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Some fundamental laws of physics are inherently
probabilistic

Probability in physics

Macroscopic domain

= Maximum entropy
thermodynamics
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Some fundamental laws of physics are inherently
probabilistic

Probability in physics

Macroscopic domain

= Maximum entropy
thermodynamics

B = Often difficultto grasp

conceptually
= Discussions up to this day

Microscopic domain
= Quantum theory




oday‘s topic is the first part of a larger program to
ejlucidate the role of probability in mathematical physics

Program overview
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n the modern Bayesian view probability theory
onstitutes an extension of logic

Probability as extended logic

.,Probability”
= embodies some agent's state of knowledge
= degree of belief rather than limit of relative frequency
= can be legitimately assigned not just fo ensembiles but also to individual systems
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n the modern Bayesian view probability theory
onstitutes an extension of logic

Probability as extended logic

..Probability”
= embodies some agent's state of knowledge
= degree of belief rather than limit of relative frequency
= can be legitimately assigned not just to ensembiles but also to individual systems

Consistency o

Differentways of using the same information must lead to the
same conclusions, irrespective of the particular path chosen

= Sum rule
= Bayesrule

Framework for plausible reasoning
in the absence of full information




aws of physics = laws of thought?

Physics as extended logic

‘Physics is to be regarded not so much as the study of
something a priori given, but rather as the development of
methods for ordering and surveying human experience.”

— Niels Bohr




or example, the second law reflects a basic constraint
on any form of reasoning about the macroscopic world

Second law

Macroscopic process
is reproducible

$

A prediction never contains
more information than the
data on which it is based

$

Second law
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or example, the second law reflects a basic constraint
on any form of reasoning about the macroscopic world

Second law

Macroscopic process
is reproducible

$

Prerequisite for
being able to subject a
macroscopic process

to scientific inquiry

A prediction never contains
more information than the L
data on which it is based

\ 4

Second law
S, 28,

o

Jaymes i




Ike classical probability theory, quantum theory
deals with hypotheses and their probabilities

Quantum probability

Mathematical object Interpretation

Subspace of Hilbert space Hypothesis
or projector thereon

Embedding into a larger subspace Logical implication

Orthogonality Logical contradiction

Density matrix, statistical operator Probability distribution, knowledge

fr (pP,) prob (X|p): probability that
hypothesis x (represented by
projector P, ) is frue given p
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Classical probability
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Quantum mechanics as extended logic?

undamental issue

Traditional language:

Quantum mechanics
Is a peculiar variant of
classical probability
theory

Classical probability
theory constitutes

a framewaork for
plausible reasoning

Quantum mechanicsis
an alternative, equally
consistentframework
for plausible reasaning




Quantum mechanics as extended logic?

undamental issue

Traditional language:

Classical probability Quantum mechanics Quanium mechanicsis
theory constitutes is a peculiar variant of l? an alternative, equally
a framework for classical probability 3 consistentframework
plausible reasoning theory for plausible reasoning

Modern language:

quantum information
theory ? processing




arly attempt: ,.,quantum logic*“

Quantum logic

Idea
= Propositions form a laftice that is

— complete

— orthocomplemented
— weakly modular

— atomic

= Boolean operation (.and”)is de-
fined. albeitin a non-classical way
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Quantum logic

Idea
= Propositions form a lattice that is
— complete
— arthocomplemented
— weakly modular
— atomic

= Boolean operation (,and")is de-
fined, albeitin a non-classical way

Sirkhoff & v Neumann 1834 Gensva Schoof (fauch, FPiron ef &f

Result

Propasitions within such
a “quantum logic” canbe
identified with subspaces
of a Hilbert space over
some skew field
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arly attempt: ,.,quantum logic*

Quantum logic

Idea Result
= Propositions form a lattice that is Propasitions within such
_ complete a “quantum logic” can be
identified with subspaces

