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Abstract: We review how renormalization, born in quantum field theory has evolved into a rather universal tool to analyze the change of physical

laws under scaling. Recent developments in non commutative geometry with hopefully potential applications to the quantization of gravity will be
discussed.
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First of all

Today is a special historic day so | cannot resist:
|
|

Cheers, Obamal!

Now let's renormalize the world together!
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Outline

@ Ordinary QFT and ordinary renormalization
@ Noncommutative QFT and noncommutative renormalization

@ Brief partial review of some recent developments (2008...) around the
Vienna group H. Grosse, D. Klammer, H. Steinacker, F. Vignes-

Tourneret, M. Wohlgenannt, the Orsay group J. Ben-Geloun, E.

| Cagnache, A. de Goursac, R. Gurau (now at Pl...), J. Magnen, T.
Masson, A. Tanasa, J.C. Wallet, Zhituo Wang and related people (P.
Bieliavski, M. Disertori, V.Gayral, T. Krajewski, R. Wulkenhaar)
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Outline

@ Ordinary QFT and ordinary renormalization
@ Noncommutative QF T and noncommutative renormalization

@ Berief partial review of some recent developments (2008...) around the

| Vienna group H. Grosse, D. Klammer, H. Steinacker, F. Vignes-
Tourneret, M. Wohlgenannt, the Orsay group J. Ben-Geloun, E.

| Cagnache, A. de Goursac, R. Gurau (now at Pl...), J. Magnen, T.

| Masson, A. Tanasa, J.C. Wallet, Zhituo Wang and related people (P.
Bieliavski, M. Disertori, V.Gayral, T. Krajewski, R. Wulkenhaar)

@ Perspectives and Conclusion (link NCQFT /Quantum Gravity)
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Quantum Field Theory

lWh.’elt is quantum field theory?

Pirsa: 08110023 Page 12/221



Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Quantum Field Theory

‘What is quantum field theory?

@ Is it putting together quantum mechanics and special relativity?

Pirsa: 08110023 Page 13/221



Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Quantum Field Theory

‘What is quantum field theory?

@ s it putting together quantum mechanics and special relativity?

@ |s it about functional integrals?

Pirsa: 08110023 Page 14/221



Ordinary QFT Noncommutative QFT Parametric Representations Constructive Field Theory Recent developments Conclus

Quantum Field Theory

‘What is quantum field theory?

@ Is it putting together quantum mechanics and special relativity?
@ |s it about functional integrals?

@ Is it about Feynman diagrams?
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Quantum Field Theory

What is quantum field theory?

Is it putting together quantum mechanics and special relativity?

Q
@ |s it about functional integrals?
@ Is it about Feynman diagrams?
)

Is it about axioms (Wightman... C* algebras...)?
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Quantum Field Theory

‘What is quantum field theory?

| Is it putting together quantum mechanics and special relativity?

2
@ |s it about functional integrals?
@ Is it about Feynman diagrams?
)

| Is it about axioms (Wightman... C* algebras...)?
|

For me the soul of quantum field theory is renormalization.

|
|
|
|
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Quantum Gravity
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Quantum Gravity

Is quantum gravity a quantum field theory?
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Quantum Gravity

Is quantum gravity a quantum field theory?

Is it renormalizable (with space-time emerging as outcome of its RG
flow)?
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Quantum Gravity

Is quantum gravity a quantum field theory?

Is it renormalizable (with space-time emerging as outcome of its RG
flow)?

‘Many approaches currently in competition: string theory, loop gravity,
‘noncommutative geometry...
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| Quantum Gravity

Is quantum gravity a quantum field theory?

ils it renormalizable (with space-time emerging as outcome of its RG
flow)?

‘Many approaches currently in competition: string theory, loop gravity,
‘noncommutative geometry...

‘Noncommutative renormalization may allow a fresh look at these questions.
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Enlarging Quantum Field Theory
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Enlarging Quantum Field Theory

From loop gravity we learn that we should develop a space-time
independent formulation of QFT. In ordinary QFT, Feynman graphs and
parametric representation are closest to that goal.
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Enlarging Quantum Field Theory

From loop gravity we learn that we should develop a space-time
'independent formulation of QFT. In ordinary QFT, Feynman graphs and
parametric representation are closest to that goal.

Intermediate steps in this direction are QF T on curved backgrounds and
QF T on noncommutative backgrounds, or noncommutative field theory.
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| Enlarging Quantum Field Theory

From loop gravity we learn that we should develop a space-time
independent formulation of QFT. In ordinary QFT, Feynman graphs and
‘parametric representation are closest to that goal.

Intermediate steps in this direction are QF T on curved backgrounds and
iQFT on noncommutative backgrounds, or noncommutative field theory.

lFirst renormalized NCQFT in 2004: Grosse and Wulkenhaar model.
|
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Enlarging Quantum Field Theory

From loop gravity we learn that we should develop a space-time
independent formulation of QFT. In ordinary QFT, Feynman graphs and
‘parametric representation are closest to that goal.

Intermediate steps in this direction are QF T on curved backgrounds and
QF T on noncommutative backgrounds, or noncommutative field theory.

First renormalized NCQFT in 2004: Grosse and Wulkenhaar model.

Step towards understanding what is fundamental in QFT.
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Trees, Forests, Jungles...

At the core of field theory and renormalization lies the computation of
connected quantities. Therefore trees and forests appear everywhere
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@ In renormalization theory (Zimmermann's forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)
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At the core of field theory and renormalization lies the computation of
connected quantities. [herefore trees and forests appear everywhere

@ In renormalization theory (Zimmermann's forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)

@ In the parametric representation of Feynman amplitudes
(Kirchoff- Tutte-Symanzik polynomials)
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At the core of field theory and renormalization lies the computation of
connected quantities. [ herefore trees and forests appear everywhere

@ In renormalization theory (Zimmermann's forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)

@ In the parametric representation of Feynman amplitudes
(Kirchoff-Tutte-Symanzik polynomials)

@ In constructive field theory (cluster expansions, Mayer expansions,
universal BKAR forest formulas...)
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Trees, Forests, Jungles...

At the core of field theory and renormalization lies the computation of
connected quantities. [herefore trees and forests appear everywhere

@ In renormalization theory (Zimmermann's forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)

@ In the parametric representation of Feynman amplitudes
(Kirchoff- Tutte-Symanzik polynomials)

@ In constructive field theory (cluster expansions, Mayer expansions,
universal BKAR forest formulas...)

