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Abstract: The efficient computation of scattering amplitudes in quantum field theory has many important applications, ranging from the computation
of QCD backgrounds at the LHC to the study of the perturbative finiteness of N=8 supergravity. \'On-shell methods\' are a crucial ingredient in the
computation of gauge theory and gravity amplitudes because they are far more efficient than traditional Feynman diagram techniques. | give an
introduction to the basic concepts used in this field. | explain one particularly elegant method, the MHV vertex expansion, and outline how we
recently proved the validity of this expansion in N=4 Super Y ang-Mills Theory.
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© On-shell methods

© MHV vertex expansion in V' =4 SYM
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Motivation Texthnok QFT

Textbook QFT

In textbooks, QFT is treated using

@ a Lagrangian
@ Feynman rules = scattering amplitudes

In this formulation, the simplest fields are scalars.
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Motivation Textbook QFT

Textbook QFT

In textbooks, QFT is treated using
@ a Lagrangian

@ Feynman rules = scattering amplitudes

In this formulation, the simplest fields are scalars.

With gauge symmetries (vector fields, gravity)
@ redundancy in the Lagrangian description
@ ‘unphysical” degrees of freedom

@ gauge-fixing required = ghost fields, etc.
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Motivation Tex tbook QFT

Textbook QFT

Scattering amplitudes

compute Feynman diagrams:
@ many vertices, many diagrams
@ each diagram gauge dependent = unphysical

@ final result for on-shell amplitudes often much simpler!
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Motivation Textbnak QFT

Textbook QFT

Scattering amplitudes

compute Feynman diagrams:
@ many vertices, many diagrams
@ each diagram gauge dependent = unphysical
@ final result for on-shell amplitudes often much simpler!

@ SUSY seems to make things worse (more fields, more vertices)

@ N = 8 SUGRA is a nightmare

(~ 103° terms for a five-loop diagram)
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Motivation

Tree amplifudes in gauge theory

Tree amplitudes in gauge theory

L et us study tree amplitudes in gauge theory

(QCD, N = 4 Super Yang Mills,. . .)
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Motivation

Trée amplitudes in gauge theory

Tree amplitudes in gauge theory

et us study tree amplitudes in gauge theory

(QCD, N = 4 Super Yang Mills,. . .)

Why tree amplitudes?

@ building blocks for loop calculations

@ (generalized) unitarity cuts of loop diagrams
= products of trees
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Motivation

Tree amplifudes in gauge theory

Tree amplitudes in gauge theory

L et us study tree amplitudes in gauge theory

(QCD, N = 4 Super Yang Mills,. . .)

Why gauge theory?

@ QCD interesting for LHC applications (SM background)
@ N =4 SYM plays important role in AdS/CFT

@ gravity amplitudes follow from gauge theory amplitudes via

KLT relations

gravity ~ (gauge theory)?
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Motivation

Tree amplifudes in gauge theory

Tree amplitudes in gauge theory

et us study tree amplitudes in gauge theory

(QCD, N’ = 4 Super Yang Mills,. . .)

Why gauge theory?

@ QCD interesting for LHC applications (SM background)
@ N =4 SYM plays important role in AdS/CFT

@ gravity amplitudes follow from gauge theory amplitudes via

KLT relations

pure Einstein gravity ~ (pure Yang-Mills)?
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Motivation

Tree amplifudes in gauge theory

Tree amplitudes in gauge theory

et us study tree amplitudes in gauge theory

(QCD, N = 4 Super Yang Mills,. . .)

Why gauge theory?

