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Abstract: In two dimensional CFTs the Zamolodchikov\'s c-theorem is fundamental in that it shows that the number of degrees of freedom decreases
along the renormalization group flow. | will give a short history of and discuss recent developments in the quest to find its four-dimensional
anaogue using the central chargesa & c.
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T()T(0) ~ 55 +---

cR

() =-=

e Captures the asymptotic growth of states.
¢ (Need to use modular transformation)
¢ Additive.
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T(z)T(0) ~ -2% P

cR

() = -

e Captures the asymptotic growth of states.
» (Need to use modular transformation)

o Additive.
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Let

F(r)= zYT..(z,2)T.-(0,0)),

G(r) = 23z (T..(z, 2)T.=(0,0)),

H(r) = 2z%2z%(T.s(z,2)T.=(0,0)),
and define

C(r) = 2F(r) — 4G(r) — 6H(r).

e C(r) is the central charge ¢ for CFTs.

)
s 7 -C(r) = —;H <o.

o # DOF decreases along the RG flow
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c

Weyl? 2 _Euler
1672

) = fom

¢ Only ¢ appears in 2pt functions.
e Additive.
¢ No modular tr. — no immediate relation to #DOF.

a C

N = 1chiral mult. | 1/48 1/24

N =1 vector mult. | 3/16 1/8
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In 2d, it was ¢ o [ (T).
2
Why don’t we choose a ./s*(T) in 4d?

» He somehow chose §*, which is conformally flat.

» Weyl? happened to dropped out. |
» Anyway his proposal stood the test of time...
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(T = 1&-::2 1602 o

¢ Only ¢ appears in 2pt functions.

o Additive.

e No modular tr. — no immediate relation to £DOF.
a C

N = 1chiral mult. | 1/48 1/24

N =1 vector mult. | 3/16 1/8
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Sk e o f (1.
S2
Wl‘wchxftimchmyseam/y(ﬂ in 4d?

» He somehow chose §*, which is conformally flat.

« Weyl? happened to dropped out.
¢ Anyway his proposal stood the test of time...
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Consider massless QCD with N colors and N flavors.

UV: quarks & gluons a ~ N2 4+ N.N; |

R 2
IR: pions a~ Nt

N
¢ a-theorem violated if Ff > 15.1
. .. N¢
* |oses asymptotic freedom if — > 5h |
c |
¢ (Chiral symmetry ceases to break at much lower Nz/N,) |
¢ [Ball-Damgaard 2001] checked other G and matter contents
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¢ Supersymmetry relates a, ¢ to 't Hooft anomalies of R symmetry:

3 X
a== _:'.t.rR-"—nerLr
e *gtrR:‘—strR]
32 |

¢ R symmetry must be non-anomalous,
¢ This condition alone sometimes fixes it

e e.g. SQCD in Seiberg’s conformal window
e arr < ayvy, but other combinations a + ke don’t work
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Let the trial a function be

a;(R)=%[3trR3—trR] d

a function of trial R symmetry,
R=Rog+tFi+---.
The right R maximizes a(R).
e @ should have charge 1 under R.
* Marginal terms in the superpotential W have charge 2 under R.
e UV: some terms in W irrelevant — less condition on R
¢ |R: some terms in W marginal — more condition on R
e Maximization in a smaller subset gives smaller number.
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» Supersymmetry relates a, ¢ to 't Hooft anomalies of R symmetry:

3 =

== _3trR3—trR} ,
1
32

e R symmetry must be non-anomalous,

¢ This condition alone sometimes fixes it

e e.g. SQCD in Seiberg’s conformal window

e arp < ayvy, but other combinations a + ke don’t work
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1672
¢ Only ¢ appears in 2pt functions.

e Additive.

e No modular tr. = no immediate relation to #DOF.

Weyl? 2 _Euler
1672

) =

a C

N =1 chiral mult. | 1/48 1/24

N =1 vector mult. | 3/16 1/8
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ln.Zd,itwaScccf (T).
s2
Wlwtkm'twechmea-ccfy(‘fl’) in 4d?

» He somehow chose S*, which is conformally flat.

e Weyl® happened to dropped out.
» Anyway his proposal stood the test of time...
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Consider massless QCD with N colors and Ny flavors.