'Noncommutative field theory leads to new variations on this theme (new
renormalization group, new polynomials (Bollobas-Riordan), new Hopf
algebras, new constructive expansions., bitrees...)

Pirsa: 08110023 Page 32/221



Perimeter Institute, November 5th 2008. Perimeter Institute, November 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Trees, Forests, Jungles...

At the core of field theory and renormalization lies the computation of
connected quantities. [ herefore trees and forests appear everywhere

@ In renormalization theory (Zimmermann's forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)

@ In the parametric representation of Feynman amplitudes
(Kirchoff- Tutte-Symanzik polynomials)

@ In constructive field theory (cluster expansions, Mayer expansions,
universal BKAR forest formulas...)

‘Noncommutative field theory leads to new variations on this theme (new
renormalization group, new polynomials (Bollobas-Riordan), new Hopf
algebras, new constructive expansions., bitrees...)

In quantum gravity we expect still more beautiful and complicated
variatians to be woven...
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Quantum Field Theory as weighted species
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Quantum Field Theory as weighted species

A quantum field theory F is the generating function for a certain weighted
species, in the sense of combinatorists (F. Bergeron, P. Labelle and G.
Leroux). It should involve only a few parameters: the space-time dimension,
‘masses, coupling constants. The weights are usually called amplitudes.
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Quantum Field Theory as weighted species

A quantum field theory F is the generating function for a certain weighted
species, in the sense of combinatorists (F. Bergeron, P. Labelle and G.

Leroux). It should involve only a few parameters: the space-time dimension,
‘masses, coupling constants. T he weights are usually called amplitudes.

However some of these weights may be gwen by divergent integrals, and
the series itself might have zero radius of convergence
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Quantum Field Theory as weighted species

A quantum field theory F is the generating function for a certain weighted
species, in the sense of combinatorists (F. Bergeron, P. Labelle and G.
Leroux). It should involve only a few parameters: the space-time dimension,

masses, coupling constants. The weights are usually called amplitudes.

‘However some of these weights may be given by divergent integrals, and
the series itself might have zero radius of converg

']
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@ Renormalization theory adresses the first problem — Constants may
move with scale, and flow from or into fixed points.
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Quantum Field Theory as weighted species

A quantum field theory F is the generating function for a certain weighted
species, in the sense of combinatorists (F. Bergeron, P. Labelle and G.

Leroux). It should involve only a few parameters: the space-time dimension,
‘masses, coupling constants. The weights are usually called amplitudes.

‘However some of these weights may be given by divergent integrals, and
the series itself might have zero radius of convergence.

@ Renormalization theory adresses the first problem — Constants may
move with scale, and flow from or into fixed points.

@ Constructive field theory adresses the second problem. Species of
Graphs — Species of Trees.
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Renormalization

Renormalization is a very general framework to study how a physical system
changes under change of the observation scale.
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| Renormalization

| Sl G .
‘Renormalization is a very general framework to study how a physical system

changes under change of the observation scale.

|

‘Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain "renormalization group map” which involves
only convergent weights.

|
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Renormalization

'Renormalization is a very general framework to study how a physical system
changes under change of the observation scale.

Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain "renormalization group map”’ which involves
only convergent weights.

In combinatoric terms roughly speaking it writes F = lim GoGo...G, where
G corresponds to a single scale.
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Renormalization

'Renormalization is a very general framework to study how a physical system
changes under change of the observation scale.

Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain "renormalization group map” which involves
only convergent weights.

In combinatoric terms roughly speaking it writes F = |lim GoGo...G, where
G corresponds to a single scale.
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—ale constructive theory reshuffles G itself. It relabels the "large”
species of graphs in terms of the smaller species of trees. The result is

typically only defined at small couplings, where it is the Borel sum of the
initial divergent series.
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Renormalization

‘Renormalization is a very general framework to study how a physical system
changes under change of the observation scale.

Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain " renormalization group map” which involves
only convergent weights.

In combinatoric terms roughly speaking it writes F = |lim GoGo...G, where
G corresponds to a single scale.
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o tructive theory reshuffles G itself. It relabels the " large”
species of graphs in terms of the smaller species of trees. The result is
typically only defined at small couplings, where it is the Borel sum of the
initial divergent series.
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Multiscale constructive theory tries to combine the two previous steps in a
Pirsa: 08}10023 Page 43/221

consistent way, but...



Pirsa: 08110023 Page 44/221




Perimeter Institute, November 5th 2008, Perimeter Institute, NMovember 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Renormalization

Renormalization is a very general framework to study how a physical system
changes under change of the observation scale.

Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain "renormalization group map” which involves
only convergent weights.

In combinatoric terms roughly speaking it writes F = |lim GoGo...G, where
G corresponds to a single scale.

1Sin constructive theory reshuffles G itself. It relabels the "large”
species of graphs in terms of the smaller species of trees. The result is
typically only defined at small couplings, where it is the Borel sum of the
initial divergent series.
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The snag

Even after the first two problems have been correctly tackled, the flow of
the composition map delivered by the renormalization group may after a
while wander out of the convergence (Borel) radius delivered by

constructive theory.
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The snag

'Even after the first two problems have been correctly tackled, the flow of
the composition map delivered by the renormalization group may after a
‘while wander out of the convergence (Borel) radius delivered by

ug

constructive theory.
‘This phenomenon always occur (either at the "infrared” or at the
"ultraviolet” end of the renormalization group) in field theory on ordinary
four dimensional space time (except possibly for extremely special models).
This is somewhat frustrating.
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Ordinary o

1
dv = —e M (I dpuc(o)
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Ordinary o

1 .
dy = ?e_)‘fﬁﬂi(x)dxdﬂc(@)
dytc Gaussian measure with propagator
| 1 1 o0 2 E—|x—y5‘?;’4ct
Cip) = - Clx.y)= dae ™™
(p) (2?1_)2 p2 i ) (X J/) /[; e =

where we recognize the heat kernel
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Ordinary o

e — %e—)\fcﬁd’(x)dxdﬂ_c(@)

dpc Gaussian measure with propagator

1 1 o0 o2 E—|X—}-’i2f4~ﬂ
C(p) [ (2’??)2}32—}—1"”2. C(X._y) _‘/(; dae ’

