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AdS4/CFT3

there is a fairly long history in studyving asymptotcally AdS. space-imes and their boundary theories
not as well developed as AdSs, where the dual theory 1s tvpically a Yang-Mills theorv and thus fairly well-understood

an example space-time is AdS«xS”, which is obmined as the near-horizon limit of N M2-branes in M-theory, as N — 5o
» the boundary theary im this case is 3-dimensional, and not a Yang-Mills theory
3 e.g, the free enerpy scales as N3/
there bas been recent interest in a proposal for what this besndary theary may be Bagger-1ambert, efr.]

much of other discussions of AdSy/CFT; has a ‘designer’ aspect

B just consider varions fields propagating on some asymptotically AdSy background, without expiicit Enowledge of how this may be
embedded i itring or M-theory

3 carry over the usual holographic dictionary and tools

lots of interest in applications to 3d theories with inspiration from condensed marter

» e.8., 2+ 1d superfluids and superconductors

»  geomreiries with different asympiotics bave also been of interest (e.g. Schridinger sometry — non-relativisiic)
** use those holographic duals 0 compute transport properties of field theories **
in anv case, there are many interesting 3d field theories whoese holographic duals one could explore

>
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AdS,4/CFTs3

One of the earliest examples involved conformally coupled scalars in bulk, dual to A =1 , 2 operators in bdy

»  the propesal was that this describes large N fioced peints of the OfIN) scalar model in 3d o i

» “donble frace” deformation leads o passage from one large N fixed point fo the ather RGL & Petkou ‘03
in ‘mass window’ where both asymptotc modes are normalizable
this structure extends to gauge fields as well

“duality conjecrure” — hnearnzed higher spin gauge fields on AdS, possess a generalization of EM duality thar is
seen holographically in the boundary theory

RGL. & Perkou, 0309177




EM Duality (Hamiltonian form)

Maxwell theory (wrntren as “3+1 sphit’):

I:[ dt.‘h\{fi.ﬂ*:]ﬁr—%[Ef‘u#xE‘l‘Bﬂ*sB}_Agd‘*aE}
N
here, E and B are spatial 1-forms B= *31!-{}1

2 —1i%, B—E

M =

E = +4dAp
IHI_D:f—f Ap AdA
aM

(canonical transformation)
S N S W SR
a bulk duality gives a canonical transformanon, induced by a boundary term built from the bdy values of bulk fields

leads to a modificanon of boundary correlagon funcoons
3 in fact, extends to an SI(2) action on current-current corvelator
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Gravity

write the Einstein-Hilberr action in the frst-order formalism

I:[ Eum{e“nehﬁﬂ‘:d—éeﬂhebﬁecnﬁd}
M / 6 \
ViglR Vil
Ry = o™y +wi e Nl
T =de®™ tufyNet

equations of motion (vacuum):

A
R*® _ —_*pnet=0

3
=1

B

first-order formalism: mrsion vanishes by equarion of motion
metric formalism: torsion vanishes by constraine
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Gravity: 3+1 Split

» the artion then takes the form

Ieg+iceg = fdi‘ﬁ{éuﬁ{—ﬂlﬂj_fméﬂﬂm}

-I—ﬂ’a'J_N{Eé[B“héaj 2R AT Ftagy (::B“AB-";—K‘H\K-S = %Eﬂ' J‘RE’?) né‘f}

oy N5, (DK)? NE +4Q%(Ks NEP) A Ga + 24, {.c_ﬂ,g,,,fﬁ A& })

» as usual, mostly constraints




Gravity

write the Einstein-Hilberr action in the frstorder formalism

I:[ Eﬂﬁﬁd{Eﬂﬂﬂhﬂﬂ‘:d—éfﬂﬂebﬁﬂcﬂﬂd}
M / 6 \
VigIR Vil
R®y = die™p ™. A
T =de® +w®, Ae®

regard the vielbein and connection as independent
equations of motion (vacuum):

A
R _e®*peb=0

3
7=

B

metric formalisme torsion vanishes by constraine




Gravity: 3+1 Split

> the action then rmakes the form
IEH"‘IG:H = ffﬂ_h{énh(_‘;ﬂj_faﬁqéﬁﬂp}

+20 N {2&(3-“ ANéL) +2BE AT, +e€ag, (JB“ AB® KA K®_ Tz A éﬁ) A

3
oy N (DK)P A& +4Q%(Ka NE®) N éa+ 44", {f",.g,ﬁ.f-@ AE })

» as usual, mostly constraints




Gravity: 3+1 Split

» the action then makes the form

Ieg+ilceg = /(ﬂ‘ﬁ{énﬁ{—ﬂlﬂj_fud,é’ﬂﬂp]

