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Abstract: It has long been thought that theories based on equations of motion possessing derivatives of order higher than second are no
Specifically, they are thought to possess unphysical ghost states with negative norm. However, it turns out that the appropriate Hilbert sf
such theories had not been correctly constructed, and when the theory is formulated properly [Bender and Mannheim, PRL 100, 110402
(arXiv:0706.0207 [hep-th]] there are no ghost states at all and time evolution is fully unitary. Unitarity can be established for theories based c
second and fourth order derivatives, and for theories based on fourth order derivatives alone. In this latter case the Hamiltonial
non-diagonalizable, Jordan-block operator which possesses fewer eigenstates than eigenvalues. Despite the lack of completeness of tf
eigenstates, a consistent, unitary quantum mechanics for the theory can still be formulated [Bender and Mannheim, PRD 78, 025022
(arXiv:0807.2607 [hep-th]).] The implications of these results for the construction of a consistent theory of quantum gravity in four spac
dimensions will be briefly discussed.
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EVEN IF NON-NORMALIZABLE. STATES CAN STILL BE COMPLETE
Completeness of non-normalizable modes
Philip D. Mannheim and lonel Simbotin
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THE QUANTUM GRAVITY UNITARITY PROBLEM

[n four spacetime dimensions mmvariance undet

where o, 18 dimensioniess and

| _ - . .
C T 7 R \pvr T __F” r 1Yo us — Ykelpp| — — Y Jﬁj_,n.-q' == _’a'"x.-ﬁ'ﬁ.rf;-' — Y R‘-# == _'f_.-.-_—'j? \ir | J)
1) . e

is the conformal Wevl tensor. The associated gravitational equations of motion are the

fourth-order derivative:
1205, O R TP 10

P = o rEel By s i R B o o . : ¥: e T 3\ =
Is Thus a renormalizable theorv of gravityv sInce a, 1s dimensionless. NMore-
|
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over. conformal sravity controls the cosmol +}.i"_=';ll CORnstant. 'T‘=5.i-r'<..':_s CallV

TR

Walker ¢ i.‘*liL‘_'l'."'—'__"~ we have C'H — (). to vield

<o unlike the double-well Hioes potential. conformal eravityv knows where the zero of eneroy
is. However. since the field equations are fourth-order derivative equations. the theorv is

FE+I=IEQE:T to have neeative norm chost states and not be nnitarv.
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= | 2. Iy = 0 otherwise via sum

Reconstruction of the square step 1,
on DIV ERGE“\T NON- \OR\IAL[Z ABLE modes with basis states

"1-1_;- T — N E_L e
which obeyv Y;(y;) =0
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CONCLUSION: All that matters is LINEAR relation: v(iw) =S5 mfmlu
No need to require BILINEAR relation ©,, f.(w')f,(w) =" 5w — w'
IMPLICATION: Hlv) = Elv') is linear. No reference to . Thus left eigenvector which
pbeys (L H = (L E need not be conjugate of right eigenvector which obevs HR) = E R).
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THINGS WE TAKE FOR GRANTED IN QUANTUNMI MECHANICS.....

(1) The Hamiltonian must be Hermitian

[2}) The momentum operator must be Hermitian

oy | R T L = = . SN T TR T I SR — - S ;N | R S SRS TN . gl 4
31 1N the |r.pl — i comitaior T Mmomeniian operaltol Can aiwavs De represented v p e
1| SEales Seh a5 energy aarenscalbes st form complete set

[5) o be complete states must be normalizable

(8) T'heories in which (n|n) is negative are unphysical and cannet be ormulated mm Hilbert space

[9) The Hamiltonian must be diasonalizable

..... AIN'T NECESSARILY SO

AND FOR THEORIES BASED ON FOURTH-ORDER DERIVATIVES....
ALL THESE THINGS ARE NECESSARILY NOT SO.......
AND CAN ENABLE FOURTH-ORDER DERIVATIVE CONFORMAL GRAVITY TO

BE A CONSISTENT THEORY OF QUANTUM GRAVITY IN FOUR SPACETIME
DINMENSIONS
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THE QUANTUM GRAVITY UNITARITY PROBLEM
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is the conformal Weyl tenso: [he associated gravitational eqiiations of motion are tle

fourth-order derivative:
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C'onformal eravity 1s thus a renormalizable theorv of eravity since LEs; 104 1:_iL_-f.‘l_i.*—ﬂ.rl_-;lf.‘.‘H"w. _'-[' H -
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1 H (' " T ¥ & -
Walker cosmoloey we have CHYE — (). to vield