2

‘where we recognize the heat kernel

SN(Zl.....ZN) — /O(ZI)O(ZN)dV(@)
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Perturbative ¢;

‘Expanding in the coupling constant A yields (bare) perturbative field theory:
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Perturbative o;

Expanding in the coupling constant \ yields (bare) perturbative field theory:

(= )\)”

Sl ) = —Z / f $*(x)dx] "6(21)...dzn) ()
— ZAG(ZI .ZN)

|
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Perturbative o;

'Expanding in the coupling constant A yields (bare) perturbative field theory:

(= )\)”

Sn(z1.nzn) = —Z / / o*(x)dx]"d(z1)...0(zn)dp (o)
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A Recipe for Renormalization
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A Recipe for Renormalization

In ordinary field theory renormalization relies on the combination of three
ingredients:
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A Recipe for Renormalization

éln ordinary field theory renormalization relies on the combination of three
ingredients:

@ A scale decomposition
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A Recipe for Renormalization

|F=¢'-ﬂu‘lm,m&hm Perimeter Institute, NMovember 5th, 2008 Vincent Rivasseau, LPT Orsay
|
|

In ordinary field theory renormalization relies on the combination of three
ingredients:

@ A scale decomposition

@ A locality principle
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| A Recipe for Renormalization

In ordinary field theory renormalization relies on the combination of three
ingredients:

@ A scale decomposition
@ A locality principle

|
|
- @ A power counting
|
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A Recipe for Renormalization

In ordinary field theory renormalization relies on the combination of three
ingredients:

@ A scale decomposition

@ A locality principle

@ A power counting

The first two elements are quite universal. The third depends on the details
of the model.
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Scale decomposition

It is convenient to perform it using the parametric representation of the
propagator:
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Scale decomposition

It is convenient to perform it using the parametric representation of the
‘propagator:

ieN
M—20+1) —x—y[2/4e
- e
Cicy) = / dae ™ 5
M—2i X

< KM21'€— M'||x—y|

where M is a fixed integer.
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Scale decomposition

It iIs convenient to perform it using the parametric representation of the
‘propagator:

C = ZC".

ieN
M—E[f+l) —lx—yIE/’da
: - e
Cliey) — dae ™ 5
M —2i ¥

< KMEEG—CM"‘ x—v|
e

where M is a fixed integer.

Higher and higher values of the scale index i probe shorter and shorter
distances.
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| Scale attributions, high subgraphs

‘Decomposing the propagator means that for any graph we have to sum
over an independent scale index for each line of the graph.
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Scale attributions, high subgraphs

Decomposing the propagator means that for any graph we have to sum
over an independent scale index for each line of the graph.

%At fixed scale attribution, some subgraphs play an essential role. They are
‘the connected subgraphs whose internal lines all have higher scale index
than all the external lines of the subgraph. Let's call them the " high”
subgraphs. They form a single forest for the inclusion relation.
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| Locality principle

‘The loczality principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Pirsa: 08110023 Page 67/221



Perimeter Institute, November 5th 2008, Perimeter Institute, November 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Locality principle

‘The locality principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let's visualize an example
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Locality principle

‘The locality principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let's visualize an example
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Power counting

Power counting depends on the dimension d.
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| Power counting

Power counting depends on the dimension d. The key question is whether
after spatial integration of the internal vertices of a high subgraph, save
one, the sum over the gap between the lowest internal and highest external
'scale converges or diverges.
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Power counting

Power counting depends on the dimension d. The key question is whether
after spatial integration of the internal vertices of a high subgraph, save
one, the sum over the gap between the lowest internal and highest external
scale converges or diverges.

In four dimension by the previous estimates of a single scale propagator C,
‘power counting delivers a factor M?" per line and M—*' per vertex
integration | d*x. There are n — 1 "internal” integrations to perform to
compare a high connected subgraph to a local vertex. For a connected o*
graph, the net factor is 2/(G) — 4(n(G) — 1) =4 — N(G) (because

4n = 2/ + N). When this factor is strictly negative, the sum is
geometrically convergent, otherwise it diverges.
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‘The locality principle is independent of the dimension: it simply remarks
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Locality principle

‘The locality principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let's visualize an example
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Pirsa: 08110023 Page 76/221




Perimeter Institute, November 5th 2008. Perimeter Institute, November 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Locality principle

‘The loczlity principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let’'s visualize an example
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Locality principle

The locality principle is independent of the dimension: it simply remarks
that every " high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let's visualize an example
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| Locality principle

The locality principle is independent of the dimension: it simply remarks
that every "high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let's visualize an example
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Power counting

Power counting depends on the dimension d. The key question is whether
after spatial integration of the internal vertices of a high subgraph, save
one, the sum over the gap between the lowest internal and highest external
scale converges or diverges.

In four dimension by the previous estimates of a single scale propagator C,
‘power counting delivers a factor M?' per line and M—*' per vertex
iintegration | d*x. There are n — 1 "internal” integrations to perform to
compare a high connected subgraph to a local vertex. For a connected o*
graph, the net factor is 2/(G) — 4(n(G) — 1) =4 — N(G) (because

4n = 2/ + N). When this factor is strictly negative, the sum is
geometrically convergent, otherwise it diverges.
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Power counting

Power counting depends on the dimension d. The key question is whether
after spatial integration of the internal vertices of a high subgraph, save
one, the sum over the gap between the lowest internal and highest external

'scale converges or diverges.

In four dimension by the previous estimates of a single scale propagator C,
power counting delivers a factor M?' per line and M—* per vertex
integration [ d*x. There are n — 1 "internal” integrations to perform to
compare a high connected subgraph to a local vertex. For a connected o*
graph, the net factor is 2/(G) — 4(n(G) — 1) =4 — N(G) (because

4n = 2/ + N). When this factor is strictly negative, the sum is
geometrically convergent, otherwise it diverges.

For instance the previous graph diverges (logarithmically) because there are
two line factors M?' and a single internal integration M4,
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Perturbative renormalisability of o}
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Perturbative renormalisability of o)

‘High subgraphs with N = 2 and 4 diverge when inserted into ordinary ones.
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Perturbative renormalisability of o)

High subgraphs with N = 2 and 4 diverge when inserted into ordinary ones.

|
‘However this divergence can be absorbed into a change of the three

‘parameters (coupling constant, mass and wave function) which appeared in
the initial model.
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Perturbative renormalisability of o)

High subgraphs with N = 2 and 4 diverge when inserted into ordinary ones.