— orthocomplemented
— weakly modular
— atomic

= Boolean operationi (.and”)is de-
fined, albeitin a non-classical way

of a Hilbert space over
some skew field

Only partially successful

» skew field unspecified
—mightalsobeRor H

» only for Hilcert space

dimension = 3

[ — P i = N = | g " 3 i Tl - = =4
Sirkhoif & v Neumann 1834 Gensva School (fauch Piron of i)




ore recent attempt: ,,Five reasonable axioms*

ardy‘s approach

Quantum theory follows uniquely from five
.reasonable axioms™:

1. Probabilities: are well defined as limits of
relative frequencies

2. Simplicity: minimise the number of degrees
of freedom

3. Subspaces: constrained big
system = small system

4. Composite systems: dimension and number
of degrees of freedom are muitiplicative

3. Continuity: There exists a continuous reversible
transformation between any two pure states
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ore recent attempt: ,,Five reasonable axioms*

ardy‘s approach

Quantum theory follows uniquely from five
.reasonable axioms™:

1.

2.

. Continuity: There exists a continuous reversible

notin keeping with
Probabilities: are well defined as limits of Bayesian gpp?rﬂam

relative frequencies

Simplicity: minimise the number of degrees
of freedom why?
. Subspaces: constrained big

system = small system

. Composite systems: dimension and number

of degrees of freedom are multiplicative why a special status
for pure states?

transformation between any two pure states

Hardy 2




he past few years have seen the emergence of
a Bayesian view on quantum theory

Quantum Bayesianism

= embodies some agent's knowledge about. rather than an objective
property of, a physical system

.otate” = yields probabilities that reflect degrees of belief rather than limits of
relative frequencies

= can be legitimately assigned to individual systems

Schack. Brum arnd Caves 2001. Caves. Fuchs ard Schack 2




he past few years have seen the emergence of
a Bayesian view on quantum theory

Quantum Bayesianism

Lotate”

Quantum
Bayes rule

embodies some agent's knowledge about. rather than an objective
property of, a physical system

yields probabilities that reflect degrees of belief rather than limits of
relative frequencies

can be legitimately assigned to individual systems

quantum analog of the classical Bayesrule
ensures consistency of probabilistic reasoning

allows agents to progress -via measurements on exchangeable sequences
from a diverse array of subjective priors to a consensus posterior distributic
(Such a consensus is implicit when one speaks of the state of a system
as being the result of a well-defined, “objective” preparation procedure. )

Schack_ Brun and Caves 2001. Caves. Fuchs and Schack 2




oday | will address three questions

Questions

= \What are the essential differences between classical
and quantum probability?

= What do they have in common?

= |s it conceivable that beyond these two theories there
are still further frameworks for plausible reasoning?




oday | will address three questions

Questions

= \What are the essential differences between classical
and quantum probability?

= What do they have in common?

= |s it conceivable that beyond these two theories there
are still further frameworks for plausible reasoning?

B Conjecture: No, notif they have to satisfy
a minimal set of consistency requirements




shall assume that in both cases resources are finite

odel size

Size of probabilistic model

classical: cardinality of hypothesis space
d= —
quantum: Hilbert space dimension

o S

Storage capacity

Maximum amount of information that can be
extracted by way of measurement, or stored
by way of preparation:

log d (both classical and quantum cases)




shall assume that in both cases resources are finite

odel size

Size of probabilistic model

classical: cardinality of hypothesis space
d:: —_—
quantum: Hilbert space dimension
— = Resource available for

information processing

Storage capacity = Assumption: finite

Maximum amount of information that can be
extracted by way of measurement, or stored
by way of preparation:

log d (both classical and quantum cases)
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Classical
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ey differences

Classical
Zziven complete information, there
Determinism s no residual uncertainty; all
protabilities are then 0 or 1
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Quantum
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Holism parts; It may e 1IN & pure state that 15
not a product of c,urﬁ.utlmr:nt states
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Observer- through acts of measurement reflects
dependency ss much the history of intervention
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Quantum probability differs from classical probability

n four important respects

ey differences

Classical

Ziven complete information, there
Determinisme S no residual uncertainty; all
profabilities are then © or 1

