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Abstract: After reviewing Wilson\'s picture of renormalization, and the associated Exact Renormalization Group, | will show that no (physi
acceptable) non-trivial fixed points exist for scalar field theory in D>=4. Consequently, an asymptotic safety scenario is ruled out, and the tri
of the theory is confirmed.
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QOutline of this Lecture
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© Renormalizability
@ Continuum Limits

© ERG Equations

O Triviality
@ Correlation Functions

@ Technicalities
@ Application to Fixed Points
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Blocking: From Microscopic to Macroscopic

@ Consider a lattice of spins
@ To go from micro to macro, average over groups of spins
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@ Consider a lattice of spins
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Blocking: From Microscopic to Macroscopic

@ Consider a lattice of spins
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Blocking: From Microscopic to Macroscopic

@ Consider a lattice of spins
@ To go from micro to macro, average over groups of spins
@ Rescale
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Blocking: From Microscopic to Macroscopic

@ Consider a lattice of spins
@ To go from micro to macro, average over groups of spins

@ Rescale
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The ERG implements the continuous version of blocking
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Flows in Parameter Space

What is the effect of blocking?

@ Suppose the microscopic spins interact only with their nearest
neighbours

@ The blocked spins will generically exhibit all possible
interactions

@ Each time we block, the strengths of the various interactions
will change
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Flows in Parameter Space

What is the effect of blocking?

@ Suppose the microscopic spins interact only with their nearest
neighbours

@ The blocked spins will generically exhibit all possible
interactions

@ Each time we block, the strengths of the various interactions
will change

How can we visualize this?

@ Consider the space of all possible interactions

@ Each point in the space represents a strength for every
Interaction
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Flows in Parameter Space

What is the effect of blocking?

@ Suppose the microscopic spins interact only with their nearest
neighbours

@ The blocked spins will generically exhibit all possible
interactions

@ Each time we block, the strengths of the various interactions
will change

How can we visualize this?

@ Consider the space of all possible interactions

@ Each point in the space represents a strength for every
interaction

@ As we block and rescale, we hop in this space
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Flows in Parameter Space

What is the effect of blocking?

@ Suppose the microscopic spins interact only with their nearest
neighbours

@ T he blocked spins will generically exhibit all possible
Interactions

@ Each time we block, the strengths of the various interactions
will change

How can we visualize this? |

@ Consider the space of all possible interactions

@ Each point in the space represents a strength for every
interaction

@ As we block and rescale, we hop in this space
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Flows in Parameter Space

Critical Manifold

\ Relevant Directions

Trajectories on the critical manifold flow into the fixed point
The critical manifold is spanned by the irrelevant operators

Flows along the relevant directions leave the critical surface

e & ¢ ¢

If there are n relevant directions. then we must tune n
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Start with the partition function
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@ [ he bare scale
@ High energy (short distance) scale

@ Modes above this scale are cut off (regularized)
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The Wilsonian Effective Action

Start with the partition function
z= [ DoeSul® =
JAg

@ [ he bare scale

@ High energy (short distance) scale
@ Modes above this scale are cut off (regularized)

@ The bare (classical) action

@ Integrate out modes between the bare scale and an
intermediate scale, A
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Start with the partition function
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JAq

@ The bare scale
@ High energy (short distance) scale

@ Modes above this scale are cut off (regularized)
@ The bare (classical) action

@ Integrate out modes between the bare scale and an
intermediate scale, A

@ [he partition function stays the same
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The Wilsonian Effective Action

Start with the partition function
7 _ / Debe—Shol®] _ / Depe—Sn[®]
JAq JA

@ [ he bare scale

@ High energy (short distance) scale
@ Modes above this scale are cut off (regularized)

@ The bare (classical) action

@ Integrate out modes between the bare scale and an
intermediate scale, A

@ [he partition function stays the same

@ [|he effects of the high energy modes must be taken into

account
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The Wilsonian Effective Action

Start with the partition function

7 — [ Doe—Snl®l / Dde @
JAg

@ [ he bare scale

@ High energy (short distance) scale
@ Modes above this scale are cut off (regularized)

@ The bare (classical) action

@ Integrate out modes between the bare scale and an
intermediate scale, A

@ [he partition function stays the same

@ | he effects of the high energy modes must be taken into
account

@ [he action evolves = Wilsonian effective action

Pirsa: 08100078 Page 41/262



Qualitative Aspects of th
sle el

Rescaling

Pirsa: 08100078 Page 42/262



Qualitative Aspects of the ERG
le ol

Rescaling

Ingredients of ERG Transformation

Pirsa: 08100078 Page 43/262



Qualitative Aspects of the ERG
o le ol

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

Pirsa: 08100078 Page 44/262



Qualitative Aspects of the ERG
cooe

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Pirsa: 08100078 Page 45/262



Qualitative Aspects of the ERG
letal

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

Pirsa: 08100078 Page 46/262



Qualitative Aspects of the
olelel

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

Pirsa: 08100078 Page 47/262



Qualitative Aspects of the ERG
letel

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

@ Remember to take account of anomalous dimensions!