However this divergence can be absorbed into a change of the three
‘parameters (coupling constant, mass and wave function) which appeared in
the initial model.

This means physically that the parameters of the model do change with the
observation scale but not the structure of the model itself. This is a kind of

sophisticated self-similarity.
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Perturbative renormalisability of o)

High subgraphs with N = 2 and 4 diverge when inserted into ordinary ones.

‘However this divergence can be absorbed into a change of the three
parameters (coupling constant, mass and wave function) which appeared in

the initial model.

' This means physically that the parameters of the model do change with the
observation scale but not the structure of the model itself. This is a kind of

sophisticated self-similarity.

Such models are called (perturbatively) renormalizable. But...
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The unavoidable Landau ghost?
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The unavoidable Landau ghost?

In the case of the oi theory the evolution of the coupling constant A under
change of scale is mainly due to the first non trivial one-particle irreducible
graph we already saw.
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The unavoidable Landau ghost?

In the case of the Oi theory the evolution of the coupling constant A under
change of scale is mainly due to the first non trivial one-particle irreducible
graph we already saw.
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The unavoidable Landau ghost?

In the case of the oi theory the evolution of the coupling constant A under
change of scale is mainly due to the first non trivial one-particle irreducible
graph we already saw.
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It gives the flow equation

d\;
di

—Xe g —— X+ -3(—/\;)2. — —I—-_f(/\;)z.

‘whose sign cannot be changed without losing stability. This flow diverges in
a finite time!
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The unavoidable Landau ghost?

In the case of the oi theory the evolution of the coupling constant A under
change of scale is mainly due to the first non trivial one-particle irreducible
graph we already saw.

It gives the flow equation

d\;

—Nic1 = =i + B(=Xi)?, -

= —|—-3()\f)2.

whose sign cannot be changed without losing stability. This flow diverges in
a finite time! In the 60's all known field theories sufferered from this
L andau ghost.

Pirsa: 08110023 Page 91/221



Ordinary QFT Noncommutative QF T Parametric Representations Constructive Field Theory Recent developments Conclus

Asymptotic Freedom
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Asymptotic Freedom

In fact field theory and renormalization made in the early 70's a spectacular
‘comeback, somewhat to the surprise of string theorists of that time.
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| Asymptotic Freedom

In fact field theory and renormalization made in the early 70's a spectacular

‘comeback, somewhat to the surprise of string theorists of that time.
|

iThis comeback relied on the introduction of some (internal) non
commutativity in field theory.
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Asymptotic Freedom

In fact field theory and renormalization made in the early 70's a spectacular
‘comeback, somewhat to the surprise of string theorists of that time.

This comeback relied on the introduction of some (internal) non
commutativity in field theory.

‘Non-Abelian gauge theories was shown renormalizable (G. 't Hooft, M.
Veltmann) and asymptotically free (D. Gross, D. Politzer, F. Wilczek),
‘hence free of the Landau ghost problem.
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Asymptotic Freedom

In fact field theory and renormalization made in the early 70’s a spectacular
comeback, somewhat to the surprise of string theorists of that time.

This comeback relied on the introduction of some (internal) non
commutativity in field theory.

Non-Abelian gauge theories was shown renormalizable (G. 't Hooft, M.
Veltmann) and asymptotically free (D. Gross, D. Politzer, F. Wilczek),
hence free of the Landau ghost problem.

This lead to the explanation by D. Gross and F. Wilczek of nuclear strong
interactions through the QCD theory. However the counterpart of the lack
of Landau ghost is infrared slavery, which prevents until now analytic
understanding of the confinement.
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| Noncommutative geometry
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Noncommutative geometry

Noncommutative geometry, pioneered by A. Connes, is a large branch of
‘mathematics that generalizes ordinary geometry. Ordinary smooth functions
or observables form a commutative algebra under ordinary multiplication.
'For instance in classical mechanics observables are smooth functions on
phase space. Quantum mechanics replaces this commutative algebra by a
noncommutative algebra of operators. This is the first physical example of
noncommutative geometry.
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Noncommutative geometry

Noncommutative geometry, pioneered by A. Connes, is a large branch of
mathematics that generalizes ordinary geometry. Ordinary smooth functions
or observables form a commutative algebra under ordinary multiplication.
For instance in classical mechanics observables are smooth functions on
phase space. Quantum mechanics replaces this commutative algebra by a
noncommutative algebra of operators. This is the first physical example of
noncommutative geometry.

Space-time itself could be of this type; at a certain yet unobservable scale
new uncertainty relations could appear between length and width which
would generalize Heisenberg's relations.
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The Moyal space R}
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The Moyal space R}

One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, #, which
would be measured in square meters.

Pirsa: 08110023 Page 101/221



Perimeter Institute, November 5th 2008, Perimeter Institute, November 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QFT Parametric Representations Constructive Field Theory Recent developments Conclus

The Moyal space R}

One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, #, which
would be measured in square meters.

(X", x"] =017,
©H" is an antisymmetric constant tensor such as

pr
S z 0 1

0 1
i o O
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The Moyal space R}

One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, #, which
would be measured in square meters.

. x| =20,
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The Moyal space R}

One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, ¢, which
would be measured in square meters.

(X", x"] =017,

©H" is an antisymmetric constant tensor such as

(0)

0 1
~1 0/

0 1
et o K
(

0)
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The Moyal product
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The Moyal product

The unique product (associative, but noncommutative) generated by these
relations on (Schwarz class) functions is called the Moyal-Weyl product and

‘Wwrites:
d""y

(Fxg)(x) = | @y d*zf(x +y)g(x + z)e*¥"*

where x Ay = x#0,,y"
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| The Moyal space R}

'One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, #, which

‘would be measured in square meters.

x| =20F",
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The Moyal product

‘The unique product (associative, but noncommutative) generated by these
relations on (Schwarz class) functions is called the Moyal-Weyl product and

writes:
d* y

(fxg)(x) = | @y d*zf(x +y)g(x + z)e*"*

where x Ay = x"6,,,y"
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The Moyal product

‘The unique product (associative, but noncommutative) generated by these

relations on (Schwarz class) functions is called the Moyal-Weyl product and
writes:

4
(f xg)(x) = / (jﬂ}); d*z f(x+y)glx+ z)ez'*'y”"‘z

iwhere x Ay =xM0uy"
iThis = product is tracial, ie [fxg = [ fg.
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The Matrix Base

@ This is a base for the functions : RY — C (d even, here d = 4)
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The Matrix Base

@ This is a base for the functions : RY — C (d even, here d = 4)

@ in which the star product becomes a simple matrix product.
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The Matrix Base

@ This is a base for the functions : R — C (d even, here d = 4)

@ in which the star product becomes a simple matrix product.