The whole can be dissected into
parts . Complete descriptions of
the parts then ywield 2 complete
of the whl

description

Atomism

Thersis a preexisting reality that is
Realism merely revealed, rather than infiu-
enced, by the act of measurement

The hypothesis space 15 a dis
Discreteness Sci, and reversible transformatio
are discrate permutations

Quantum
Irreducibl In every state, evenif purs, thers
rreducible
robahilism re hypotheses whose probabilities
P ' are neither U nor 1
The whale is more than the sum of its
Holism parts: It may be 1N & pure state that 15
not a product of constituent states
e image of reality that amerges
Observer- through acts of measurement reflects
dependency 2= much the history of ﬂtﬁrﬂ.e’utn s
as It reflects the sxternal wor
Hypotheses and reversible ransfor-
-’r*-at ns form continua. Under the
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latter probahilities chan

continuaous fashion




he irreducible probabilism of quantum mechanics
s reflected in uncertainty relations

rreducible probabilism

Accuracies satisfy uncertainty relations

5

Observables do not commute

' There are always hypotheses
t — whose probabilities are

- . neither O nor 1
Hypotheses are not jointly decidable

|

Boolean operation N (,and”) is not defined

—_—
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States of individual
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he holism of quantum mechanics has its origin
n the possibility of entanglement

olism

A Pure states:

Compaosite system
IS in a pure state
Informationis lost
A g — when the wholeis
| iR dissected intoparts
States of individual
constituents are pure

B Mixed states:

There exist states that cannotbe represented as mixtures of product states,
Pxs72 P Pa' *Pd




he innate observer-dependency of quantum
echanics manifests itself in multiple ways

Dbserver-dependency

1 Measurement postulate:

= Measurement affects the state

= The unknown prior state of an individual system cannot
be learned by measurement




he innate observer-dependency of quantum
echanics manifests itself in multiple ways

Observer-dependency

1 Measurement postulate:

= Measurement affects the state
= The unknown prior state of an individual system cannot
be learmned by measurement

2 Kochen-Speckerand Bell's theorems:

It is impaossikle to assign to hypotheses truth values that are
preexisting (i.e., merely revealed rather than influenced by
the act of measurement) and at the same time._..

a. ...noncontextual.i.e., independentof whichever group of
mutually commuting ocbservables one might choose to
measure with it (Kochen-Specker theorem)

b. ...unaffected by any actions ata causally disconnected
distance (Bell's theorem)




Quantum theory is ,,smoother* than classical
probability theory

Smoothness (1/2)

Hypothesis space,
set of pure states

Reversible
Operations

Change of probability
distribution under
reversible operation

Classical

discrete set

symmetric group
S4 (permutations)

discontinuous

Given finit
resource:




Quantum theory is ,,smoother* than classical

probability theory

Smoothness (1/2) Given finit
resource:
Classical Quantum
Hypothesis space, discrete set Er ; continuous
set of pure states 7 manifold
Reversible symmetric group \:L“ N Lie group U(d)

Operations S; (permutations)

continuous

Change of probability discontinuous
distribution under
reversible operation

J L




Quantum theory is ,,smoother* than classical

probability theory
Smoothness (1/2) Givenfinit
resource:
Classical Quantum
Hypothesis space, discrete set Er~ ; continuous
set of pure states 7 manifold
Reversibie symmetric group N Lie group U(d)
Operations S; (permutations) L
Change of probability discontinuous - continuous

distribution under
reversible operation

Mot to be confused with the _discontinuity” of
state change upon measurement:

+ Reflects process of learning

» QOccurs in classical probability, too (Bayes rule)




States change in a continuous fashion under
eversible operations

Smoothness (2/2)

Probabilities that are initially greater than zero will not suddenly jump to zero
upon an infinitesimal transformation:

Ye(p) >030>0: glp)ir) >0 ¥ rCsupplp). r#0.
_'rf. '_: {:;.1";" :
4
smallest non-vanishing eigenvalue of p
é(p) ;= mun{p{r) | r C suppip) , r # O > 0
d 2 J_ H]IIEI}I';‘:F = O\TI) = 0

neighbaorhood of identity on Lie group G(d)=U(d
Gs(d) := {g € Gld) | distig. 1lg) <