I'*™ =0. 11

so unlike the double-well Hioos potential. conformal eravitv knows where the zero of enerov

1 . 1 T

is. However. since the field equations are fourth-order derivative equations. the theorv is

Choueht to have necative norm chost states and not be nnitarv.
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PAIS-UHLENBECK OSCILLATOR

I = . o D o
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PAIS-UHLENBECK OSCILLATOR
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Negative norm state problem looks insurmountable, but.....
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpp. z. p
ARE NOT HERMITIAN

.-_'.J
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The states of negative norm are also states of INFINITE norm since [drdzo (= rjiylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-

.. = e e S
| r.j: =
p- and - not Hermitian — they are anti-Hermitian.
j = o BT 20— TP — P32y —FPT/T 20
R A et SESUSY (0T et T g |7 s SR I e o < 4 B (30
Hermitias = I itian g = n — Hermit H 31
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpr. -.
ARE NOT HERMITIAN

L= N e 87 P (Sl ¥ ¥ 7 B O o O F F Lhe J) il = "l T T =

The states of negative norm are also states of INFINITE norm since [ drdzo (. rjuvglz. r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-
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Negative norm state problem looks insurmountable, but.....
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Her. -
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [ drdzu(=. rjvylz. r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d=
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpy. =. )
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [ drdzo (= . rjvylz. r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d:

¢ i
— _— == e A S —— Fo
f'_ &

p- and - not Hermitian — they are anti-Hermitian.
g ==la " TeEl e e s = @ TN e e e 25
."_' = o T e A L T = !'I—' =7 i)
¥ o | - =

Hermitian [r.p| =i¢. Hermitian [y.q] =1. non — Hermitian H 31

Pirsa: 08110037 Page 25/104



I
iz

Windows*?

Professional




QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpr. -.
ARE NOT HERMITIAN
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Pirsa: 08110037 Page 28/104



PAIS-UHLENBECK OSCILLATOR
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpy. =. )
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [ drd=vj(=. rjeylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d=

p- and : not Hermitian — they are anti-Hermitian.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.

_f."] . iy - T T . —y f} o
E_1, [erri=0 [C.H|—=0 ©—=<«2P 39

: N 2 9 ) | Wi W =
Q = alpg+ v wijusrzyl, a= log 3

) Jwiwn o \Wp W)
¥ o2z ¥ , 9 322,71 223
H —E - _HF' 3 = ST T O Tu.-.,l,f -+ :m--]_w:‘?;’ D
i ra uﬂ-l = ot

Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian / 1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent, and thus ....
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+:/r” has a completely real energy spectrum.

C~=1. |C.FF =0 |C H =0 (=P 32)
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H=p TEHeSE =g o3 T iF s (34)
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian / is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of /
and H are not unitarily equivalent. and thus ....
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....THE NORM IS NOT THE DIRAC NORM

Ty 3y
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H\n) = E,|ln). Hln) = E,|n). n) = e%/=|n) 36
nife, 1 | _ e,

i . 0 i 1.—O 0
(n|H = Ex(n|. (n|= e“/2.  (nle ¥H = (1€ CE, 3

The energy eigenbra (nle~ % = (n|PC is not the Dirac conju-
gate of the energy eigenket |n), since (n|H' = (n|E, is not an
eigenvalue equation for /.
’.f_i,r'} m) = Oma. 2nyn|l=1, H =2Xin)E,(n| 3
1 —O - o L : et ) :
(T E — f.)lr';l;u_;}. E )\ ”‘E-' ¢ —— [ — EH .'E;;u \TLlE '_-_;'E_I
The ¢ norm is positive and so theory is unitary. Since C~ = 1.

its EIgen\«-alueb are +1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of (.
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpy. .
ARE NOT HERNMITIAN
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The states of negative norm are also states of INFINITE norm since [ drd-u (= rjuvylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-
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p- and : not Hermitian — theyv are anti-Hermitian.
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| = - — - [ : - 2
."I_’:;"— = Y s T L _TH == i)

Pirsa: 08110037 Page 34/104



The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian / i1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of
and H are not unitarily equivalent. and thus ....
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1 NON-HERMITICITY AND UNITARITY
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Negative norm state problem looks insurmountable, but.....
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpv. =. )
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [ drd-o (= . rjvylz.r) is
divergent. and when acting on such states. one CANNOT set p. = —id/d-

7 7

— i — 33| ¢ == sk, o S )
p- and - not Hermitian — they are anti-Hermitian.
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j—r — —— = e 2 2 oS === H 1 = i)
¥ | - .4
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/1” has a completely real energy spectrum.