G}(X) — Z @mnfmn(x)

m.nENd/2
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The Matrix Base

@ This is a base for the functions : R — C (d even, here d = 4)

@ in which the star product becomes a simple matrix product.

(fJ(X) —= Z l?I)irlr'nfwfjrr'.rn()"f)

m.nEN9/2

ic.rir].r*.r * fkf = énk fml

(0 *x0)(x) = Z @infmn(x). 02 = Z O mk Dkn

m.n=0 kcNd/2
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| The Matrix Base

@ This is a base for the functions : R — C (d even, here d = 4)

- @ in which the star product becomes a simple matrix product.

o(x) = Z Omnfmn(X)
m.nENd/2

fmn * ﬁd = ()nk fmf

j (@*O)(X): Z Oinfmn(x) Dim: Z QO mk Pkn

m.n=0 kcNd/2

- and integration becomes a trace:
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! The Matrix Base

@ This is a base for the functions : RY — C (d even, here d = 4)

@ in which the star product becomes a simple matrix product.

G(X) = Z @mnfmn(x)

m.neN9/2

fmn * ﬁd = 5nk fmf

a0
(0 *x0)(x) = Z o Ealx), .= Z O mk Pkn
0

m.n— k Efﬂd /2

and integration becomes a trace: [ fi,,(x) = 2760 p-

In d = 4 every index m, n... is a pair m = (my.m) ...
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The Moyal space R}

'One of the simplest example of a noncommutative geometry is the flat
(Euclidean) vector space R* but with a constant commutator between
coordinates, proportional to a new kind of “Planck constant”, ¢, which
would be measured in square meters.

2] =20

©H" is an antisymmetric constant tensor such as

(0)

0 1
~1 0/

0 1
AR - X
(

0)
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The Moyal product
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The Moyal product

‘The unique product (associative, but noncommutative) generated by these
relations on (Schwarz class) functions is called the Moyal-Weyl product and
writes:

d*y

a0 = [

where x A y = x*0,,y"

d*z f(x + y)g(x + z)e*¥"*

This x product is tracial, ie [fxg = [ fg.
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The Matrix Base

@ This is a base for the functions : RY — C (d even, here d = 4)
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Motivations for QFT on the Moyal space

- @ Quantum gravity (Effective regime of both string theory and (at least
2+1) loop gravity)
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Motivations for QFT on the Moyal space

@ Quantum gravity (Effective regime of both string theory and (at least
2+1) loop gravity)

@ Standard physics but in strong background field. It can be either
particle physics or condensed matter:
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Motivations for QFT on the Moyal space

@ Quantum gravity (Effective regime of both string theory and (at least
2+1) loop gravity)

@ Standard physics but in strong background field. |t can be either
particle physics or condensed matter:

e Quantum Hall effect
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Motivations for QFT on the Moyal space

@ Quantum gravity (Effective regime of both string theory and (at least
2-+1) loop gravity)

@ Standard physics but in strong background field. |t can be either
particle physics or condensed matter:

o Quantum Hall effect
@ Quark confinement

@ Standard and " beyond standard” model
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| Motivations for QFT on the Moyal space

! @ Quantum gravity (Effective regime of both string theory and (at least
! 2+1) loop gravity)
|

@ Standard physics but in strong background field. It can be either
particle physics or condensed matter:

o Quantum Hall effect
@ Quark confinement

@ Standard and " beyond standard” model

@ Extension of the Connes-Chamseddine program and of its recent
developments (Barrett, Connes-Chamseddine-Marcolli...)
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Motivations for QFT on the Moyal space

@ Quantum gravity (Effective regime of both string theory and (at least
2-+1) loop gravity)

@ Standard physics but in strong background field. |t can be either
particle physics or condensed matter:

o Quantum Hall effect
@ Quark confinement

@ Standard and " beyond standard’ model

@ Extension of the Connes-Chamseddine program and of its recent
developments (Barrett, Connes-Chamseddine-Marcolli...)
o Alternative to current ideas, eg on supersymmetry
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| The ¢ theory on Moyal R}

@ The (naive) version of ¢3 on Moyal space has action
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The ¢ theory on Moyal R}

@ The (naive) version of ¢7 on Moyal space has action

$ E . Mg 2, A 4
5—/ 50“@@;,5@+?@ —!—E(_D
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The ¢ theory on Moyal R}

@ The (naive) version of ¢3 on Moyal space has action

; WL e '
| L — Ea’l@*aﬁo—l—?@*ﬂ—i—z@*@*@#@
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The ¢ theory on Moyal R}

@ The (naive) version of ¢3 on Moyal space has action

2
— DO+ —QOKxODO*xOxOQ
2. 4 i

1 |

@ [ he relevant species is now the species of ribbon graphs.
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Ribbon Graphs

@ V is the number of vertices,
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Ribbon Graphs

@ V is the number of vertices,

@ L is the number of lines or propagators,
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| Ribbon Graphs

@ V is the number of vertices,
@ L is the number of lines or propagators,

@ F is the number of faces (following the ribbons borders),
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Ribbon Graphs

@ V is the number of vertices,
@ L is the number of lines or propagators,
@ F is the number of faces (following the ribbons borders),

@ E is the number of external lines,
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| Ribbon Graphs

V is the number of vertices,
L is the number of lines or propagators,
F is the number of faces (following the ribbons borders),

E is the number of external lines,

g is the genus defined by Euler's relation y =2 —-2g=V — L+ F,
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| Ribbon Graphs

V is the number of vertices,

L is the number of lines or propagators,

F is the number of faces (following the ribbons borders),
E is the number of external lines,

g is the genus defined by Euler's relation y=2—-2g=V — L+ F,

EF is the number of external faces (i.e. containing arriving external
| lines).
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Examples of ribbon graphs
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Examples of ribbon graphs
g=1—(V-L+F)/2.
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Examples of ribbon graphs
g=1—(V-L+F)/2.
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Examples of ribbon graphs
g=1—(V-L+F)/2.
h V=3

|'|'||'||'||_
AN W

RE
T
1
M
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Examples of ribbon graphs
g=1—(V-L+F)/2.
; V=3

- T —

|'|'||-||'||_
D N W

T
J

Il
|
|
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Examples of ribbon graphs
g=1—(V-L+F)/2.
u V=3

- g = 0,

|'|'||-||'||_
AN W
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Examples of ribbon graphs
g=1—(V-L+F)/2.
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.