UV: quarks & gluons a ~ N2 4+ N.N;
IR: pions a ~ Nf; |

N
e a-theorem violated if Ff = 151

N
« loses asymptotic freedom if Ff > 55

¢ (Chiral symmetry ceases to break at much lower N¢/N,) |
¢ [Ball-Damgaard 2001] checked other G and matter contents |
|
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» Supersymmetry relates a, ¢ to 't Hooft anomalies of R symmetry:

3 = |
a=3—2~_3trR3—trR‘, ‘
1 =
e= o -9trR3—5trR]

e R symmetry must be non-anomalous,

e e.g. SQCD in Seiberg’s conformal window
e arp < ayvy, but other combinations a + ke don’t work
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¢ This condition alone sometimes fixes it ‘
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Let the trial a function be
3 |
a(R) = = [31::113 —trR] :

a function of trial R symmetry,
R=Ro+t1F1+---.
The right R maximizes a(R).
e @ should have charge 1 under R.
¢ Marginal terms in the superpotential W have charge 2 under R.
e UV: some terms in W irrelevant — less condition on R
¢ |R: some terms in W marginal — more condition on R
e Maximization in a smaller subset gives smaller number.
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Let the trial a function be
3 .
a(R) = = [StrRE'—trR] .

a function of trial R symmetry,
R=Ro+t1Fi+---.
The right R maximizes a(R).
¢ @ should have charge 1 under R.
* Marginal terms in the superpotential W have charge 2 under R.
e UV: some terms in W irrelevant — less condition on R
¢ |R: some terms in W marginal — more condition on R
e Maximization in a smaller subset gives smaller number.
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e Supersymmetry relates a, ¢ to 't Hooft anomalies of R symmetry:

3 =
=_— 3trR}—trR|,
*=3l ]
e=— [ouRd —5trR]
32 |

e R symmetry must be non-anomalous,
¢ This condition alone sometimes fixes it |
e e.g. SQCD in Seiberg’s conformal window

e arjp < ayvy, but other combinations a + ke don’t work
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¢ Use AdS/CFT correspondence:
an~cn~ A32

* RG flow ~ flow of scalars changing vacuum energy A = V(¢)
* Null energy condition

Taenn” > 0

guarantees monotony of V(¢) along the flow.
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e Use AdS/CFT correspondence:

N2
4 vol X5

an~C ~

for N D3-branes on the cone over X, |
¢ X5 normalized to have R;; = 4g;;. |

» Bishop’s theorem: vol X5 < vol §> — a(X5s) > a(S>).

» Flow associated to ‘Higgsing’
which moves all D3-branes away from the tip.
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So far so good.
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So far so good.

But there is another class of SCFTs
which is far less understood ...




1
Introductory words on a-theorem

3. Summary
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¢ SU(2) gauge theory, an adjoint complex scalar ¢
¢ SW curve parametrized by the vev u = (tr ¢?)

e Electron mass = [ ASW, Monopole mass = / ASw
A B
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e Enhanced SU (2) symmetry at
o the originu =0 —
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e Enhanced SU (2) symmetry at
e Monopole point u = A?

 Dyon point u = —A?
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em >A — u~
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m

/4

u ~ -

-2(mA%)'/?
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2mik
em=0 — u=3A%exp ——

Pirsa: 08120057 Page 32/67




em>A — u~m?/4, u~ £2(mA3)/?
2 2wk
em=0—u=34 expT

e m=3A — u=3A% (double), u=—154%/4
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e Electron & Monopole both massless at u = 0
— likely to be a conformal theory
[Argyres-Douglas, Argyres-Plesser-Seiberg-Witten,Eguchi-Hori-lto-Yang]

¢ Suppose in a conformal theory there is an operator F},,,
¢ Suppose it has non-zero anomalous dimension.