= T = - =~ . . () -
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian /H is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of
and H are not unitarily equivalent. and thus ....
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....THE NORM IS NOT THE DIRAC NORM
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-
gate of the energy eigenket |n), since (n|H' = (n|E, is not an
eigenvalue equation for /.
() =O0m.a, Zbym|l=1, H=X|n)En| 33
R R < - —( T O .
\nje T(m) = Om.n- b n)(n|e < —— H = EJ!.E;;-’_IIE‘ e (-39

The ¢ “ norm is positive and so theory is unitary. Since C~ = 1.
its eigenvalues are 1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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1 NON-HERMITICITY AND UNITARITY
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpr.
ARE NOT HERNMITIAN
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The states of negative norm are also states of INFINITE norm since [drd=c (. r)eglz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d=
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PAIS-UHLENBECK OSCILLATOR
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PAIS-UHLENBECK OSCILLATOR
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hpr. =. p-
ARE NOT HERMITIAN
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+:/1r” has a completely real energy spectrum.
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () i1s Hermitian rather than
anti-Hermitian. Original Hamiltonian / is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent., and thus ....
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....THE NORM IS NOT THE DIRAC NORM
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-
gate of the energy eigenket |n), since (n|H' = (n|E, is not an
eigenvalue equation for /.
(|} =&nan Xinynl =1, H=}3}n)E;nl (38
R 5 TR : N i et ) :
(T E f‘-|m, — il A n)(nle & = 1. H =Ym)Ex (TL|E « 39

The ¢ norm is positive and so theory is unitary. Since C~ = 1.
its eigenvalues are =1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.

Y
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian /4 is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent, and thus
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Hpp. z. p
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [drdzo (= rjiylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d
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PAIS-UHLENBECK OSCILLATOR
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Negative norm state problem looks insurmountable, but.....
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The Hamiltonian is not Hermitian — but it is PT symmetric.

and thus still has real eigenvalues. Bender and collaborators
|-J. 2 ¥

showed that H = p~+/r” has a completely real energy spectrum.
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian / 1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of /
and H are not unitarily equivalent., and thus ....
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....THE NORM IS NOT THE DIRAC NORM
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-
gate of the energy eigenket n), since (n|H'" = (n|E, is not an
eigenvalue equation for /.
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The ¢ “ norm is positive and so theory is unitary. Since C- = 1.
its eigenvalues are =1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+ir” has a completely real energy spectrum.
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian /#/ i1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of
and H are not unitarily equivalent. and thus ....
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Hpr. -.
ARE NOT HERMITIAN
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THE QUANTUM GRAVITY UNITARITY PROBLEM

[n four spacetime dimensions imvariance unde:

T i -m'ﬁ-};,_:' = _'-.-";;_'-R‘.—-' _*:"_.-_-L'ﬁb ~

{3

the conformal Wevl tensor [he associated oravitational equations of motion are the

IS | he 1 | gravitational equations of

fourth-order derivative:

pver. conformal eravity controls the cosmological constant. Specificallv. m a Robertson-

Walker cosi

so unlike the double-well Hives potential. conformal ox

- I R e
ravity knows where the zero ol energy

is. However. since the field equations are fourth-order derivative equations. the theorv is

thoneht to have negative norm host states and not be unitarv.
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The Hamiltonian is not Hermitian — but it is PT symmetric.

and thus still has real eigenvalues. Bender and collaborators
) T :

showed that H = p~+/r” has a completely real energy spectrum.

C~=l1, |C.PI=0 |C.H|=0 (=e*P 32
- - 2 2.2 7 | et MR es® 4
Q = alpg + v wiuwsrryl., a=———>og] 3 )
- Twiw2 W W
=Y .
~ _ 0O/ ) /o /2, (] g AN S ¥ = a5 A
i —g el — —t——5+ W T +Swiusy 34

Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian /H is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of /
and H are not unitarily equivalent. and thus ....
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....THE NORM IS NOT THE DIRAC NORM
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-

gate of the energy eigenket [n), since (n|H' = (n|E, is not an
eigenvalue equation for /.