@ Nonplanar amplitudes create a new type of divergence, of the infrared

type.
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.

@ Nonplanar amplitudes create a new type of divergence, of the infrared
type. For instance,

ipH k¥ 6
p A e'P 157
A d%k
- X / k2 3 m2

m? 0 g
x A ?iﬁ(v m?p?) ~p 0 P :
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.

@ Nonplanar amplitudes create a new type of divergence, of the infrared
type. For instance,

iph kY 0,

4, €
- _xA/dkk2+m2

m? - s
o S ?Kﬂv m?p?) ~p 0 P :

@ [ hese divergences increase with perturbation order.
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.

@ Nonplanar amplitudes create a new type of divergence, of the infrared
type. For instance,

ipH k¥ 6
p A e'P 157
A d%k
e X / k2 1 m2

m? = i
oc A ?Kl(\/ m?p?) ~p 0 P :

@ [ hese divergences increase with perturbation order.

@ All correlation functions are affected and diverge.
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Ultraviolet-infrared mixing

@ Amplitudes of planar graphs remain unchanged.

@ Nonplanar amplitudes create a new type of divergence, of the infrared
type. For instance,

pH k¥ 6
p 1 e'P 157
x A [ d%k

m? H s
o A ?Kﬂv m?p?) ~p 0 P ;

@ [ hese divergences increase with perturbation order.

@ All correlation functions are affected and diverge.
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The Grosse-Wulkenhaar Model :
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| The Grosse-Wulkenhaar Model :
‘The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

K, DG < ol A LN - A
S= 50”0*0“@+7(XH@)*(x“@)+?@*o+agaa&@*@*@

o~ - _1 174 . . . -~
where X, — 29Wx , Is covariant under a symmetry p, < X, called
Langmann-Szabo symmetry and is renormalizable at every order in Al
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The Grosse-Wulkenhaar Model :

‘The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

1 | 02 z A |
SszBHO*aﬂqf}Jr?(i#G)*(}?“r;?)%—ﬁ;—oﬁi}*fg%—aﬁz}*@*@*@

o~ 1N _1 174 . . . -~
where X, — 29WX , Is covariant under a symmetry p, < X, called
Langmann-Szabo symmetry and is renormalizable at every order in A!

This result has now been proved through many independent methods:
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The Grosse-Wulkenhaar Model :

‘The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

1, e S R - e ) i
b iaﬂo*()p@%—?(xﬁ_{@)#(X‘L@)+?@*o+5@*0*@*@

—~ N _1 74 . . —
;where Xy — ZGWX , Is covariant under a symmetry p, < X,, called
Langmann-Szabo symmetry and is renormalizable at every order in Al

This result has now been proved through many independent methods:

@ matrix base or " coherent states’
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The Grosse-Wulkenhaar Model :

‘The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

1 | 02 - A |
S = f§8#0*8”®+ 7(3%;{::;) * (xFo) + %J@*ojL E(D*{D*(D#@

~ | = _1 . . . i~
jWher’E - — ZGWX""’, is covariant under a symmetry p,, < X, called
Langmann-Szabo symmetry and is renormalizable at every order in Al

This result has now been proved through many independent methods:
@ matrix base or " coherent states”
@ direct space

@ parametric representation and dimensional renormalization

Pirsa: 08110023 Page 153/221



Perimeter Institute, November 5th 2008. Perimeter Institute, Movember 5th, 2008 Vincent Rivasseau, LPT Orsay
Ordinary QFT Noncommutative QFT Parametric Representations Constructive Field Theory Recent developments Conclus

The Grosse-Wulkenhaar Model :

The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

1 | Q2 E A
e /Eapo*é‘)#f;ﬁ‘T?(F(ﬁf_}) * (X" o) 4—%{3*(34—3@*0*9*0

o~ L _1 . . . i~
where X, — 2@ﬁyxy, Is covariant under a symmetry p,, < X, called
| angmann-Szabo symmetry and is renormalizable at every order in Al

This result has now been proved through many independent methods:

@ matrix base or "coherent states”
@ direct space
@ parametric representation and dimensional renormalization

@ there is a Connes-Kreimer formulation...
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| Random matrices

A Gaussian measure dug(M) on NxN matrices is a Gaussian measure on
'N? variables M;.
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Random matrices

A Gaussian measure dug(M) on NxN matrices is a Gaussian measure on
'N? variables M;.
It is caracterized by its covariance G(m. n; k. 1) = [ M,nMydu(M).
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The Grosse-Wulkenhaar Model :

The Euclidean theory with an additional harmonic potential (we also say
"vulcanized” for short:

1 | 0?2 = A
S = fiﬁﬁo*ﬁ”@+ 7(5@:;) * (x'o) + #?O{D*O—'— E@*O*@#O

- —1. v ; ' e s X
where X, — ZGWX , Is covariant under a symmetry p, < X,, called
Langmann-5Szabo symmetry and is renormalizable at every order in Al

This result has now been proved through many independent methods:

@ matrix base or "coherent states”
@ direct space
@ parametric representation and dimensional renormalization

@ there is a Connes-Kreimer formulation...
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Random matrices

A Gaussian measure djg(M) on NxN matrices is a Gaussian measure on
'N? variables M;.
It is caracterized by its covariance G(m. n; k. 1) = [ M,,Mydu(M).
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Random matrices

A Gaussian measure dug(M) on NxN matrices is a Gaussian measure on
N? variables M;;.
It is caracterized by its covariance G(m, m; k. I) = [ Mp,Mydp(M).

@ If the covariance is G(m. n; . k.|) = 0k0ng(m. n) we say that the
measure is independently distributed.

@ If furthermore g(m. n) is a constant, we say that the measure is
independently identically distributed or iid.

‘Most specialists of random matrices only work on independent identically
distributed, because this is the case where one can compute the large N
limit (=~ law of large numbers for ordinary random variables) .