— 9 F™ #£0, 3, F"™ #0

— There should be both electric & magnetic sources.

|
Pirsa: 08120057 Page 34/67 |
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em >A — ﬂmm2/4’ B :Ez(mA:")lﬂ
2 2mik
oem=0 — u=3A ExpT

em—=—3A — u— 31‘12 (d()l[blﬁ), u = _15A2/4
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¢ Electron & Monopole both massless at u = 0

— likely to be a conformal theory
[Argyres-Douglas, Argyres-Plesser-Seiberg-Witten,Eguchi-Hori-lto-Yang]

¢ Suppose in a conformal theory there is an operator F,,,,
¢ Suppose it has non-zero anomalous dimension. |

— 9, F"™ #£0, 8,F"™ #0

— There should be both electric & magnetic sources.
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* SW curve close to the AD point:
y' =3 +mE — @
e D(2): D(§) : D(/2) : D(@i) =2:3:4:6

udzx
. D(/ YO S PR,......
A Yy

e D('ﬁ) = 6\/5, D(ﬁl) = 4/5..
 Recall u = tr ¢* , so Dyv(u) = 2. Strongly coupled !
e That’s all what was known about N = 2 SCFT before Nov 2007.
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e a and e measure the response of the CFT to the external gravity |
|

(T#) = a X Euler + ¢ x Weyl? i

« the best way to couple N’ = 2 supersymmetric theory to gravity |
= topological twisting. |

* Are a and ¢ encoded in the topological theory ?

Yes ! in the so-called AXB“ term which is known for 10 yrs by
[Witten, Moore, Marino, Losev, Nekrasov, Shatashvili]
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Just as nontrivial 7(u)F A F is generated, on a curved manifold |
Scurved = [log A(u)]€abcaR*® A R°* + [log B(u)]R% A R + - --

are generated.
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Just as nontrivial 7(u)F A F is generated, on a curved manifold
Scurnved = [log A(u)]€abeaR® A R°® + [log B(u)]R%s A R%, + - --
are generated.

7(u) was determined from
¢ Holomorphy
¢ Semiclassical behavior

¢ Behavior around the singular point in the moduli
The same works for AXB“.
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- Ju;
A(u)? = det = B(u)® = A

» u; = tr ¢" : gauge-invariant coordinates
» a': special coordinates i.e. masses of BPS particles
¢ A: the discriminant of the SW curve

[Witten,Moore,Marino,Nekrasov,Losev,Shatashivili]
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Al and | showed
1 1 5 1 1
a= ER(A) + ER(B) ¥ _er’ c= ER(B) + gf-

where
e 7 is the number of free vector multiplet
e R(A) is the R-charge of A, etc.
A and B have been calculated .
— taking their R-charges, we get a and c.
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Al and | showed

1 1 5 1 1
_ A —F B = =—RB — s
a 4R( )+6R( )+24r =g ( )+6r

where
e 7 is the number of free vector multiplet
e R(A) is the R-charge of A, etc.
A and B have been calculated .
— taking their R-charges, we get a and c.
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A(u)? = det Gus B(u)?=A
dar

o u; = tr ¢* : gauge-invariant coordinates

« al: special coordinates i.e. masses of BPS particles

* A: the discriminant of the SW curve
[Witten,Moore,Marino,Nekrasov,Losev,Shatashivili]
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Al and | showed

1 1 5 1 1
b A —F B —‘—_—., =_RB — f e
a 4R( )+6R( )+24r =g ( )+ﬁr

where
» 7 is the number of free vector multiplet
e R(A) is the R-charge of A, etc.
A and B have been calculated .
— taking their R-charges, we get @ and c.
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» Consider U(IN.) with N¢ quarks of bare mass m

» There’s a subspace where U(IV. — 1) with Ny massless quarks is
realized semiclassically: ¢ = diag(m,0,0,...,0)

¢ A monopole locus intersects at the strongly-coupled region
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Argyres-Douglas points

U(IV + 1) gauge theory with Ny = 2N flavors :
Curve: y? = 2N (24+2A4) with Agw ~ zd(y/P) ~ =z Ndy.

— D@ =3 Dlu)=iD).

A2 = det 3"; o™ 12,
Therefore ¢ da
BB — H(E’.t 83)2 - $2N(2N+1)_

Use our formula

1 1 5 1 1
= JR(A) + _R(B) + 7, = _R(B) + -
(4) + cR(B) + v, = SR(B)+

and get
14N? + 19N 4N? + 5N

a = " s

L ]
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Flow associated to Higgsing:
SU(V + 1) with 2N flavors at UV: a ~ %Nz
SU(NN + 1) with 2N flavors at IR: @ ~ %Nz
SU(N) with 2N flavors:  a ~ 5N?2

One way to understand the factor 2/3 : our formula implies

42a—c) = Y [2D(u;) - 1.

o.iginally conjectured by Aharony and Argyres.