(r|m) =0mn. Xin)(n|=1. H =X|n)E,(n| (38)
/ —L) \ - iy —() : - —iE 30
(nle m) —=0nmn, 2n)nle *=1, H =Zin)Exp{nje (39

The ¢ “ norm is positive and so theory is unitary. Since C- = 1.
its eigenvalues are 1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of (.
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Hpr. -.
ARE NOT HERMITIAN
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The states of negative norm are also states of INFINITE norm since [ drd-c (. r)jvylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-

p- and - not Hermitian — theyv are anti-Hermitian.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.
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Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian / i1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent. and thus ....
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....THE NORM IS NOT THE DIRAC NORM
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-
gate of the energy eigenket n), since (n|H' = (n|E, is not an
eigenvalue equation for .
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The ¢ norm is positive and so theory is unitary. Since C- = 1.
its eigenvalues are =1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of (.
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I NON-HERMITICITY AND UNITARITY
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The energy eigenbra (nle % = (n|PC is not the Dirac conju-
gate of the energy eigenket |n), since (n|H' = (n|E, is not an

eigenvalue equation for .
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The ¢ “ norm is positive and so theory is unitary. Since C- = 1.

its EIgEI]‘\.r'Elll_lEb are =1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has re*nl mﬂ‘envalueb. Bender and collaborators

showed that H = p~+ir” has a completely real energy spectrum.

f““l 1 il = T I . | 7 i s .IJ &

C>=1. [C.PT]=0. [C.H|=0. C=¢%P 39

- e > T : J» |'-“- o) Sy

Q = alpg + v wjuwsrry|. a=——log|— 33

- Twiwz2  \wi — W)

s QP . @ . Toa T 29 2

H—F: - € - _“)_.-»_h_f—.__ﬁwl! —*:@THJ;’ (4 )

Hamiltonian can be diagonalized by a similarity transforma-
tion which i1s non-unitary since () i1s Hermitian rather than
anti-Hermitian. Original Hamiltonian // i1s thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of //
and H are not unitarily equivalent, and thus ....
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1 NON-HERMITICITY AND UNITARITY

S — {ag(0)|e*H T e Hag(0)) = (ag(0)|asg(0 NOT UNITARY {2

- - - — - 1 -
i
— H — H™ A i = H — H A5
et . | — 1 £ i i - § = 1 E—— ¥} +
pre———, = T o T —_— — = ol T f
i H+
g = _‘ ] " =1 | '-

LEFT-EIGENVECTOR IS NOT DIRAC CONJUGATE OF RIGHT EIGENVECTOR

s(t)) = (as(0 e~ 45(0)) = (as{0)|as{0 UNITARY 1=
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NON-DIAGONALIZABILITY AND UNITARITY
THE SINGULAR EQUAL-FREQUENCY LIMIT
In equal frequency limit the diagonalizing operator () becomes

singular and partial fraction decomposition of propagator be-
comes undefined.

VolE, Y.t) — €Xp —F\] T WD (= + w'lw‘f.f-fl_ — Ywiwoyx| exp(—iEpt).

Eq} — (W T wH : 510
l r.y.t) =(xr+wyyvglz.y.t)e 1 Ei = Eg+w
Yoz, y.t) = (x 4+ wiy)tylz. y. t)e =2 Eo = Eg+w» )
) ) ) 1
Volz,y, t) = exp |—yw Yy —ywyr —ywrx —iwt|, Eyg=w

' 52

S T - 1 .
i(x.y. t) = (z+wy)plz.y.t)e . E;=EFgt+tw 53

TWO one-particle states have collapsed into ONE state.
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THE MISSING ENERGY EIGENSTATES....

| L s g = 2
I | £ — b . S 1T — ) — E Ty — T — F by = 5
|J-.}| = ! } - = A —_— A i o —_— I o =
= e _].__ﬂ_— — : =
[ 2o+ F j Q2w — € s
2o +€) = | Do —€) = %
(= —
..,
= L Vi 4o 1 &2 L~ — & : /% A (} .
% - |_;‘ : |"‘W — )
2w ) = =™ — € _:l U do —E
) ) g
5 2L —— € — e — &) L
B _ .
i . _
_-)‘_\-ﬂ- = :w == e "rT .—j\-&-'l' —T—E
H- plE — L = _jh_ H.f'-\

Non-diagonalizable. Jordan-block matrix with TWO eigenval-

ues (M = 1. o = 1 since Tr = 1. Det = 1), but only ONE

eigenvector.
1 ]_ | i '| - § -‘f "| o |' ol 1I f-f
0 1 | d | — | i | — | d J :
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... BECAME NONSTATIONARY

ol 1. T) — (., 1

Digh2,1.) = him =
= {) _f_'

—

= (z+wyht +y|Yolz.y.t)e ™

f} | ._ r)_l "'J oy &Y ) el s
WLE. . E) — |— - — F—+ YW +—wy | Wiz Yy, 01

1— =5 ; ]
i 2vOT= Jy ) -

Stationary plus non-stationary together are complete since

just the right number of independent polynomial functions of
r and y.