Among other aspects, the GW model is a theory of non independent, non
identically distributed random matrices for which one can understand the
large N limit.
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03" in the Matrix Base
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03" in the Matrix Base

In the matrix base, the action is

)\

m.n.k.I
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| The propagator at (2 # 1
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The propagator at ()2 # 1

‘Computation of the propagator G = A~! at Q # 1 was done by Grosse and
‘Waulkenhaar. It depends on 3 indices, not four. More precisely one finds
that G(m.n; k. I) is zero unless n — m = k — | = h. It is complicated
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| The propagator at () # 1

Computation of the propagator G = A~! at Q £ 1 was done by Grosse and
‘Woulkenhaar. It depends on 3 indices, not four. More precisely one finds
that G(m. n; k. |) is zero unless n — m = k — | = h. It is complicated

2

- 0 ld (1—a) A Ao\ thh
i B (1+ Ca)2 \1+ Ca

min(m./) m-+[—2u
Ca(l+Q)
X A(m. [ h. —

with A(m. 1. b.w) = \/(,,) (22 (L) (75) and (@) = 4522
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| The propagator at (2 =1

‘The propagator simplifies enormously at Q = 1

1
sl v— ol G — ey B, W
= kOni per i /2 + pg
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The propagator at (2 =1

The propagator simplifies enormously at 2 = 1:

1
Cnile s —CaduC.. G — T, B
= kOni i /2 + pg

It is a Gaussian distribution for random matrices which is independent,
non-identically distributed.
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The propagator in direct space
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The propagator in direct space

| . : .
The propagator in x space has a parametric representation

0 QN [, _#do
Cley) = 4Q(n-6‘)/0 da ™0

1 (2 5 Sl a, . 5 5
b (— poolix — ¥l — 75 tanh S(lIxIP+lly]1%)) -
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| The propagator in direct space

‘The propagator in x space has a parametric representation

0 QN [, _#do
Couy) = 4Q(m9)L da e~

1 ( (2 ‘
(sinh a)? e #sinh a

Q O |
br — il — 3 tanh 5( X| 2—|—Hyﬂ2)) ,

;which involves the Mehler kernel rather than the heat kernel.
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The Moyal vertex

|
|
|
| Pirsa: 08110023 Page 170/221
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The Moyal vertex

The Moyal vertex in matrix base it is simply a trace of o*:
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| The Moyal vertex

!
The Moyal vertex in matrix base it is simply a trace of o*:

It can be also computed explicitly in direct space. V is proportional to

!/ H d4xf(zﬁ(xf) Xy — X0 +x3 — xg) exp ( 2107 (x3 A X2 + x3 A Xz) )
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| The Moyal vertex

The Moyal vertex in matrix base it is simply a trace of o*:

It can be also computed explicitly in direct space. V is proportional to

P A
/ H d4x’-d>(x") O(x1 —xo +x3 — Xxq) exp (219_1 (x1 A xo +>x3 A X4))
i=1

This vertex is non-local and oscillates. |t has a parallelogram shape in each
symplectic pair, and its oscillation is proportional to its area:
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The Moyal vertex

The Moyal vertex in matrix base it is simply a trace of o*:
W= Zm-n-k.f Omn@nk Okl PlIm-

It can be also computed explicitly in direct space. V is proportional to

' 4
/H d4xf.fj)(xf) Oxy — X0 + x3 — X4) exp | 2 a1 ( X3 \ X2 + X3 /\ Xg) ,1
4=

This vertex is non-local and oscillates. It has a parallelogram shape in each
symplectic pair, and its oscillation is proportional to its area:
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The Moyal vertex

‘The Moyal vertex in matrix base it is simply a trace of &*:
V =2 mnki OmnOnkOtd Olm.

It can be also computed explicitly in direct space. V is proportional to

'/H d*x'¢(x") (31 — X2 +x3 — xq) exp (2:67 (1 A xa + 3 A xa) }

This vertex is non-local and oscillates. It has a parallelogram shape in each
isymplectic pair, and its oscillation is proportional to its z2rea

(4]
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| Non commutative renormalization

It relies on the combination of three elements, but they are
|
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Non commutative renormalization

|t relies on the combination of three elements, but they are

@ A new scale decomposition (which somewhat mixes UV and ir)
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Non commutative renormalization

It relies on the combination of three elements, but they are

@ A new scale decomposition (which somewhat mixes UV and ir)

@ A new locality principle (Moyality)
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| Non commutative renormalization

It relies on the combination of three elements, but they are

@ A new scale decomposition (which somewhat mixes UV and ir)
@ A new locality principle (Moyality)

| - A new power counting (planarity, plus single external face)
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Non commutative renormalization

It relies on the combination of three elements, but they are

@ A new scale decomposition (which somewhat mixes UV and ir)
@ A new locality principle (Moyality)

@ A new power counting (planarity, plus single external face)

As in the commutative case the first two elements are quite universal. The
third depends on details of the model, such as dimension and interaction.
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The new multiscale analysis

It relies again on a slicing of the propagator according to a geometric
sequence:

| M-E{f—l] . | 3 ‘ ‘
G'-(x__y) — / dev - - - Q KME‘;E_QMEJ“X_sz_C?ﬂf';_"' |12y 1)
M—?}'
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The new multiscale analysis

|t relies again on a slicing of the propagator according to a geometric
sequence:

pM—2i—1) 4 2 ) | |

/ - i ' RA—2Zif 1w 1121 11w 112)

G,(X__y) — / dﬂf gop g Ksze—Clm x—v|“—ec Vi
M—2i

The corresponding new renormalization group corresponds to a new
‘mixture of the previous ultraviolet or short-distance and infrared or
ong-distance notions. [ here exists only a half direction for this RG.
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The new locality or " Moyality” principle
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The new locality or " Moyality” principle

It replaces locality and applies again to high subgraphs, but only of a
special type; Best seen in direct space:
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The new locality or " Moyality” principle

It replaces locality and applies again to high subgraphs, but only of a
special type; Best seen in direct space:
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The new multiscale analysis