Real-, atom- and determinism are traded for the ability
o reason about continua with only finite resources

rade-off

iven finite resources

« Realism
« Afomism

« Determinism

_

classical quantum

Smoothness




Real-, atom- and determinism are traded for the ability
o reason about continua with only finite resources

rade-off

iven finite resources Givensmoothness
« Realism « Realism
« Afomism « Atomism
« Determinism « Determinism
) A ——— : A
classical . quantum classical quantun

Smoothness Finite resources




ontents

Introduction

How quantum probability differs from classical
probability

What quantum and classical probability have in
common

Tertium non datur



he innate observer-dependency of quantum
echanics manifests itself in multiple ways

ODbserver-dependency

1 Measurement postulate:

= Measurement affects the state
= The unknown prior state of an individual system cannot
be learmned by measurement

2 Kochen-Specker and Bell's theorems:

it is impossikle to assign to hypotheses truth values that are
preexisting (i.e., merely revealed rather than influenced by
the act of measurement) and at the same time__.

a. ...noncontextual.i.e., independentof whichever group of
mutually commuting ocbservables one might chooseto
measure with it (Kochen-Specker theorem)

b. ...unaffected by any actions ata causally disconnected
distance (Bell's theorem)
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Quantum probability differs from classical probability

n four important respects

ey differences

Classical Quantum
Ziven complete information, there i Irreducible
Determinisme 1S No residual uncertainty ;|I ruhahiiiém
nrotrahilifies are then 0 or 1 ¥ P :
The -Ni“'f“-i can be dissected into o
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are discrete permutations

In every state, even if pure, thers
are hypotheses whose probabilities
are neither O nor 1

The whale is more th
parts, It may oe 1IN a
not & product of constituent states

The image of reality that emerges
through acts of measurement reflect:
as much the history of interventio
as it reflects the external world

an the sum of its
a pure state that is
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Quantum probability differs from classical probability

n four important respects

ey differences

Classical

Determinism

Atomism

Realism

Discreteness

ziven complete information, there
Is no residual uncertaimty :II
probabilities are then 0 or 1

The whole can be dissected into
parts. Complete descriptions o
the parts then ywield a2 compiete
description of the wihaole

Thersis g presxisting reality that is
merely rﬁvcaier:, rather than infiu-
enced, by the act of measurement

The hypothesis space 15 a discrete
set, and reversible transformations
are discrate permutations

Quantum
Irreducibl In every state, even if pure, thers
rreducible j
b are hypotheses whose probabilities
P ' gre netther 0 nor 1
Thewhale is more than the sum of its
Holism DEi"t it may b e 1 & pure state that 1S
not & product of constituent states
heimage of reality that emerges
Observer- through acts of measurement reflects
dependency ss much the history of intervention
as It reflects the exterrial world
Hypotheses and revers |t: rans for-
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Quantum theory is ,,smoother* than classical
probability theory

Smoothness (1/2)

Hypothesis space,
set of pure states

Reversibie
Operations

Change of probability
distribution under
reversible operation

Classical

discrete set

symmetric group
S4 (permutations)

discontinuous

Given finit
resource:




hy talk about commonalities?

otivation

= Ever since the Einstein-Bohr debate the fundamental differences between
guantum and classical probability have been scrutinised extensively

= Yetequally interesting. and less known., is the fact that both theories share
some important commonalities

= These commonalities hint at the structure of a more general, over-arching
framework for plausible reasoning that incorporates both classical and
quantum probability as special cases
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Most accurate Element of hypothesis space 1-dim. subspace of Hilbert space
hypothesis (ray) or projector thereon
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projector thereon
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Quantum

Symbol Meaning
Most accurate
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Subset of hypothesis space

Empty set
Set inclusion
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(ray) or projector thereon
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projector thereon
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of a more general framework for plausible reasoning

eneric notation (1/2)