+20LN{Eé[Bﬂnéa}+28F‘niﬁ,+ead_, (JB"ABH — N %Eﬂ ﬁéﬁ) ﬁ.é‘T}

oy N%eop (DK)P A& +4Q*(Ks NED) A G+ 19°, {f“,g,;fﬁ A })

» as usual, mosty constraints

coordinate ‘gange field’

- e
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Gravitational EM duality

linearize around AdS (™ = it B — aeg”)

I= | dtAJ(E™ +aE™) Ap, — 26,5 (6™ A b + k™ AkP) A & + constraints
AP v

duality here, very similar to EM:
E v 0. I k”
E— ED.. p——pD
constraints — Bianchi

so again, a bulk duality gives a canonical rransformanon, induced by a boundary term builr from the boundary
values of bulk fields

» duality acts in bosndary on (bigher-spin} current-current correlators

73
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Topological, Boundary terms, etc.

Ign in the firsc-order formalism has more degrees of freedom than gravity
» an coMpie ro fhese in imieresting ways
build SO(3,1) invariants (4-forms of €”, R, T")

‘}
Itnpzﬁfc:w‘I—E[Rmbﬂﬂuﬂﬂa‘kpfﬂl"‘QfE-i
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Topological, Boundary terms, etc.

Ity in the firsc-order formalism has more degrees of freedom than gravity
> can cotiple fo these in interesting ways
build SO(3,1) invarants (4-forms of €, R, T")

I:Lm—-gfcq}’ [Rﬂbﬁﬂ Me +pfp_1+q E4
e T — R he™Ke tr B? Canalt™™ A R
= d(T, A e%)

» will concentrate on the Nieh-Yan rerm here
» if # is constant
Ieg+tlcg+Iny = f dt A (é“ A(—40 1 €05, N [KT —0B)) + 20, 0e,5.B* NE° NE + mmtmims)

> equation of motion still gives zero torsion, because NY is a boundary term
> tr B has kinetc term, but e K sull canonical vanables
» boundary has been modified: on-shell action now varies as

0 ler +Ica +INy)on chet = f 88> K (AT Leapy® N[KT —0B) o0
It hel
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Nieh-Yan Axion

now promote # to be a field
adding a boundary term (gives axion appropriate boundary condition)

I =Ipgle.wl +Igule.w] — %/ doO AT, ne*.
Af

variation of acton now gives
T, A e ==1dO

various other formulations:
» massless psesdoicalar coupled to forsionless gravity

g = L_Jlb + 4y

s a 1
Ips = IEH[e,u} —|—IGH[E.,|.;.'.] = Ef dO A =43d6 .
M

» Kalp-Ramond field
H;; = *4da ~ dC”

2 e 1
IKR = IEHiE:“Jl -I—IGHIE,L:J] =7 i/. dﬂﬂ *46‘6-}—/ d(C’r‘\ ==.;d(]’) .
M M

- ——
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Torsion ‘Vortex’
3+1 split:

i fdm(é‘“Mk-ﬂ,ﬂ,ff"m?-%&&néu]—gé{é“nf;})+ modified constraints

g ~é* AT,

s

€

make a simple ansarz — fields depend only on the radial coordinare

= e g™ N =1. N®=q.
o —ken. B =0
My = —4k. g =b
and equations of motion give
AL 3A* 3a>=—9 A:éaéz

6+3684=0
in Exdlidean signature, there is an exad solution

h(t)

e(t)

A(t) = atanh(3a(t —t))
oAlE)

B¢ + 4 arctan(e’a(t—to)

a2 cosh(3a(t —ty))*/*

¥
E
[
T
]
o
L]
L]
L3
i
L]
L]




Torsion ‘Vortex’

» note that the solution is asymptoacally AdS ac both t — +oc
» the pseudoscalar field 1s kinked, changing by 21 from one asvmprote to the other

f*4H=&B:2=r.

it is non-singular everywhere

rransverse slices are flar ar the core of the vortex

the energy of the solution diverges, but in precisely the same way as AdS
» connterterms on each bowndary cancel this divergence

in this sense, this is a zero energy’ Euclidean soluton

-

ﬁ N
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» 3+1 spht:

Torsion ‘Vortex’

r = fdt.ﬂ (é‘“Mkaﬁ,f{’fnéd—géené&)—gé{éﬂmf;}) + modified constraints

e ~ " AT,
make a :iimple ansarz — helds dﬂp-t:ud mﬂ:.' on the radial eoordinare

=K

E* = M g™,

N=1I N =8
.&Fﬂ p— kég-, Bﬂ — béﬂ
M, = —4k. g =5b
and equartions of motion give
i34 3a2=0, A=—o® 6436d=0
in Enmclidean signature, there is an exad soluton
hit)
e(t)