@ QCD interesting for LHC applications (SM background)
@ N =4 SYM plays important role in AdS/CFT

@ gravity amplitudes follow from gauge theory amplitudes via

KLT relations

N = 8 supergravity ~ (N = 4 Super Yang-Mills)*
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On-shell methods

© On-shell methods
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Technical preliminaries
On-shell methods AHV amplitudes

Technical preliminaries

Spinor-helicity formalism

spinors from null momenta

piwith p> =0 <=  uy (i) = (N\)a = i),
u_(i) < (Ai)a < |i].
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Technical preliminaries
On-shell methods IHV amplitudes

Technical preliminaries

Spinor-helicity formalism

spinors from null momenta

pifwith p> =0 <=  uy (i) = (N)a = i),
u_(i) < (Ai)a < |i].

momenta from spinors

LE

pi = P (0u)aa = |i)]i] - 2pi - pi = (ij)Ui]-
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Technical preliminaries
On-shell methods AHV amplitudes

Technical preliminaries

Spinor-helicity formalism

spinors from null momenta

piwith p> =0 <  uy (i) = (N\)a = i),
u_(i) = (M)a < il

momenta from spinors

pi = p; (ou)aa = )il . 2pi-pi=(ij) ]
Properties:
Dirac equation: pili] = 0. Ul —0.
Antisymmetry: () =—(in = (iH=~0.

Schouten identity: (i j) (k| +cyclic=0.
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Technical preliminaries

On-shell methods

Technical preliminaries

Color-stripped amplitudes

defined by dropping the traces of group generators
M. ) — T T™-—-T™) AL .. n) -+ perms

— color-stripped amplitudes depend on ordering of states
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On-shell methods MHV amplitudes

QCD amplitudes

Gluon amplitudes with zero or one negative-helicity gluon vanish:
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On-shell methods MHV amp-lﬂitudes

QCD amplitudes

Gluon amplitudes with zero or one negative-helicity gluon vanish:

amplitudes

MHV amplitudes have exactly two negative-helicity gluons.
They take an extremely simple form [Parke, Taylor]:

- -4

. B . { f_f
A IR, Ay = — —
( - ) (12)(23)---{n—1,m{nl)

Miraculous from Feynman diagrams, especially when n > 5!
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On-=hell ne=tinnt MHV amplitudes

QCD amplitudes

Gluon amplitudes with zero or one negative-helicity gluon vanish:

amplitudes

MHV amplitudes have exactly two negative-helicity gluons.
They take an extremely simple form [Parke, Taylor]:

. (i j)*

(12)(23)---{m—1_n){nl)

Miraculous from Feynman diagrams, especially when n > 5!

Generalization

e ooffNext-to)*MHV amplitudes have k + 2 negative helicity gluonsez=




On-shell methods -V amplitudes
Complex shifts

Complex shifts

Shift external momenta, with complex parameter z:

B — f}f:Pf“f_ZqJ‘- (f}f)zzo- Zqi:

T he amplitude now depends on z:
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On-shell methods -V amplitudes
Complex shifts

Complex shifts

Shift external momenta, with complex parameter z:

B — f}f:Pi“}_ZQE- (f}f)zzo- Zqi:

T he amplitude now depends on z:

Assumption: A(z) — 0 as z— x.

@ non-trivial assumption

@ naively worse for gauge/gravity than scalars
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On-shell methods AHV amplitudes
Complex shifts

Recursion relations

Cauchy’s theorem gives amplitude
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On-shell methods HV amplitudes
Complex shifts

Recursion relations

Cauchy's theorem gives amplitude

= A(0) + Y A(a.—P.) 55 Ar(E.—P.,)

8 Y
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On-shell methods AHV amplitudes
Complex shifts

Recursion Relations

Cauchy’s theorem gives amplitude

dz
g =
7{ 2T Z =]

A 1
— ,—'1(0) -+ Z Af_(ﬁ.—P&)EAR(G-—Pa)

diagrams o

A diagram « can contribute if 1/P? has pole in z
= ¢« contains at least one, not all shifted lines
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On-shell methods

Complex shifts:

Recursion Relations

Cauchy’s theorem gives amplitude

dz
B =
?é' 2T Z =

A 1
= __-_'1(0) 4 Z A;_(ﬁ.—PQ)EAR(G-—Pa)

diagrams a

A diagram « can contribute if 1/P? has pole in z
= « contains at least one, not all shifted lines

Three-point subamplitudes in complex kinematics

o (12)*
A2 3 = o oaaEn

irsa: 08120055 Page 28/61




On-shell methods -V amplitudes
Complex shifts

BCFW [Britto, Cachazo, Feng, Witten]

Two-line shift [/, j)

