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Figure: Modeling Shocks
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Far End Control

Modeling Shocks

Continuum Idealization:

e The limit shrinks the shock region onto a two dimensional
boundary.
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Far End Control

odeling Shocks

e The limit shrinks the shock region onto a two dimensional
boundary.

Continuum ldealization:

On either side of the boundary the fluid's behavior is
governed by the relevant partial differential equations of
fluid dynamics.

Behavior at the boundary is not law governed-—no
differential equation holds; instead we have algebraic
“Jump conditions” —singular behavior across the boundary.

Standard view: Such boundaries are relatively unimportant
to the physics—they are not law-governed. Covering law
accounts of explanation relegate boundary conditions (and
initial conditions) to secondary status in explanation.
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Far End Control

Modeling Shocks

boke alep aton
Continuum Idealization:

e Nonstandard View;
¢ The boundary is the most important feature needed to
understand the behavior of interest—the shock.
o The shock/boundary “still dominates the overall behavior
through the way in which it constrains the manner in which
the 'law governed regions’ piece together.” (Mark Wilson)
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Far End Control

Rays and the Rainbow Caustic

Figure: Raindrop and Light Rays
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Far End Control

Rays and the Rainbow Caustic

Figure: Raindrop and Light Rays
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Figure: Fold Caustic
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Figure: Fold Caustic
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i Far End Control
Ray | heory or Geometrical Optics

e The ray theory is capable of locating (only approximately)
the primary bow of a rainbow—the caustic surface.
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theory. It is the A — 0 limit of the wave theory and is
analogous to the continuum limit yielding a singular shock.
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Ray | heory or Geometrical Optics

The ray theory is capable of locating (only approximately)
the primary bow of a rainbow—the caustic surface.

The ray theory fails to adequately account for the
intensities that one observes. In fact, on the ray theory a
caustic is a line on which the intensity of light is strictly
speaking infinite.

This represents a kind of discontinuity or singularity in the
theory. It is the A — O limit of the wave theory and is
10 3l the analogous to the continuum limit yielding a singular shock.

" ot Bl

The ray theory is incapable of describing the so-called
supernumerary bows—bows resulting from wave
interference—that are sometimes seen as faint arcs of
alternating pink and green on the lit side of the main
rainbow arc.
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il Far End Control
Ray [heory or Geometrical Optics

Figure. Supernumerary Bows
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Figure: Supernumerary Bows
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L. Far End Control
Ray |heory or Geometrical Optics

So why do we need the ray theory at all?
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Ray | heory or Geometrical Optics

So why do we need the ray theory at all?

¢ Because the stability (under perturbation) of the caustics
(of the ray-theoretic focal structures) plays an essential
role in our understanding of the wave phenomena.
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Far End Control

Airy Equation

In 1838 George Biddell Airy derived a definite integral from the
undulatory or wave theory of light from which one can
determine the varniation in intensity of light near a caustic of
geometrical or ray optics. The term “caustic” literally means
“burning surface” and in nature they are extremely bright lines
and surfaces caused by the natural focusing of light. They are,
in a very obvious sense “dominant” features of light
phenomena.
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Far End Control

Airy Equation

Airy recognized that the singularity at the caustic was an
artifact of the ray theory, and by properly incorporating effects
of diffraction using the wave theory, he was able to derive the
definite integral of equation (1).

l X t:l
Ai(x) = - / cos ( 3 + xt) dt. (1)
i ‘ U
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Airy Equation [h‘l
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Figure: Airy Function and Supernumerary Bows

Pirsa: 08110027 Page 97/169




Far End Control

Airy's Convergent Expansion

Using a convergent series representation of this function, Airy
g was able to compute values for Ai(x) for x between -5.6 to
E quation +5.6, where x is the distance along a normal to the caustic,
1" negative values on the lit side, positive values in the shadow.
s Airy's series converges for all values of x and, as a result of this
Frpiins convergence, we may take it to be an exact representation of
Bk 1 the Airy function. Unfortunately, this range of values allows
ok ool one to locate only the first two dark bands on the lit side of the
L A caustic. Because of the slow convergence of the series Airy was

S unable to extend his calculations beyond this limited range
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Airy Equation

Figure: Airy Function and Supernumerary Bows
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cciming | Far End Control
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The Mesd e Airy's Convergent Expansion
Behury wonir '

Robert W.

Using a convergent series representation of this function, Airy
was able to compute values for Ai(x) for x between -5.6 to
4+5.6, where x is the distance along a normal to the caustic,
negative values on the lit side, positive values in the shadow.