Symbol Meaning

Mathematical manifestation

Classical

Quantum

Most accurate
hypothesis

8. b.%X.y.Z Hypothesis
% Absurd hypothesis
Cy Logical implica-

tion. refinement

1y Contradiction

Element of hypothesis space

Subset of hypothesis space

Empty set
Set inclusion

Disjointedness

1-dim. subspace of Hilbert space
(ray) or projector thereon

Subspace of Hilbert space or
projector thereon

Zero (Pz=0)
Embedding

Orthogonality




lassical and quantum probability are special cases
of a more general framework for plausible reasoning

eneric notation (1/2)

Mathematical manifestation

Classical

Quantum

Symbol Meaning
Most accurate
hypothesis

8. b, %X, y.Z Hypothesis

% Absurd hypothesis

Cy Logical implica-
tion, refinement

1y Contradiction

4 o Set of alternatives

Element of hypothesis space

Subset of hypothesis space

Empty set
Set inclusion

Disjointedness

Collection of mutually disjoint
subsets

1-dim. subspace of Hilbert spacs
(ray) or projector thereon

Subspace of Hilbert space or
projector thereon

Zero (P5=0)
Embedding

Orthogonality

Collection of mutually orthogona
subspaces




lassical and quantum probability are special cases
of a more general framework for plausible reasoning

eneric notation (1/2)

Mathematical manifestation

Classical

Quantum

Symbol Meaning
Most accurate
hypothesis

a.b. %X, y. 2 Hypothesis

% Absurd hypothesis

Cy Logical implica-
tion, refinement

1y Contradiction

X Set of alternatives

Xy <{¥iha~  Fine-graining

Element of hypothesis space

Subset of hypothesis space

Empty set
Set inclusion

Disjointedness

Collection of mutually disjoint
subsets

Cut into smaller subsets
\J”'-:=U'-:Iﬁl ’ !=Uk~;K{E{

1-dim. subspace of Hilbert spacs
(ray) or projector thereon

Subspace of Hilbert space or
projector thereon

Zero (P=0)
Embedding

Orthogonality

Collection of mutually orthogona
subspaces

Orthogonal decomposition
Py;= Z:;-:kp}{i , I=Ukeif\|k
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lassical and quantum probability are special cases
of a more general framework for plausible reasoning

eneric notation (2/2)

Mathematical manifestation

Symbol Meaning Classical Quantum

(%) Granularity Cardinality of subset Dimension of subspace

’ Model size Cardinality of hypothesis space Hilbert space dimension

D State. knowiedge Probability distribution on Density matrix. statistical operati
hypothesis space on Hilbert space

bix)=prob(x|p)  Probability Z.c.ple) tr(pP.)

8 Test Map p -p-8, where Mapp -P.pP.
B.(e)=1 (eCh) or 0 (otherwise)

’ Reversible Permutation of hypothesis space Unitary transformation

operation

Not defined in general framework: N, U
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lassical and quantum probability have
onsiderable overlap

Principal commonalities

[ [t

+ Realism

» Atomism 2]

« Determinism

" e |
classical quantum |
Smoothness even |
with finite resources | |3
TH 2 .
e —
3 4 I

Minimal structure: The relations and maps <
1.<.d.p.6.g(butnotN.U) are well defined and
satisfy basic consistency requirements

Universality: Sets L. M, S and group G fall int«

- equivalence classes that have granularity as th

sole parameter. Fine-grainings with identical gr
nularities are connected by reversible operatior

Combinability: Most accurate hypotheses
pertaining to different constituents can be freeh
combined into most accurate hypotheses abou
the composite system. Arbitrary concerted
action of reversible operations on different
constituents renders an allowed reversible
operation on the composite system

Learning: Itis possible to learn the single-
constituent state by performing measurements
on an exchangeable sequence




he minimal structure satisfies basic consistency
equirements (1/5)

ogical relations

Logical implication ( £) and fine-graining (<) constitute
partial orders:

. Reflexive

ii. Antisymmetric

. Transitive




he minimal structure satisfies basic consistency
equirements (2/5)

ranularity

= d(x)=0 <= x=0

= xSy = d(X)=d(y)