Pirsa: 08100078 Page 48/262



Qualitative Aspects of th
letol

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

@ Remember to take account of anomalous dimensions!
aoleX — X Afull scaling dimension

Pirsa: 08100078 Page 49/262



e

Qualitative Aspects of th
oc0e

Rescaling

Ingredients of ERG Transformation

@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

@ Remember to take account of anomalous dimensions!
e le X —X Afull scaling dimension
[+

—ANIp — I, with t = Inpu /A

Pirsa: 08100078 Page 50/262



Qualitative Aspects of the ERG
cooe

Rescaling

Ingredients of ERG Transformation
@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

@ Remember to take account of anomalous dimensions!
e le X — X Afull scaling dimension
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—ANIp — O, with t = Inpu /A

What we need for this talk
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Rescaling

Ingredients of ERG Transformation
@ Blocking (coarse-graining)

@ Rescaling

Implementing Rescaling

@ Measure all dimensionful quantities in units of A

@ Remember to take account of anomalous dimensions!
& le X — X Afull scaling dimension
5

—ANIp — T, with t = Inpu /A

What we need for this talk
@ ERG Equation: 9,5 = ¢S
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@ If all divergences can be absorbed into a finite number of
couplings, the theory is renormalizable
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UV Divergences in QFT

@ Loop diagrams in quantum field theory yield UV divergences

@ If all divergences can be absorbed into a finite number of
couplings, the theory is renormalizable

@ The ERG is a natural tool to study renormalizability
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Renormalizability

@ If all divergences can be absorbed into a finite number of
couplings, the theory is renormalizable

@ [he ERG is a natural tool to study renormalizability

@ It has a built in cutoff
@ It relates physics at different scales
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Continuum Limits |

Are there effective actions Sp 5[] for which we can safely send
f\o — oc?

The Simplest Answer

@ Rescale all quantities, using A

@ Only dimensionless variables appear

@ Fixed points of the ERG correspond to continuum limits!
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Continuum Limits |

Are there effective actions Sp p,[¢] for which we can safely send
Ao — o’

The Simplest Answer

@ Rescale all quantities, using A
@ Only dimensionless variables appear

@ Fixed points of the ERG correspond to continuum limits!

fjrs* [ 1.;] =@

@ S, is independent of all scales, including Ag
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Continuum Limits |

Are there effective actions Sp p,[¢] for which we can safely send
A{] — o’

The Simplest Answer

@ Rescale all quantities, using A
@ Only dimensionless variables appear

@ Fixed points of the ERG correspond to continuum limits!

C}rs*[-':] — 0

@ S, is independent of all scales, including Ag
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Critical Manifold
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Renormalized Trajectory

@ Tune the trajectory towards the critical surface, as Ag —
@ T he trajectory splits in two:

@ One part sinks into the fixed point
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Renormalized Trajectory

@ Tune the trajectory towards the critical surface, as Ag — ¢
@ The trajectory splits in two:

@ One part sinks into the fixed point
@ One part emanates out
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Renormalized Trajectory

@ Tune the trajectory towards the critical surface, as Ag —
@ The trajectory splits in two:

@ One part sinks into the fixed point
@ One part emanates out
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The Key Point
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Nonperturbatively renormalizable theories follow from fixed points
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The Key Point

Nonperturbatively renormalizable theories follow from fixed points

@ Either directly

@ Or from the renormalized trajectories emanating from them
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massive.
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Asymptotic Freedom etc.

Triviality Asymptotic Freedom
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directions
massive. interacting,
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Asymptotic Freedom etc.

Triviality Asymptotic Freedom Asymptotic Safety
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no _ interacting
Interacting relevant
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Interacting,
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Asymptotic Freedom etc.

Triviality Asymptotic Freedom Asymptotic Safety
GFP GFP NT FP
renormalizablilty
| _ determined
wiH I interacting in UV
interacting e
I ‘;_ll*f‘ ant directions
directions

(GFP)

Theorv appears
interactine non renormalizable

S m IR
1 renormalizable
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Asymptotic Freedom etc.