'f-) . r ; ,r_} i =
— [ dxdyw (e .ty ale; .t) =—| drdyr— vplr.y.t)v gz y.t)
ot ) dy Ll ~ - _

G2

0 | |

HTJ‘ dx t_[_{j EL? L., {) ' AVE. 1Y, L) =\ (O3

Norm preserved in time so time evolution is unitary.
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Conformal Supergravity in Twistor-String Theory
N. Berkovits and E. Witten

June 2004 (arXiv:hep-th/040605). JHEP 0408 (2004) 009

“The net effect is that the translation generator D acts as

where P would represent ordinary translations and the off-diagonal % arises
from [D. 9p| # 0.

This matrix is not diagonalizable. This clashes with our usual experience.
We are accustomed to the idea that the translation generators are Hermitian
pperators and so can be diagonalized. However. conformal supergravity is not
a unitarv theorv. and one svmptom of this is that the translation generators

are undiaconalizable.

Bender and Mannheim: Not so fast.
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THE MISSING E\ERG& EIGENSTATES...

H L (e 4 —€) .
IPAE) — = | ) 2| - Ul = k6, L = —& S+
_l _\]_.._ & _l_w._ ==jro
) - | 3-&- + € ) L _}_ﬂ_ — £ e
s =€ — | P T e — )
“ —
<ipf 3 -+ dw —e ) Wik E () .

STl —1 | = 16

|_}...».. = : — € ) L 2w — €
-y I jw . . > = e s
":" — ; ) |

2l /22w + /2| e Y 4 €)e2

Hiple=0)=2w|_ 58
1P Lo 1]
Non-diagonalizable. Jordan-block matrix with TWO eigenval-

ues (A = 1. Ao = 1 since Ir = 1. Det = 1), but only ONE

eigenvector.

(1 1 *;; (.7 B
‘, 0 1 ‘ ”f| — ‘ ) = ‘ g i a2 —1 =q

Pirsa: 08110037 Page 75/104



NON-DIAGONALIZABILITY AND UNITARITY
THE SINGULAR EQUAL-FREQUENCY LIMIT

In equal frequency limit the diagonalizing operator () becomes
singular and partial fraction decomposition of propagator be-
comes undefined.

-

'{- ‘lr t‘r..i f_)r. -!_ = !._'!.:\:_‘!-J _TI -.-l.-'-J_ 4 w1: '-\.-‘r.;_ B w.l-d\-‘j_{.f_ T i -.-';u--iw.jf.}‘r._!_r £ z..\:l_-” _J';.E“lf_ | =
By = (wy +uwn)/2 (50
Ui(x.y.t) = (r +woy)vglz. y.t)e” =1, Ep = Ey+w

2 == T f T . il
Yoz, y.t) = (x +uwy)ve(z. y. tle 2, Erx=Ep+uw (51
=) = | ) i |
olZ. Y L) = exp | —yYw Yy — YW Yr — JwWr — 2art] Er — W
52
Uz, y.t) = (z+wy)dplz, y.tle ™", Ey—=Ey+tw 53

TWO one-particle states have collapsed into ONE state.
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... BECAME NONSTATIONARY

. UMW) —uhiE, . L
15, r.y.t) = lim — - - :
o / e—0) 2€
= Wz $fwy)tEy bple. g.the ™ 60
_.f__‘j I [ (’,_ ) J D = | -allu
i—u(r.y.t) =|— — — r— + W+ —wyluwlr.y.t 01
It : | 2yO0x= )y 7 =} '

Stationary plus non-stationary together are complete since

just the right number of independent polynomial functions of
r and .

d . . O | ]
ﬁ_— [ dx r[_:‘,r‘ L IB (. 2. €0 AL, Y. B —— rf‘rrf;,f < 4?_";—.1- . . L MNELY, )
It i Ay - = ' -
{'.I-"J
o, | \
r— [drdyvn(z.y. tYoa(z.y.t) =0 63
ot TR " I

Pirsa: 08110037

Norm preserved in time so time evolution is unitary.
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Conformal Supergravity in Twistor-String Theory
N. Berkovits and E. Witten

June 2004 (arXiv:hep-th/040605). JHEP 0408 (2004) 009
“The net effect is that the translation generator D acts as

f P % )

!, ) P j|
where P would represent ordinary translations and the off-diagonal % arises
from [D. 0| # 0.

