.'.-':Ih \rh: *.—1h|1~-—1
Field straight : T = ULl ( — ‘1___ ' ) .
32
Hamiltonian Constraint
Cy = —— \' — Tr[z !’”kh:?Ihirmh:h_lh':.i ' Lhr' {hf:_l, 1'} + 2 J-i:r_;hl‘; {hil"‘ G -
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QUANTUM THEORY

H = H,, @ H,, = L*(R%,,.,)-

Basis in Hilbert space :

H

~ (blp) ® (c|T)
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LQG : (E.h,) — LQBH : (p;..p‘..h':”'.h,';_',).

) '
h — —1Vip— e — —2L2TYEPp .
Ij £ i._.lu.',l f . i'.)‘i'
_ 1 ., :
Ph|p.T) = lpplp, 7 Pe|lpp. T) = YpTIH.T
Volume operator -  V = 4x|ps| /| pel.

Volume spectrum : V, . =2my""“|ulV/|T|lp.
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Spatial Section
Curvature
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2
Spatial C'urvature R =—
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Inverse Volume
Spectrum
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Quantum Dynamics

The solutions of the Hamiltonian constraint are in C”

il

dual of the dense subspace C of the kinematical space H,,,.

General state in C* : (¥| = Z "II,-: ML T
.7

The constraint eq. HW) =0 gives a di f ference eq.

for the coef ficients ¥ :

il O_(t){¥, . — 9, )+ Oair)im ()T, Kmglp)W, +m_(p)¥,

o B A — M 4 =

= =\ Y

Ol =T+ 12l = |T—=1/2
moei{p)=p+1, m_(p)=p—1, mplp) =pn.

2(1 +~767) )y =1/2 2
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Semiclassical Analysis



Semiclassical Analysis

__\" L B:). (0:) n &)= A &% e ¥ =P (& (&) =
Cir = | Y e nlOn a0 n RO [ v + 2922 {00, v}

(87G y )24363

ik
N 5 sin de sin| i {ﬂfﬂ} ) r— Hill"{ i I]-Tl{”.lk! >\ Pp SEDUP, )
— = : A - = .'.I ‘LI, - = — o I —
3(:_'\ 2 = 0 0 v 0- "'u". P
&, = (de, a(d)db, a{d)db) ., ald) =1/ 1 + 342

Hamalton eq. motion :

*

N = {7V |p.isenip.)d8)/(sina{d)éb). Cgx =A0.

sinde : . 1l / sina{d)db ~24 _ 7id - <4<
é=—2—r P = P COSOC, b= —= l . - — ) ., B= cos ai{d)ob ( p—— ———— ) M-
o ' 2 i) sin a{d)db 2 sin~ aid)db
Solutions : - _ _
2 f -rin”;;' Ly ‘-"-mn:,' 2 ] === ; 1 - i__)p” ‘| :
:'H"r—:;irrt;m( = YE ').!Jr.-.!‘l = — lf} + 4|, cosa{a)obit) = plo) | { : ] . Pelt) = pelell), p={E).DIE)).
f £ LN A ' ] |1+ (==)P(4 |

Pia) .

| K - - 1" 1 e s i
Pirsa: 09010024
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Metrie form of the solution

ds® = —N*(t)dt" + X*(t)dz" + Y*(t)(d8" + sinfdo”),
=7 --.Ji:I .li’. =T -.lf -,
N=(t) = — r‘”'_l_ ] _‘\_'éfi:'{”'—l }‘-f":‘rirlfl.
t2sin” a(d)db L5ip(t)
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Schwarzschild coordinates :(t — xr =r)

—'_1'\-::#} — Qe T).
X4ty — Gee T ),

Y2(t) — gae\T) = geo sin” 4.
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LQG BLACK HOLE

i ¥ i )
:.lr. 4 2 ;; +.P|I','\ P = = ”ll-'..._.