= [l=lil+21. i) — i)
B — D=1 -2y, -l
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On-shell methods WV amplitudes
Complex shifts

BCFW [Britto, Cachazo, Feng, Witten]

Two-line shift [i, j)

\f]—’\?I:}f']JrzU]. iy — |i)
i) — ) = 1i) —2li) . 1i]—Li].

o p, p; still light-like:

o= (0l +201). B = (I)—20)il-

@ momentum conserved
P = |i (z[j\) — (z\:)[/\ == il
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On-shell methods 4V amplitudes
Complex shifts

BCFW [Britto, Cachazo, Feng, Witten]

Two-line shift [i, )

] — [l =]+2zl], i) — i)
i) — by =Ly —zliy,  Lil— L.

Some diagrams vanish by kinematics

vanishes if 3-point anti-MHV vanishes if 3-point MH
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On-shell methods AHV amplitudes
Complex shifts

Square-spinor shifts

Three-line shift |i,j, k] [Risager]

i — 1] = |i] + z{ik)
i1 — Ul =il +z{ki)
k] — |k] = | k] + z(ij)

R
l

>
J
ad

k) — |k) .

L
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On-shell methods -V amplitudes
Complex shifts

Square-spinor shifts

Three-line shift |i,j, k] [Risager]

i1 — [1] = |i] + z(ik)
il — =Ll +z(k)|IXT, L) — L),
k] — |k] = |k] + z(ij)| X], k) — |k).

R

".". '.\".
!_."I = ll' f =

@ momentum conserved by Schouten identity
oF =7 ( Dy k)+j)kiy+ |k)(ij ) [X|=0.

@ |X] is an arbitrary reference spinor

@ No anti-MHV three-point subamplitudes in expansion
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MHYV vertex expansion in N = 4 SYM

© MHV vertex expansion in V' =4 SYM
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On-shell methods 4V amplitudes
Complex shifts

Square-spinor shifts

Three-line shift |i,j, k] [Risager]

] — [i] = |i] +z(jk) |
i1 — =l +zki)| X1, L) — L),

R

I) .

=
§) —

!

k] — |k] = |k] + z(ij)| X], k) — |k).

@ momentum conserved by Schouten identity
oP =2z (_f' Yy k) + ) ki) + |k)(ij) ) x| =@.

@ |X] is an arbitrary reference spinor

@ No anti-MHV three-point subamplitudes in expansion
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MHYV vertex expansion in N = 4 SYM

© MHYV vertex expansion in V' =4 SYM
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N = 45YM

MHYV vertex expansion in N' = 4 SYM

N = 4 SYM

1 positive helicity gluon: A(/)
4 positive helicity gluinos:  A%(i). a—r ... 4
6 (self-dual) scalars:  A3°(/)
4 negative helicity gluinos: A3°<(/)

1 negative helicity gluon: A'%%(j).
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N = 45YM

MHYV vertex expansion in N = 4 SYM

N = 4 SYM

1 positive helicity gluon: A(/)
4 positive helicity gluinos:  A(i). - — SR 4
6 (self-dual) scalars:  A3°()
4 negative helicity gluinos: A3°<(/)

1 negative helicity gluon: A'%%(j).

MHV amplitudes
V. 1 e nT) = (A%(1) A'*(2) A(3) - - - A(n))
ds (12)4
i

_and amplitudes related by SUSY.
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N = 4 SYM

MHYV vertex expansion in N' = 4 SYM

N =4 SYM

1 positive helicity gluon: A(/)
4 positive helicity gluinos:  A%(/). =0 .. 4
6 (self-dual) scalars:  A3(i).
4 negative helicity gluinos: A°() .

1 negative helicity gluon: A'%%(i).