A8

A(t) = atanh(3a(t —tg))
By + 4 arctan(e?*(t—te)

a2 cosh(3a(t —t4))1/*

L3
L1
n
L]
L]
W
L]
L]
L3
|
L
L]
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Torsion ‘Vortex’

> note that the solution is asymptotecally AdS ar both ¢t — +o¢
» the pseudoscalar field 1s kinked, changing by 27 from one asvmprote to the other

/*4H:ﬁ.9221r.

it is non-singular everywhere

rransverse slices are flar ar the core of the vortex

the energy of the solution diverges, but in precisely the same way as AdS
» counterterms on each boundary cancel this divergence

in this sense, this is a ‘zero energy’ Euclidean solution

11
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Torsion ‘Vortex’

fdm (é“ A (deas KT Aéﬂ—gtﬁ-}hé&) —§é{é" hf‘ﬂ}) + modified constraints

Hg r~ &= AT,

make a simple ansarz — fields depend only on the radial coordinare

e =Wz, N=1, N™=8,
Ko = KkEe B =00
My = —4k. g =b
and equations of motion give
Ai3i? 302=0, A=06% 64364d=0

in Enclidean signature, there is an exad solunon
h(t) = Alt) = atanh(3a(t — t,))

e(t) 6O + 4 arctan(e’a(t—te)
et = a(2cosh(3a(t — )2
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Torsion ‘Vortex’
| 3

note that the solution is asymprtoacally AdS at both ¢ — +o¢

the pseudoscalar field is kinked, changing by 27 from one asymprtote to the other

f*Jf — A® = 2.
it is non-singular everywhere
transverse slices are flar ar the core of the vortex

»

the energy of the solution diverges, but in precisely the same way as AdS

counterterms on each bowndary cancel this divergence

in this sense, this is a ‘zero energy’ Euclidean solutnon
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Torsion Vortex -- holographic interpretation

Holography: expand asymptoteally —

&% — 97 /3y Tult—to) (1 5 %em“-t"} e ) dr®™ for t - +oc

the e term is missing, meaning (T,,,,) =0
the pseudosealar behaves as

o) — de3alt-tal _ ge_g““_t"] +--- for £ - —oca,

O(t) — 2m—4elelt—ta) 4 %eg““_t‘” +--- for t —+oe.

the pseudoscalar is massless, so corresponds to a A =3 parity odd operator with
(O3) =xd fort — Foe

coupling goes from g : 0 — 27
thus each asymprtotic regime is in a different parity breaking vacuum state

1z
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Holographic Interpretation

of course, we don’t know much abourt the dual boundary theory, but it does have distncr parity breaking vacua
a simple oy model fits very well with this structure — the Gross-Neveu model at large N, coupled to Maxwell

= : I . L G S SR | 2 1 e
f——fd“r[% @ —ieh) " + oo (6°0%)” + B F
do large N analvsis by Hubbard-Stratanovic: integrate out fermions and find saddle points with
{o) =+tm
since coupled o Abelian gauge field, find effective action in each vacuum of Chern-Simons form

k _N

2

Sos =13 ;r [tia;rf"”‘“zlpﬁyrlp., k=
47

A A dA is a dimension 3 parity odd operator
» its compling shifis as we go from one vacuum fo the other

I{+) :I{—]+2rfc33
> becawse parity is brokem, presumably it also gets a vev of opposite sign

the topology of the boundary is an open question

» e.g., the fwo asympiotes may correspond fo fwe patches that shosld be glwed along their boundary
» the tersion rortex would then look ke a domain wall in the boundary separating parity violating vaca

1
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Bulk Interpretation

there is a fun analogue of this solution w 2 condensed mater system
to see this make a plot of [lg (red) and |h| (blue)

]
"
/\“\ 'f’ .\
% -
L
\_! :
-2 —b o 1 2

open any book on superconductviry and vou will see this picture, with @ndensate (blue) and magnetic induction of a
rortexc (red)

look at asymprotics: ‘magnetic field” has penetranon length A ~ 1/3a , order parameter has coherence length & ~ 1/6a
furthermore, equation of modon gives

Pagezi’.a!ﬁ’;_ e



Multiple Vortices

» so the torsion vortex corresponds o the Absikosov vortex in a superconductor
> note thowgh that the codimensions are difjerent
ler’s push the analogy further — this is in fact a Type I superconductor
» Iortices aitrait ome another

to see this, put two vortices together at distance £ and compute the energy and hence a force

F = —6aa” cosh(3af /2)
vortices tend o clump rogether, potennally forming a region of normal phase within the superconducrtor
criical magnene field — normal phase fills up

H
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recall the normal phase (at centre of vortex core) is a flar transverse section