Airy's series converges for all values of x and, as a result of this

convergence, we may take it to be an exact representation of

the Airy function. Unfortunately, this range of values allows
) one to locate only the first two dark bands on the it side of the
caustic. Because of the slow convergence of the series Airy was
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unable to extend his calculations beyond this limited range
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_ Far End Control
Divergent Asymptotic Expansions

In 1850, in the first of several discussions having their genesis
in Airy's caustic paper, Stokes noted that despite the fact that
Airy's series converges, " .. when [x] is at all large the
calculation becomes exceeding laborious.” [Stokes(1966b), p.
329] He was motivated, therefore, to express the Airy integral
as a solution of a differential equation in a form that would

AsvIgR RS exhibit "what terms are of most importance when x is large

o .. ."[Stokes(1966b), p. 331| Stokes was aimed for physical

N understanding—a desire to display in the most perspicuous
fashion those structures or features that dominate the
phenomenon of interest, namely, the rainbow.
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| Far End Control
Divergent Asymptotic Expansions

e "“After many trials | at last succeeded in putting Mr Airy's
integral under a form from which its numerical value can
be calculated with extreme facility when [x] [the distance
from the geometrical caustic| is large, whether positive or

negative, or even moderately large.” [Stokes(1966b),
p.330]
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Divergent Asymptotic Expansions Ei

e "After many trials | at last succeeded in putting Mr Airy's
integral under a form from which its numerical value can
be calculated with extreme facility when [x] [the distance
from the geometrical caustic| is large, whether positive or
negative, or even moderately large.” [Stokes(1966b),
p.330]

"Moreover the form of the expression points out, without
any numerical calculation the law of the progress of the
function when [x] is large.” [Stokes(1966b), pp. 330]

Pirsa: 08110027 Page 103/169




_ Far End Control
Divergent Asymptotic Expansions

Had Stokes had large supercomputers at his disposal, there still

R would be compelling reasons for engaging in this asymptotic
investigation—namely, that such investigations can often
highlight important mathematical structures that are hidden in
(or obscured by) the exact, convergent expansion.
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| Far End Control
Divergent Asymptotic Expansions

Stokes derived his asymptotic (divergent) expansion by finding
the differential equation for which the Airy integral (1) was a
solution and by using what is now known as the WKB method.
He examined the general case where the argument can be
complex and arrived at the following differential equation:

d*u

752 = zu = 0.
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Far End Control
Divergent Asymptotic Expansions ﬂ:}

Stokes reasoned as follows (and, at base, this is the type of
asymptotic reasoning behind the WKB method) Let us focus
on large values of |z| which reflects our interest in being able to
describe the locations and intensities of the bows relatively far
from the caustic. If we increase |z| by a small increment 4z,
the proportionate increase of |z| will be small. That is, for large
|z| we can effectively regard z as a constant. If we make this
assumption, then equation (2) has the approximate solution:

u(z) = Ai(z) = Ae” fi? + Bei‘i. (3)

where A and B are arbitrary constants.
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Far End Control
Divergent Asymptotic Expansions

“The approximate integral [(3)] points out the existence of
circular functions . ..in the true integral” In fact, the
approximate ‘solution’ (3) shows that when z is real and
positive, the behavior of the solution to equation (2) can be
exponential in character and when z is real and negative, its
behavior will be oscillatory or trigonometric in character
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Divergent Asymptotic Expansions

“The approximate integral [(3)] points out the existence of
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Far End Control

Airy vs. Stokes

e Airy's convergent series:
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Far End Control

Airy vs. Stokes

e Stokes' “solution” and, in particular, its leading terms,
explicitly exhibits the oscillatory and exponential character
of the “true indegral”™ This provides a crucial component
of our understanding of the physical phenomenon of
interest. Our understanding of the patterns present in the

rainbow is provided by the relatively transparent
mathematical representation of these dominant
characteristics.

Airy's convergent series provides an ‘exact’ solution to the
equation for all values of |z|, but virtually no information
about the dominant physical features of the phenomenon
is conveyed by the analytical form of the terms of the
series.
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Far End Control
Airy vs. Stokes

o Airy's convergent series:

Ai(z)
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Far End Control

Airy vs. Stokes

e Stokes' “solution” and, in particular, its leading terms,

explicitly exhibits the oscillatory and exponential character
of the “true integral” This provides a crucial component
of our understanding of the physical phenomenon of
interest. Our understanding of the patterns present in the

rainbow is provided by the relatively transparent
mathematical representation of these dominant
characteristics.

Airy's convergent series provides an ‘exact’ solution to the
equation for all values of |z|, but virtually no information
about the dominant physical features of the phenomenon
is conveyed by the analytical form of the terms of the
series.
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Far End Control

Asymptotic Representations

Standard view:

o Asymptotic representations of various functions are
particularly useful.

Pirsa: 08110027 Page 114/169




Far End Control

Asymptotic Representations

Standard view:

¢ Asymptotic representations of various functions are
particularly useful,

¢ [hey provide quite accurate numerical values even when
one considers very few terms in the series. For example,
most applications of the WKB method retain only the first
term in the asymptotic expansion.
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o Asymptotic representations of various functions are
particularly useful.

Standard view:

¢ [hey provide quite accurate numerical values even when
one considers very few terms in the series. For example,
most applications of the WKB method retain only the first
term in the asymptotic expansion.

e However, because the late terms of such series typically
diverge, they have historically been taken to be inherently
vague and without any coherent meaning.
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Asymptotic Representations

o Asymptotic representations of various functions are
particularly useful.

Standard view:

They provide quite accurate numerical values even when
one considers very few terms in the series. For example,
most applications of the WKB method retain only the first

term in the asymptotic expansion,

However, because the late terms of such series typically
diverge, they have historically been taken to be inherently
vague and without any coherent meaning,

Contemporary understanding of asymptotic expansions
rejects this skeptical assessment of the meaningfulness of
asymptotic expansions, and, in fact, one can see, already in
Stokes' own work, the seeds of this modern point of view.
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