It relies again on a slicing of the propagator according to a geometric
sequence:

pM—2i—1) ’ : : ‘ ﬂ
- P — M wrllZ 20 e L2 1 e 112
G'(x.y) :/ da - -- < KM2ie—aM”|lx—y|*—aM
M —2i

| The corresponding new renormalization group corresponds to a new
‘mixture of the previous ultraviolet or short-distance and infrared or
‘iomg-diz:arce notions. T here exists only a half direction for this RG.
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The new locality or " Moyality” principle

|t replaces locality and applies again to high subgraphs, but only of a
special type; Best seen in direct space:
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The new locality or " Moyality” principle

It replaces locality and applies again to high subgraphs, but only of a
special type; Best seen in direct space:
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|

The new locality or " Moyality” principle

|t replaces locality and applies again to high subgraphs, but only of a
special type; Best seen in direct space:

fThis principle applies only to planar graphs with a single external face.
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The new Power Counting

It is best seen in the matrix base at {2 = 1. Up to constants, at scale / one
has to pays M9/2 per internal ribbon face, and one earns M~ per internal
line.
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The new Power Counting

It is best seen in the matrix base at {2 = 1. Up to constants, at scale / one

has to pays M9/2 per internal ribbon face, and one earns M~ per internal
line.

d z y
w = (F—EF)—L = (22) —4g —2(EF —1) ifd =A.
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Examples of power counting
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Examples of power counting

g—1 (V_LLEY?. w—2 EIF Ag MEF_1)
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| Examples of power counting

g=1—-(V—-L+F))2. w=2—E/2—-4g —2(EF —1)
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Examples of power counting

g=1—(V—-L+F)2. w=2—E/2—-4g —2(EF —1)
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Examples of power counting

g=1—(V—L+F)/2, w=2—E/2—4g —2(EF —1)
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Examples of power counting
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Noncommutative Renormalization
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| Noncommutative Renormalization

'Renormalizabiliity of o’f follows from a combination of arguments:

Power counting tells us that only planar graphs with two and four external
legs arriving on a single external face must be renormalized.
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Noncommutative Renormalization

Renormalizabiliity of Of follows from a combination of arguments:

Power counting tells us that only planar graphs with two and four external
legs arriving on a single external face must be renormalized.

The Movality principle tells us that when the gap grows between internal
and external lines in the sense of the new renormalization group slicing,
these terms look like Moyal products. The corresponding counterterms are

therefore of the form of the initial theory!

¥
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Ghost hunting

There is no Landau ghost in this @f‘ theory!
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Ghost hunting

There is no Landau ghost in this ¢}* theory!

This result was found at first order by H. Grosse and R. Wulkenhaar, then
extended to any order by M. Disertori, R. Gurau, J. Magnen and myself.
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Ghost hunting

‘There is no Landau ghost in this @f’ theory!

This result was found at first order by H. Grosse and R. Wulkenhaar, then
extended to any order by M. Disertori, R. Gurau, J. Magnen and myself.

@ [ he proof relies on techniques adapted from the 2D Thirring model.
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‘We must now follow two main parameters under renormalization group
iﬂow, namely A and €2. At first order one finds

dA,' 2 dQ:
| F — 3(1 =1 Q,)/\f . =t b(]. =— Q;)A; :
whose solution is:
' L5
/
| a = =00 =300 A00 s00
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What happened

At Q =1 (selfdual point) the field strength renormalization compensates
the coupling constant renormalization so that Ao* remains invariant.
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HU as a positive sum

The incidence matrix of a ribbon graph contains roughly speaking twice as
‘many variables as for an ordinary graph.

HUg 5(t) = Q26(Pfy)? ] & | ]
I.J (=l r=J
ky=1Il+J —L—F+1

‘where Pf;; is the Pfaffian of a certain antisymmetric matrix with integer
entries where lines and columns corresponding to two sets / and J have

been deleted.
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 The Forest Formula or " constructive swiss knife”

Let F be a smooth function of n(n — 1)/2 line variables x¢, ¢ = (i. ).
1 <i<j<n. The BKAR forest formula states

(1) Y {;1;[;[[3 dw] }{}:—_IF()XF } ({w})]. where

j['

@ the sum over F is over all forests over n vertices,

@ the "weakening parameter” xf({w}) is 0 if £ = (i.j) with / and j in
different connected components with respect to JF; otherwise it is the
infimum of the wy for ¢/ running over the unique path from i to j in F.

@ Furthermore the real symmetric matrix xﬁ({w}) (completed by 1 on
the diagonal i = j) is positive.
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Some recent developments, ||

- @ Computation of beta functions and flows for new NC models (J. Ben
Geloun, R. Gurau, A. Tanasa, V. R, arXiv:0805.2538, arXiv:0805.4362,

arXiv:0806.3886)
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Perspectives for future work

|
|
|
‘ @ Further adaptation of RG to deal with spinfoams and gft's
| e Complete construction of the GW model

|
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Perspectives for future work

@ Further adaptation of RG to deal with spinfoams and gft's

@ Complete construction of the GW model
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Perspectives for future work

@ Further adaptation of RG to deal with spinfoams and gft's
@ Complete construction of the GW model

@ Background independent constructive QF T
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Perspectives for future work

Further adaptation of RG to deal with spinfoams and gft's
Complete construction of the GW model

Background independent constructive QF T

Further investigation of NC gauge theories and their vacua
Relation with Minkovski space

Relation between NCQFT, strings and branes
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@ The GW model may be considered the Ising model of NCQFT
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@ The GW model may be considered the Ising model of NCQFT
@ NCQFT lies "in between” quantum gravity and ordinary QF T
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Conclusion

@ The GW model may be considered the Ising model of NCQFT
@ NCQFT lies "in between” quantum gravity and ordinary QF T

@ 4D Moyal space is really 2+2. 4D NCQFT remains at the complexity
level of 2D gravity. 3D and 4D gravity remain the big challenge ahead.
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Conclusion

@ The GW model may be considered the Ising model of NCQFT
@ NCQFT lies "in between” quantum gravity and ordinary QFT

@ 4D Moyal space is really 2+2. 4D NCQFT remains at the complexity
level of 2D gravity. 3D and 4D gravity remain the big challenge ahead.

@ | feel the discovery of the noncommutative RG associated to the GW
model, which is nonlocal and mixes ordinary scales, is an encouraging
step towards finding the renormalization group of quantum gravity.
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Perspectives for future work

Further adaptation of RG to deal with spinfoams and gft's
Complete construction of the GW model

Background independent constructive QF T

Further investigation of NC gauge theories and their vacua
Relation with Minkovski space

Relation between NCQFT, strings and branes
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