MHV amplitudes

[15)(24)2(45)
ANATODARAT DA B)) =~ 'Y Y .
A E) A (A7 E) (12)(23)(34)(45)(51)

irsa: 08120055 Page 39/61




Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM _onssquences of MHV vertex expans

MHV vertex expansion

|
) }
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Proof of .MI-W vertex expansion
MHYV vertex expansion in N' = 4 SYM _onsequences of MHV vertex expans

MHV vertex expansion

»

Supplement by CSW prescription [Cachazo, Svréek, Witten]:

) —FolX| (|X] is again an arbitrary reference spinor) .
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Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM 1sequences of MH ertex exp

MHV vertex expansion

MHYV vertex expansion

@ allows efficient computation of tree amplitudes
@ proven for gauge theory [Risager]

@ not valid for all gravity amplitudes (| X] dependent!)
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Proof of MHV vertex expansion
MHYV vertex expansion in N' = 4 SYM isequences of MHV vertex expai

MHV vertex expansion

»

Supplement by CSW prescription [Cachazo, Svréek, Witten]:

P — Fel X (|X] is again an arbitrary reference spinor) .
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N = 4S5YM

MHYV vertex expansion in N = 4 SYM

N = 4 SYM

1 positive helicity gluon: A(/)
4 positive helicity gluinos:  A(i). a—k... 4
6 (self-dual) scalars:  A3°(j) .
4 negative helicity gluinos: A°().

1 negative helicity gluon: A'%%(j).

MHV amplitudes

(15)(24)2(45)
AT () AZPQQARIAZ* D AYB)) = e .
koo e ol (12)(23)(34)(45)(51)
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Prm:_nf of .MI-W vertex expansion

MHYV vertex expansion in N = 4 SYM

MHV vertex expansion

»
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Prﬂﬂ-_f of .M HV vertex expansion

MHYV vertex expansion in N' = 4 SYM

MHV vertex expansion

»

Supplement by CSW prescription [Cachazo, Svréek, Witten]:

P.,) =P,

X] (|X] is again an arbitrary reference spinor) .
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Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM _onsequences of MHV vertex expar

MHV vertex expansion

MHYV vertex expansion

@ allows efficient computation of tree amplitudes
@ proven for gauge theory [Risager]

@ not valid for all gravity amplitudes (| X] dependent!)
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Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM _onsequences of MHV vertex expatr

MHV vertex expansion

MHV vertex expansion

@ allows efficient computation of tree amplitudes
@ proven for gauge theory [Risager]

@ not valid for all gravity amplitudes (| X] dependent!)

MHYV vertex expansion for ' =4 SYM

@ scalars, fermions = non-trivial to prove
@ but: supersymmetry helps

@ for generic amplitudes:
more powerful in N = 4 SYM than in pure gauge theory
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Proof nf .M HV vertex acpansian
MHYV vertex expansion in N' = 4 SYM 1SEqUENCes O HV vertex e

Proof of MHV vertex expansion in N = 4 SYM

@ Prove that all-line shifts

i1 — [i] = |i] + z¢i| X], Z cli) —4

give at least 1/z* falloff for NNMHV amplitudes
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Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM _onsaquences of MHV vertex expar

Proof of MHV vertex expansion in N = 4 SYM

@ Prove that all-line shifts
i1 — 1] = |i] + z<i| X] . Y q

give at least 1/z* falloff for NNMHV amplitudes

i) =6

@ Use all-line shift recursion relations to derive MHV vertex
expansion
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Proof of MHV vertex expansion

MHYV vertex expansion in N' = 4 SYM

Proof of MHV vertex expansion in N = 4 SYM

@ Prove that all-line shifts
i] — []=|i]+=zIX]., ) cli)=0

give at least 1/z* falloff for NNMHV amplitudes

@ Use all-line shift recursion relations to derive MHV vertex
expansion

Comment on efficiency

@ rule of thumb:
better large z-behavior = less powerful recursion relation

@ but: at level k, combine k diagrams to get MHV expansion!

irsa: 08120055 Page 51/61




Proof of MHV vertex expansion
MHYV vertex expansion in N = 4 SYM _onsaquences of MHV vertex expans

Proof of MHV vertex expansion in N' = 4 SYM

N“MHV amplitudes go as 1/z% under the shift
il — li=lil+=z|X], Y cli)=0.
i




Proof of MHV vertex expansion

MHYV vertex expansion in N = 4 SYM

Proof of MHV vertex expansion in N' = 4 SYM

N“MHV amplitudes go as 1/z% under the shift

il — =i+ zIX], Y g

-

i) =

MHV amplitudes (k = 0)
only depend on angle brackets (ab) = (1) trivial:

2 /%8 € 8 (98 o Cj(l) _

A(l, ..., g — - _VIVI , _
( ) (12)(23) ---(n— 1, m)(nl)
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Pi

Proof nf .M HV vertex &xpansian

MHYV vertex expansion in N' = 4 SYM

Proof of MHV vertex expansion in N' = 4 SYM

N“MHV amplitudes go as 1/z% under the shift

i1 — |1] = |i] + z<i| X] ., Y cli)y =0

anti-MHV amplitudes (k = n — 4)
only depend on square brackets [3 B] ~ O(z). Thus:

4 square brackets

e —
SIS
1223 [a1]

~ 1/

n square brackets
||||| : 08120055 Page 54/61




Proof of .M HV vertex acpansian
MHYV vertex expansion in N' = 4 SYM _onsequences of MHV vertex expans

Proof of MHV vertex expansion in N' = 4 SYM

All other amplitudes
@ have a valid BCFW expansion from some shift [/ j)
[Elvang, Freedman, MK; Cheung]
. £o
[ -




Proof of .M HV vertex expansion
MHYV vertex expansion in N' = 4 SYM 1isequences of MHV vertex expar

Proof of MHV vertex expansion in N' = 4 SYM

@ have a valid BCFW expansion from some shift [/ j)
[Elvang, Freedman, MK; Cheung]

n-point N MHV amplitude ny-point N2MHV amplitude

@ All-line shift acts on subamplitudes [ and R as all-line shift
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F'r-:u:_uf of .M HV vertex expansion

MHYV vertex expansion in N' = 4 SYM

Proof of MHV vertex expansion in N = 4 SYM

@ have a valid BCFW expansion from some shift [i j)
[Elvang, Freedman, MK; Cheung]

n-point Nt MHV amplitude ny-point N2MHV amplitude

@ All-line shift acts on subamplitudes [ and R as all-line shift
e if L and R have 1/z%i falloff
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Proof of .M HV vertex expansion
MHYV vertex expansion in N' = 4 SYM s=quences of MH ertex e

Proof of MHV vertex expansion in N' = 4 SYM

Inductive proof of 1/z* falloff
n
11 O 0000 Qb
10 9/l000eo0”
9 O O 0 00/
8 >(0|0 0 0OF
7 I A i
Z9(° 9%
. O
5 O/
7
4 O °
Vil Y
3—"’{;)7- =
irsa: 08120055 F 1 0 1 2 3 4 5 6 7 k Page 58/61




MHYV vertex expansion in N = 4 SYM Consequences of MHV vérteﬁ expansion

Consequences of the MHV vertex expansion

Efficient computation of amplitudes

Derive compact generating functions/superamplitudes

@ functions of 4n Grassmann variables 7,

@ Compute any amplitude by acting with appropriate
Grassmann differential operators
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MHYV vertex expansion in N' = 4 SYM Consequences of MHV vérteﬁc expansion

Consequences of the MHV vertex expansion

Efficient computation of amplitudes

Derive compact generating functions/superamplitudes

@ functions of 4n Grassmann variables 7,

@ Compute any amplitude by acting with appropriate
Grassmann differential operators

Study behavior of N' = 4 SYM amplitudes under shifts

N“MHV amplitudes go as 1/z¥ under square spinor shifts
@ of all lines
@ of every other line

@ of common-index lines
(e.g. all k + 2 lines carrying one specific SU(4) index a)
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Conclusion and Outlook

On-shell methods

@ crucial to compute tree and loop amplitudes

@ important from LHC physics to supergravity

Tree amplitudes in N/ = 4 SYM

@ compact computation using the MHV vertex expansion

@ alternative: superconformal invariants [Drummond,Henn]

Generalization to N = 8 supergravity?

@ can in principle use KLT

@ recursion relations for NV = 8 supergravity

e problematic, as large z falloff worse for large n
e go to large k = useful recursion relations?
Pirsa: 08120055 e generalize supershift to square spinor shift? [N A-H,Cachaze}we