This matrix is not diagonalizable. This clashes with our usual experience.
We are accustomed to the idea that the translation generators are Hermitian
operators and so can be diagonalized. However. conformal supergravity is not
a unitarv theorv. and one svmptom of this is that the translation generators

are undiagonalizable.

Bender and Mannheim: Not so fast.
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... BECAME NONSTATIONARY

; - . U L) — Ul ). T
{ il — 11111
la / b Fe
— X Ll et + _f_;- LoV E. . tle =2 60
) {'j | h (}_ 9 &y E) G t 9| l
—uNE. 8. L) — |— S TR T T 1 AR e T i U e Y §
ot ' 2y Ox- Ay z = | :

Stationary plus non-stationary together are complete since

just the right number of independent polynomial functions of
r and .

'f_) ) . ) (_)‘ = -
ﬁ— | dr fj[_f,f wpir.y. L) "ANE. Y, E) = — | rf,rrfj; < i (& "p- . . f) "A\E. Y. L)
o4 § dy Ll — A |

62

. | _

HT}‘ | dx r!'_»_:; s_"ﬁ .. i '_—l'. .1, L) —" (Do

Norm preserved in time so time evolution is unitary.
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.

s + [y 7 P, 1 — ) s
=1, |CFPF=8 |C.H—=0 =—¢F 32)
) =) =3 !_ | - |_ T -r\-'j y<)
Q = alpg 7 wijus5TYyl, a= log | 33

i ywiws  \wp —wo
=) )

~ O/ ) /2 P q- Y = ™ s U >

H=e¢ “/"He*/'" =_—+—=+-wjr +-wjwry (34)

Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian A is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent. and thus ..
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOEK AT WAVE FUNCTIONS. FIND THAT Hppr. =. p
ARE NOT HERMITIAN

— enep | —lasy 1w Japume iy eu e — —L k- s ) (27
The states of negative norm are also states of INFINITE norm since [drdzo (= rjiylz.r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-

._'} ] 7

e S— P — N r. = T = -_- ]"\
(= -
p- and - not Hermitian — they are anti-Hermitian.
j = "B 2 T — — P32 o BT 29
IL’:%— T E —_._: ] _.___:H e i)
Hermitiaz — Hermitian = non — Hermitian H 1
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PAIS-UHLENBECK OSCILLATOR

s-‘_ T Y B T e 5 .-_ 5 — .'Er-:- = __1 'Fr_ = —. y — E _'_-

a2 d°z
—_— _.4-_ —‘h- _-..m.-'--..q-..-- 5 e |II H‘\
di= - at- B
e g
[l— I — -__ ’[r --" e -l\-_ = --l\-- :-- o = -l\--n-h-"-_ !

BRI (P ) T ' )
§ o | - I = \ X
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- )
[ "' o )
J".ll (! o " 5 f"' (] —__1. 2=
2 VLt @iy — &5 ' - Wigh (FP iy — laiy
aijlil} —arld)y =\ Hp71()) = —(wi + w»)|Q2
L | £y i
(Nasas|L? < U

Negative norm state problem looks insurmountable. but.....
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QUANTUNM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Hpr. -.
ARE NOT HERMITIAN

o — === -
The states of negative norm are also states of INFINITE norm since [ drd=c (= )iyl =z r) is

divergent. and when acting on such states. one CANNOT set p. = —id/d-

oS5 S - P .l <
& / '3 i S
p- and : not Hermitian — they are anti-Hermitian.
R ¢ S Ry == 2 —wp=T/2 29
H—— — = T+ A —_— — :j—r == 30
¥ e | . 4
Hermitiaz — Hermiti — on — Hermitian H 1
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The Hamiltonian is not Hermitian — but it is PT symmetric.
and thus still has real eigenvalues. Bender and collaborators
showed that H = p~+/r” has a completely real energy spectrum.

‘1-'.j - s i W 1 = f) 'S
€2—1, [C.PT]=0 [C.HI—0 €—=e2P 39
E l ) WPl W e 5
) = alpg + 7 wjwsrxy x = log l - = 33
i Twiws Wy — wy
.:| n}
: Py f2 P g taa,. T 293 .

Hamiltonian can be diagonalized by a similarity transforma-
tion which 1s non-unitary since () i1s Hermitian rather than
anti-Hermitian. Original Hamiltonian / is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent. and thus ....
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....THE NORM IS NOT THE DIRAC NORM

. (_] =) I-’_ {1’_ € =} =¥ it =3} =) =% s

=y CHe 92— - T~ et bty (35
Y- T oy A gy X s

s _ O /24 -

Hl\n)y = Exin), Hin) = Exn), n}=e>“n) 36

o= ) ; — 0 b ) ok
(n|H = Ex(n|. (n| = ((n e/ nle ¥ H = (n|e (‘-E-,-, 37

The energy eigenbra (nle ¢ = (n|PC is not the Dirac conju-
gate of the energy eigenket 1), since (n/H' = (n|E, is not an
eigenvalue equation for #H.