= Sum of granularities is invaniant under fine-graining,
X} <{yJ = Zdx)=Zd(yi)




he minimal structure satisfies basic consistency
equirements (3/5)

Probability

" P(9)=0

= XSy = p(X)= p(y)

= Sum rule:
XF <Mt = Zp(x)=Zp(Ye)




he minimal structure satisfies basic consistency
equirements (4/5)

est

Operational
meaning

Properties




he minimal structure satisfies basic consistency
equirements (4/5)

est

= Experiment: Testforb, bCa.
— Ifb is found true: no further action
— Ifb is found false: apparatus subsequently sets also a to  false”

Example: Hypotheses a: .Photon exists™”, b: ,Photon has positive helicity”.

Oper Efﬁﬂ“al Polarization filter lets photon pass only if helicity is positive.
meaning

= Prior knowledge pertainingto xCa: p

= This knowledge changesin two steps:
(1) upon learning that test was performed, with outcome still unknown: p—86.¢
(2) upon learning the outcome: 6,p 8, p/prob(b|p)if b true, else §,p 0.

Properties




he minimal structure satisfies basic consistency
equirements (4/5)

est

= Experiment: Testforb, bCa.
— [fbis found true: no further action
— If b is found false: apparatus subsequently sets also a to  false”

_ Example: Hypotheses a: ,Photon exists”, b: . Photon has positive helicity”.
Operational  po|arization filter lets photon pass only if helicity is positive.

meaning = Prior knowledge pertainingto xCa: p
= This knowledge changesin two steps:
(1) upon learning that test was performed, with outcome still unknown: p—6.¢
(2) upon learning the outcome: 6,p 6, p/prob(b|p)ifb frue, else 6, p 0.
= xSb = 8,p(x)=p(x)
- 0'Ch wi ity | ‘i Ch
P supp(8.p )b, with equality if and only if p(e)>0 for all e b

= Tests may narrow, but never broaden a distribution: d{supp(8,p))=d(supp(p))
[not: supp(8,p)supp(p)]




he minimal structure satisfies basic consistency
equirements (5/5)

Reversible operation

= Reversible operations constitute a group

= They act on states (,Schrodinger picture®) or hypotheses
(,Heisenberg picture”), respectively; pictures are related by

prob(x|g(p))=prob(g~(x)|p)

In Heisenberg picture reversible operations preserve
— logical relations € , 1L <
— granularity

supp(g(p))=g(supp(p))

go8,=841)°0




undamental equivalence classes have
as their sole parameter the model size

Single parameter

= Define
— L ={X|x &=}
— M, ({k})={{x}<a| dix )=k} , dla)=Zk

— 9,={pl..L,—[0.1] | there exists a state p: pl.(x)=pi{x)Tor all x &a}
.consfrained states”, not necessarily normalisedto pl(a)=1

— G, ={reversible operations g | g(a)=a. g(x)=x for all x_a}
constitutes a group; acting on arbitrary hypotheses, notjuston L,

= Corresponding structures for b#a are isomorphic to the aboveiff d(b )=d{a)=d

= = Define equivalence classes L(d), S(d), G(d), M({k}) with Zk=d




undamental equivalence classes have
as their sole parameter the model size

Single parameter

= Define
— L,={x|x &3}
— M,({k})={{x}<a| d(x )=k} . d(a)=2k

— 9,={pl..L,—[0.1] | there exists a state p: pl.(x)=p(x)for all x &a}
.consfrained states”, not necessarily normalisedto pl.ia)=1

— G, ={reversible operations g | g(a)=a, g(x)=x for all x_La}
constitutes a group; acting on arbitrary hypotheses, notjuston L,

= Corresponding structures for b#a are isomorphic to the aboveiff d(b )=d{a)=d

= = Define equivalence classes L{d), S(d), G(d), M({k}) with Zk=d

__—T—_

Equivalence classes depend on granularity only,
not on any specifics of the system under consideration
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