7 S
normal phase — flat space |

b -

the analogue of an external magnetic field is H-flux (torsion)

if we put on an external field, expect vortices to carry the magneric field through the system
» — flwe guantization — each vertex: carries a flwe quantun

for a fixed uniform external field, expecr a dropler of normal phase to form, with some size
» determeing by mimimizing energy of mulfi-vortex confignration

AO =2LH

b1

L = radial cutoff (each end)

H =0 Voly=H Vol
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recall the normal phase (at centre of vortex core) is a flat rransverse section

£ B

-

the analogue of an external magnetic field is H-flux (torsion)

if we put on an external field, expect vortices to carry the magnernic field through the system
» — fliee guantization — each vortex: carries a flec quantimn

for a fixed uniform external field, expect 2 droplet of normal phase to form, with some size
- determeing by miminnizing energy of mulfi-vortex configuration

AO =2LH

B

L = radial cutoff (each end)

H=6 Voiy =H Valy
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Multiple Vortices

so the torsion vortex corresponds o the Abmkosov vortex in a superconductor
» note though that the codimensions are different

ler’s push the analogy further — this is in fact a Type I superconducror
» Portices altract one another

to see this, pur two vortces together ar distance £ and compute the energy and hence a foree

F = —6aa’ cosh(3af /2)

vortices tend o clump together, potennally forming a region of normal phase within the superconducrtor
criical magnene field — normal phase fills up

H

D
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recall the normal phase (at centre of vortex core) is a flat transverse section

£ N

-

the analogue of an external magnetic field is H-flux (torsion)

if we put on an external field, expect vortices to carry the magneric field through the system
» — fliee guantization — each rortex: carries a flec quantim

for a fixed uniform external field, expecr a dropler of normal phase to form, with some size
» determine by minimizing energy of mulfi-rortex confignration

AO —2LH

b

L = radial cutoff (each end)

H—0 Vol —IF ¥ aly
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Multiple Vortices

> so in the presence of some external H-flux, expect a corresponding number of vortces

» consider an array of # vertices in a box of size [ 4

' Etom LiNn)
&
%
L]
o
4 2z

the enerpy 1s minimized for a larpe number of vorrces, and in that case, [ is derermined

H .
L.]:ﬁ—avlﬂ.zcr‘ivlﬁ
so with external flux, system prefers to have a fimite size dropler of normal phase (flatr space) inside the

>  dhere is a critical Hoflio for which Lo ~ 2L — droplet fills all of (cut off) space B~ (T—T)Y2




recall the normal phase (at centre of vortex core) is a flar rransverse section

£ S
nﬂrma-.l phase — flat space

Ny -

the analogue of an external magnetic field is H-flux (torsion)

if we put on an external field, expect vortices to carry the magneric field through the system
» — fliee guantization - each vortex: carries a flex quantimn

for a fixed uniform external field, expecr a dropler of normal phase to form, with some size
» defermine by mimimizing energy of mulfi-rortex confignration

AO =2LH

N

L = radial cutoff (each end)

B —0 Vol — I Vol
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Multiple Vortices

» so in the presence of some external H-flux, expect a corresponding number of vortices
» consider an array of # vortices in a box of size [ 4

Etotin

L}
1
&
-]
f
-
P 2

> the enerpy 1s mamimized for a larpe number of vornces, and in that case, [ is derermined

H .
ia= P 2FE —o - 2L
> so with external flux, system prefers to have a finite size dropler of normal phase (flat space) inside the
superconductor (asymprotically AdS space)

»  there is a critical H-fliwx for which Lo ~ 2L~ droplet fills all of (cut off) space B~ (T—T)2

it
e ]
-y

17 |
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Conclusion and Outlook

» we have found an interesting exact solution of gravity + torsion with AdS asymprotcs
» bulk solution is somewhat like a wormbole between fwo asymptotically AdS regrons
» appears fo describe a parity riolating ‘domain wall” holsgraphically

» an interesting analogy to superconductors appears and suggests that H-flux can support droplets of flat space
within asymprotcally AdS geometry

> imodogical constant plays ibe role of “temperature’

A

——
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Conclusion and Outlook

we have found an interesting exacr solution of gravity + torsion with AdS asymprotdes
» bul solution is somewhat like a wormbole between ftwo asympitotically AdS regions
B appears fo describe a parity riolating ‘domain wall” bolographically

an interesting analogy to superconductors appears and suggests thar H-flux can support droplets of flat space
within asvmprotcally AdS geomerry

» cosmrodogical constant plays the role of “femperature’

is there a boundary version of this?

does this extend to other signatures?
» appears o, but only if we keep sanve overall signatire
» 56 e.g., deSitter with Lorenizian bosndary — corresponds fo Type 11 superconductor!

.
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