(il =6nn, 2wl =1, H=Y|n)En| (38
PR G : ~ —Q .. i —O) :
(nje” cm) =0nn, 2n)nle *=1, H=Xin)E,inle (39

The ¢ “ norm is positive and so theory is unitary. Since C- = 1.
its eigenvalues are +1. with the relative plus and minus signs
in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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1 NON-HERMITICITY AND UNITARITY

: a(t)) = . (0)) =2 (e va(0 NOT UNITARY 12
= 1= o — et b =i 0}
— — H—H 4 — — H — H A 4
—- =T I o T — _- ol T ol T f
o e =) i T e i

£ rT T
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NON-DIAGONALIZABILITY AND UNITARITY

THE SINGULAR EQUAL-FREQUENCY LIMIT
In equal frequency limit the diagonalizing operator () becomes
singular and partial fraction decomposition of propagator be-
comes undefined.

oz, y.1) = exp |——(wj +wo)(x™ + wiwsy ™) — ywiworyx| exp(—iEpt).
E” = W W) j S0
U(x.y.t) = (x +wyuy(z. y. t)e” 1. E} = Ey+ w
Uz, y.t) = (r+wiy)vglz. y.t fe P28 E5 = Eg+ wo =1
Pk E, 9, L) — eXp — _._,"}3';'- —— ._.-,‘-;j..*' — AWE — dwWit] . Fa=w
52
Uy (2. y.t) = (x +wyto(z.y.t)e ™. Ej=Ej+w

TWO one-particle states have collapsed into ONE state.
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Conformal Supergravity in Twistor-String Theory
N. Berkovits and E. Witten

June 2004 (arXiv:hep-th/040605). JREP 0408 (2004) 009
“The net effect is that the translation generator D acts as

: o)

‘: O P j|
where P would represent ordinary translations and the off-diagonal % arises
from D .r'_')!i == ().

This matrix is not diagonalizable. This clashes with our usual experience.
We are accustomed to the idea that the translation generators are Hermitian
pperators and so can be diagonalized. However. conformal supergravitv is not
a unitarv theorv. and one svmptom of this is that the translation generators

: sk = _'.:. =t __1: _.1.---._ -
are undiaconalizable.

BPH{'EH‘.‘ and Mannheim: Not so fast.
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NVHAT IS SO SPECIAL ABOUT FOURTH-ORDER THEORIES TO CAUSE ALL THIS

Consider the Lehmann Representation for a sealar feld. Assume translation imvarnance

and a bounded. real enersv eigenspectrum with states of dmomentum A" with &% > 0. We

can set oflr) = e* Tol0)e ™ . Provisionallv set = |n)(n| = 1. Then can show

5 ] =
. 2 kT —x 2
{) NIy Yy {__’ —— "*_ {__l_ ) A [ JI J'_'!.
?.\'|1'~=-- mtroduce the speCiral NINCetion
o : y

1.__. ol Ve _JII {__'i — | . r’.’:jr]':l'“llr}l T ) ,III '_._:.[.—j;' Fil-_J"'\' f_.,.l_r“ 13- V¢ gy L =) I!.I!_I
] e NS e 1 T E 2 e b o
Thus finallv obtain the Lelimann representation

T 11¢ x 2 2 free : 2 e
(| To(x)o(y)]|Q2) = | dm~p(m™)AS=(xr —y-m 67

relation heolds for anv interacting two-point function no matter what its egquation of

motion. with it alwavs beine the FREE SECOND- ORDER Pv"« nman propagator whicl

appears in the integra

"iu-_* Mass --.1w1'; CoOTd 1 hrl- .u— — r;x— IS 11‘&'.—-113 ~=+-t't.n1i{[—- .n'}a.-

I L !