Dap(uj;) = jDap(x) = g‘.'i, Dir(u;) = jDrr(x) = j.
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Our R symmetry is completely accidental,
't Hooft anomaly matching unusable

Our theories can not have weakly-curved AdS duals,
because a/c — 7/8 in the large N limit.
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¢ |s our method correct? —= Yes | believe so.

e USp(2N) + Ng flavors + 1 antisymmetric
can also be analyzed holographically. [Aharony-YT]

o This gives the same result, including 1/N corrections.
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¢ |s our method correct? —» Yes | believe so.

e USp(2N) + Ny flavors + 1 antisymmetric
can also be analyzed holographically. [Aharony-YT]

o This gives the same result, including 1/N corrections.

» |s the direction of the flow correct?
— Yes | believe so. More in our paper...
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e Brief history of ‘a-theorem’.
» Argyres-Douglas points with 0.8 < N¢/N. < 2 are
counterexamples.
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e Brief history of ‘a-theorem’.

» Argyres-Douglas points with 0.8 < Ng/N. < 2 are
counterexamples.

e Strongly coupled,
¢ R symmetry completely accidental,
* No weakly-curved AdS dual.
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e Brief history of ‘a-theorem’.
¢ Argyres-Douglas points with 0.8 < N¢/N. < 2 are
counterexamples.

» Strongly coupled,
¢ R symmetry completely accidental,
e No weakly-curved AdS dual.

» | would be happier if I can calculate /s and s/T° of this thing.
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o Brief history of ‘a-theorem’.
» Argyres-Douglas points with 0.8 < Ng/N,. < 2 are
counter es.
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B |
[
gy
™y

!

1=

Hroaquctorv woras on
3 \ . = FA ~, e N B Xt
H ™y e = i 1 =y ¥ ( % i
- Ll :_\'F L = I_“’E -l-\_JI{h:.].IlLJ-:.j Ib._'!'- | D
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e |s our method correct? —» Yes | believe so.

e USp(2NN) + Ny flavors + 1 antisymmetric
can also be analyzed holographically. [Aharony-YT]

¢ This gives the same result, including 1/IN corrections.

Our theories can not have weak}
because a/e¢ — 7/8 in the large N limit.
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Just as nontrivial 7(u)F A F is generated, on a curved manifold

Scurved = [log A(u)]€abeaR* A R° + [log B(u)]R% A R%, + - - -
are generated.

7(u) was determined from

e Holomorphy

¢ Semiclassical behavior

» Behavior around the singular point in the moduli
The same works for AXB€°.
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T(z)T(0) ~ é Y

cR

() =-=

e Captures the asymptotic growth of states.
¢ (Need to use modular transformation)
* Additive.
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T()T(0) ~ 55 +---

cR

Ty ==

» Captures the asymptotic growth of states.
* (Need to use modular transformation)

o Additive.
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T()T(0) ~ 5 +---

cR

() = -

» Captures the asymptotic growth of states.
e (Need to use modular transformation)
o Additive.
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€ a

TH) = Weyl? Eul

(T) = Tz VeYl" — Jgpztuler

¢ Only ¢ appears in 2pt functions.

o Additive.

¢ No modular tr. — no immediate relation to #DOF.
a C

N = 1chiral mult. | 1/48 1/24

N =1 vector mult. | 3/16 1/8
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thd,itm.ch-/ {T).
S2 .
Mlytkrftwcmqseaccfs‘({l’) in 4d?

» He somehow chose S*, which is conformally flat.

g We'ylz happened to dropped out.
¢ Anyway his proposal stood the test of time...
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€

1672
¢ Only e appears in 2pt functions.
o Additive. |
e No modular tr. — no immediate relation to £DOF. |

Weyl? 2 _Euler
1672

(Tp) =

a C

N = 1 chiral mult. | 1/48 1/24

N =1 vector mult. | 3/16 1/8
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» Supersymmetry relates a, ¢ to 't Hooft anomalies of R symmetry:

3 i
.= _3trR-"—trR] ,
&= l *gtl'.li?' -—5tl’R]
32 L

e R symmetry must be non-anomalous,

¢ This condition alone sometimes fixes it

e e.g. SQCD in Seiberg’s conformal window

e arr < ayvy, but other combinations a + ke don’t work

Pirsa: 08120057

Page 67/67