Triviality Asymptotic Freedom Asymptotic Safety
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Scalar Field Theory in D =4

The Gaussian Fixed Point

@ [ he mass is relevant
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Scalar Field Theory in D =4

The Gaussian Fixed Point

@ [ he mass is relevant

@ T he four point coupling is marginally irrelevant
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Scalar Field Theory in D =4

T he Gaussian Fixed Point

@ T he mass is relevant
@ [ he four point coupling is marginally irrelevant

@ All other couplings are irrelevant
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@ T he mass is relevant
@ [ he four point coupling is marginally irrelevant

@ All other couplings are irrelevant
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Scalar Field Theory in D =4

T he Gaussian Fixed Point

@ The mass is relevant
@ T he four point coupling is marginally irrelevant

@ All other couplings are irrelevant

Other Fixed Points |

@ | will show that there are no other (physically acceptable)
fixed points
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Scalar Field Theory in D =4

The Gaussian Fixed Point

@ [ he mass is relevant
@ T he four point coupling is marginally irrelevant

@ All other couplings are irrelevant

Other Fixed Points |

@ | will show that there are no other (physically acceptable)
fixed points

@ Therefore scalar field theory in D = 4 is trivial
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Implementing a Cutoff
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Implementing a Cutoff
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Implementing a Cutoff

Q@ Implement an overall UV cutoff:

A=— 2
p P
_‘.\-‘-‘-‘-‘-"\_\‘."
\ Y
"KH_
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& Introduce the effective cutoff, A

C(p.No) = Cuv(p.A) + Gr(p.A.No)
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& Introduce the effective cutoff, A

C(p.No) = Cuvi(p.A) + Gr(p.A.Ao)

o UV cutoff for modes below A
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& Introduce the effective cutoff, A

C(p.No) = CGuv(p.-AN) + Gr(p.A. No)

@ UV cutoff for modes below A
@ IR cutoff (and overall UV cutoff) for modes above A
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RG Equations

E
e

Y

Polchinski Equation
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ERG Equations

Polchinski Equation

An equation telling us how the Wilsonian effective action evolves
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

P L WPl WL 5
>

5 i n
r_'l?,, i +
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

] Jas 1 f_iS:;_[ : f_iS_l_-ﬂ 1 {'—.; ; {'iSll_lT.
_A('_)Ab:\.-r = - ‘\ -&- q.ql'll — +ﬁ' _-.q'i
2 oy i 1ts, 200 's ¥,
@ Interaction part of Wilsonian effective action
S _Sint_l-_c—l( A - g
A = 2A 5% ~uv p.-N\)p” - &

Pirsa: 08100078 Page 104/262



Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

CCint Weaghils s cint
—Af_‘-)nsint - lf}.sﬂ A L"Sﬁ 5 l 0 l’l'l'SA
A 2 ri T:‘ Ii'r: 2 fiT: fi ‘r:

@ Interaction part of Wilsonian effective action

Sa = Sint +

Pirsa: 08100078 Page 105/262



juat tions

-,

Polchinski Equation
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

g Sim g Smt : < Sint
—ARS™ = 9% A2 als A-22A
(-.e’\ A 2 ri- 5 Ii 2. 2 s [0 ri 3

@ Interaction part of Wilsonian effective action

i 12
SA=S+-¢p-At-g
A A 2';-' 1
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

_A;)ﬁsfint . lf_is’im A f;skm 15 - r‘?Sf{m
2

1%, A 2 0 do
@ Interaction part of Wilsonian effective action
. &—1 e

: 1
Sy — Gk §
A A 2‘:*

@ Any mass term is contained in SRH
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

1 .,Slut _ rfS}:lt 1 ;_'i | 151nt
A A -

—AORSI™ = — —— 4
A 0P 200 i ],

@ Interaction part of Wilsonian effective action

Sa = Sitt +

N |
>
1
t,

@ Any mass term is contained in Sﬂﬂt
Cuv

-

™~ & — —f\ff‘\:l — —J"\tf\
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

—I\E'}Asfi\ﬂt = l;_‘IS}\m .l f.;Sflt 1 & A {)Shnt
‘ 2

ri.?: r‘;,r_‘,‘ 2 00 f_'; g,
@ Interaction part of Wilsonian effective action

Sa = Sint +

N | bt

@ Any mass term is contained in Sﬁm
Cuv

p2

o f-A-g= [ f(—p)A(p)g(p)

@ A =—NIpA = —NAp
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

, 1 5Sint = Sgint 1 4§ {:isint
- int A ; A A
—AoASRE = A A A
L 0Y s 4 [0 1 18

@ Interaction part of Wilsonian effective action

vt
SA=SF+-¢-A1-g
A A 27-' 1

@ Any mass term is contained in .‘5}{1"
; _ - G
3 = —NI\A = — A L:'
p2
o f-A-g = [ f(—p)A(p)s(p)
@ Classical term, 3¢[S. X]
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Polchinski Equation

An equation telling us how the Wilsonian effective action evolves

W = Waghils X ; Cint
nonsie = LI [ 0% 15, 55
2 ko

o — —_—

r;ir" f_i..;
@ Interaction part of Wilsonian effective action

: 1
SA =S + 5

@ Any mass term is contained in 5}\“‘

. _ - G
3 = —NINA = —N\Ip £?
p2

o f-A-g = [ f(—p)A(p)e(p)
@ Classical term, 3¢[S. 1]

Pirsa: 08100078 Page 112/262

@ Quantum term, a;[X]




ERG Equations
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Recasting the Polchinski Equation |
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