641 .

riroPia))=(6d

2MmP(d) = 2m (
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Kretschmann Invariant
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THE LQG METRIC



LQG BLACK HOLE
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. ; F o ¥ 3 3
. 6dr<(r—ry )r—r_)r+r P(d))" , ar- as "
ds? = — — - dt? + ————— + (525 +r?)dn®
64dm-r* + a; Gan (1 FAL - bdm-r-
; r+r+P(d))=(64dx=r*+agy)
e ———
A
I\ /
I\ '
| | /
[\ /
.'I \ /
/ /
\//' \\'\.,__ L | /
I /
) = ¥ F
ry = 2ns, ap = 2V amylp, ,
ILI
'1_*_f~;;_.}\"l*q:'1_‘ !
r— =2mP(0)" =2m . -
Yy i~ ..".,,'1.',1 5




Kretschmann
Invariant
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(m,7)

K

t

Kretschmann Invarian

m.T)

[

K

K(m.r)
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Kretschmann Invariant
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A
<

Page 59/83



m,T)

(

K

t

retschmann Invarian

K(m.r)

K(m.r)
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Kretschmann Invariant
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m,T)

(

K

t

retschmann Invarian

K(m.r)

)

K(im.r
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Schwarzschild Core



Schwarzschild Core in v~ (

Forr~0 & R=1/rc:

Pirsa: 09010024

z O (2) )
ds?® = —(a — br s + dr = d"_‘} a. b, e . dim,ag,o0.7v)
c I.l - “’ o e
L
o 2M o f“lﬂ = (o Ly
ds? = —(1 — &ty — 1+ BB M ~——
( R ) )~ -I;;f 2m~y*ot
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('r!h’r-- .*-'ff‘.r’ff‘f”f‘r

aElem—

[
'
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Causal structure &

Carter — Penrose Diagrams

T ortoise coordinate -

: 2a; ~ . az{P(é)y-+1) ar + 10247m* a; +~ 1024=—P(4)*m*
r = - + 5127"r + log(r) — loglr —r.| + log ir — r

51274 | Plavm=r Piayc m? (PidV= — 1Vvmd ' (PIi&E — 1VYP( &)Y s
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Self-Duality
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Self-Duality



SELF — DUALITY

The Metric :

L i p T ; |
. (r—r M r—r_Mr+r.)> ., dr- Ao - :
ds? = — : dt® + . ——¢ (—‘,‘ +r%)d®
- —_ AT romnr | g | | -
I ag \ r
r-f =1T ™
('ir|h f.11|
" » ry —-H =—=—.
r 2

{1y Ly

\/ r_ 2mP(8)2
1) iy
: . R. ==

g r. I'MmP(d)

The Dual Metric :

12 (R—R.)(R—R_)R+R,) 12 dR* f o
s dSS H‘l_‘u;; o T (B—RO)(R—-R_)R* +(

(R+R2)2{ R%*+a:)
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Thermodynamics



THERMODYNAMICS

T'emperature :

1287 (d)+/2(0) m>

llififlﬂy

E”h'u;u;: S — @ _ A

F=xi2x, Tim)=

Evaporation :
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Black Hole Entropy



Black Hole Entropy
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THERMODYNAMICS

T emperature :

12870 (8)/Q(d) m?

1”21:“1.”y

Entropy - § — Q N

= < 1

T =x/27 . Tim) =

=
= -_-'_.’-J,-'
.-"z}
.’f
’
Evaporation :
) , , 2 J 1194304 m 'Vl otQ)°
15~ = — LT 'J]-"_ 5 _‘\ L— arar — .".'_! I 'Ji! = _—r - |._- Tl 7 ) L:| 7L ) -1 l’ = a =
_. 12 + 1024 mx?
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Black Hole Entropy



Black Hol
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T'he spin network pierces the event horizon sur face
states that

T'he basic idea is as follows

{lillll: E _r’H'l. )

The entropy is given by the logarithm of the number of LQG
S=xkInN(A)

give the surface a fired area. A
A possible " End” on the horizon : vector € H;. N(A) = E
all sets(A)
, In(2) K In(2)
- 4 — S — Page 83/83
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