-
=
o
—
i
-

The Lehmann representation thus holds m fourth-order theories also. However. for | N i

: ’ = . = = ; : ; -
the second-order Fevnman propagator behaves as 1 /5=, whereas for fourth-order theories t

he

3

lence (Smolin) we have a contradiction if p(m~) is positive

- . . 1 | s . 1 »
propagator behaves as 1/&7. Hence (Smolin) we have a contradiction i p(i 1

telinile.
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Solution is that *rTJr_‘i_'T_I;':_li finction cannot be 1_.*l_lr_~ii_i‘~'r_' definite. and we cannot set © [n)(n| =1
Rather we must set =|n){(nle @ = 1 (and not =|n){n| —=|m){(m| = 1). and distinguish
between left and right momentum eigenvectors. Thus must use |R) and (L| = (Rle 9.
With this choice. the spectral function is replaced bv

plg®) = 27 P T o1 A2 — q,)(Q]e20(0)|k2) (k#|e~20(0)]€2)8(gq) (62)

T
?\_1 W Tirlu'j-.['w IS 11O l" K= !:'-,;i_l."x' I' *{{Hil'i’lllt'ur ;;[1;5 We Call 1--._._,;“{:.{,t TJ"U.’ LI_! E'mh:ﬁ"]._;]- ) 11_[1“1” “ x 1“1
to give up unitaritv. Since we still impose the reality of the momentum eigenvalues. the
Hamiltonian of the theorv must be PT invariant rather than Hermitian. From the Lehmann
representation we thus conclude that the Hamiltonian of theories such as the fourth-order
Pais-Uhlenbeck oscillator cannot be Hermitian and mmst instead be PT mvanant. just as we
had found direet i

THE REMARKABLE MORAL OF THE STORY

Consider ANY higher derivative theory in which the equation of motion is of the form
(D)o = 0 where D = d, M and flD) = za, D" Also require that :-'E]I momentim
sigenvalues be real. In such a theorv. at large k2 the propagator will behave as 1/~ HHLH
there will be a contradiction with the Lehmann representation if we require rht* standare
= |n)(n| = 1. Rather. such theories must be PT theories rather than standard H:.-_lmutmu
pnes. Hence once we depart from second-order equations we are forced to PT-invariant. non-
Hermitian Hamiltonians, PT-invariance is thus the general rule. and it is onlv a historical
accident (second-order theories were encountered first) that it was not discovered earlier.
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DYNAMICAL SYMMETRY BREAKING
AND THE COSMOLOGICAL CONSTANT PROBLEM

The zero-point energy and cosmological constant problems are two separate
problems. With dynamical symmetry breaking they solve each other.

The zero-point energy problem already exists in a free field theory. and as such is separate
f3'+ 11l Ay f'l.}:"-Illl.i]_‘. nt’.'it."'rli Con=stant terin Ti[;ll’ :[ii'-_;hl_ he ilic!llt'l‘it EI_Y .‘-}_'}1 M TALIICONS .H.‘-.'I[ll[u*ﬂ'_‘x' i rl'{-H]{—

ing. The cosmological constant 1s associated with the minimum of the svmmetrv breaking
potential while the zero-point energy is associated with the fluetnations abont it. Noreover.
the zero-point ferm and the cosmological constant ferm even transform differently under a
reneral coordinate transformation. the former possessing a finid velocity and being maximally
Fsvmmetric. with the latter possessing no finid veloeity and being maxamally Lsvmmetric.

The zero-point fluctuation term is associated with a perfect matter iuid in which both p,,
and p,, are positive.- so that I, = (pm+Pm)ULU, +Pm3u- While the cosmological constant

term is associated with a perfect fluid in which p = —p. —sothat T ,,, = —\g,,.

When the symmetry is broken dyvnamically by fermion condensates. it is the
fermionic zero-point fluctuations which cause the change in the vacuum in
the first place. to thus actually produce the cosmological constant. In this
case the zero-point and cosmological constant terms are not independent.
and are related in a way which allows each one to cancel the other. so that
both the zero-point and cosmological constant problems solve each other.

Pirsa: 08110037 Page 92/104

]



Pirsa: 08110037

—— % ] - ¥ i W TP : 3 i} = i —ty
— = W £t L L = &

. " . ¥ FF Fr ET " 3
Simadd L - L1 1Tl I FEVLIEES § = d ! El il
eallv. or a i i lé Witil — F Ao o ¥ the OusneEicy 1 B e BV AITTATES
| il
{ i
|
! [ | i _
|
1 | i,
1 ] i} |
|
= 1 | F |
7R I

Page 93/104



Pirsa: 08110037 Page 94/104



Pirsa: 08110037 Page 95/104



Pirsa: 08110037 Page 96/104



Pirsa: 08110037 Page 97/104



Pirsa: 08110037 Page 98/104



Pirsa: 08110037 Page 99/104



Pirsa: 08110037 Page 100/104



Pirsa: 08110037 Page 101/104



Pirsa: 08110037 Page 102/104



Pirsa: 08110037 Page 103/104



Pirsa: 08110037 Page 104/104



