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Abstract: Abstract: Adapting the concept of Wigner functions to finite dimensional systems is no simple matter. Basic issues with existing pro
are that they are either over-complete in the sense that the degrees of freedom in the Wigner function does not match the degrees of freed:
original density matrix, or that they work only for restricted dimensions, namely for prime powers. We propose a new way to define a W
function and associated quantum phase space for some non-prime power dimensions. This allows to perform quantum state tomography
measurement statistics of a minimal number of yes/no measurements.
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Overview

1. Approximate SIC-POVMs

Joint work with A. Klappenecker, |. Shparlinski, A. Winterhof

2. Mutually Unbiased Spaces

Joint work with Ch. Godsil and A. Roy
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Symmetric Informationally Complete POVMs

Definition: A SIC-POVM in dimension 7z is a set of 72° complex vectors that
satisfy the following condition:

(i |93} |2 = —— 1 <i<j<n?

: < < T
n + 1
» Such sets of vectors are quite difficult to construct. ..

« Currently, known to exist only in dimensions n {23...:,1 31519}

PirddJ08160020)03 Seaakin g SiCs Page 6/112
GTGTGTGEGEGHEESSSSSSSSSSSSSSSSSSSSSSSSSSSSSSESSGSOSGSSSESSS..._._—_——————



Symmetric Informationally Complete POVMs

Definition: A SIC-POVM in dimension 7 is a set of #° complex vectors that
satisfy the following condition:

U2 | T ‘)' [ e S —e 1 i z < J < n".
' I n+ 1

» Such sets of vectors are quite difficult to construct. ..

» Currently, known to exist only in dimensions n € {23...31 31519}

Approximate SIC-POVMs: (“ASIC-POVMs™)

1Y
5 1+0(1) R
(Wil ° < : .8 L 5t 3
: n+ 1
pirdd-i0816002000 3 Seaak |ng SiCs Page 7/112



Symmetric Informationally Complete POVMs

Definition: A SIC-POVM in dimension 71 is a set of #° complex vectors that
satisfy the following condition:

v &5 1 - : : <)
sl = — 1S 1 ) SN0

' n + 1
» Such sets of vectors are quite difficult to construct...

» Currently. known to exist only in dimensions 7 € {23...31 31519}

Approximate SIC-POVMs: (“ASIC-POVMs™)

T ]. & 3 !")[‘: I_ j - ' a
(Wi < - | S ) &9 o
o n+ 1
Landau notation: f(n) =o(g(n)) means lim,,_. . f(n)/g(n) =0.
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Constructing ASIC-POVMs

Construction I: Pruning MUBs

e Start from the n> + n vectors of a maximal set of n + 1 MUBs
(only known to exist in dimensions where » IS a prime power).

e Selectasubset {|v;):i=1..... n?} of n? vectors such that the
corresponding projectors |v;) (v;| are linearly independent.
Pirdd-i68160026003 Seelqng SiCs Page 9/112 !
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Constructing ASIC-POVMs

Construction I: Pruning MUBs

e Start from the n2 + n vectors of a maximal set of n - 1 MUBs
(only known to exist in dimensions where » is a prime power).

e Selectasubset {|;):i=1..... n?} of n? vectors such that the
corresponding projectors |v;) (¢r;| are linearly independent.

Construction ll: Perturbing MUBs

e Again, start from the n~ + n vectors of a maximal set of n + 1
MUBs. Select n~ vectors by selecting » of the n» + 1 bases.

e Perturb the vectors by suitable rescaling factors. Show that the
corresponding projectors |v';) (v;| are linearly independent.
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Mutually Unbiased Bases

Definition: Two orthonormal bases B and (" of " are called
mutually unbiased bases (MUBs) if

1
3 | ﬁr'~|' _

Il

holds for all |') € B and |p) € C.
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Mutually Unbiased Bases

Definition: Two orthonormal bases B and (" of (" are called
mutually unbiased bases (MUBs) if

holds for all |:) € B and |p) € C.
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Mutually Unbiased Bases

Definition: Two orthonormal bases B and (" of " are called
mutually unbiased bases (MUBs) if

i

[(&le}” = —

holds for all |4) € B and |g) € C.

Theorem [Wootters and Fields]: If ¢ = p” Is a prime power, then
q + 1 (pairwise) mutually unbiased bases existin C“. If p is odd,
then define the vectors (where w, = exp(27i/p))

. 1 e T

;t.?q‘h. — — (_Q.;:]i'r_f..‘_' x| ) - Where (I . h E ‘[_."q‘
vV q reclF,

and define the bases B, := {|v.5) : b € F,}. Then the B, together

with the standard basis give ¢ + 1 mutually unbiased bases.
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Recall how this works...

Consider two vectors |, ;) and |¢. ;) from these bases, where
a.b.c.d € F,. By definition their inner product is given by

/ _— tltw'—rf V&= +{d—b)x) |
b W lr.i|| ' f 'I'JJI.' 'k_n.- s

'r--F

e Casel.a=c. Thenghthandsideislifb=d,and0if b £ d,
l.e., B, := {|v.s) : b€ F,} is an orthonormal basis.

e Case 2: a # «. We use that any complex number of the form

—y 2 l".{'-:'_'_ {.J"" i
S—F = , where a. 3 € F, and a # 0, has the

property that | S| = /7.
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MUBs: Some History

e MUBs in dimension n = 2, reconstruction of density matrices:

[Schwinger, 1960]

e Construction of MUBs in prime dimensions:
[W. Alltop, 1980]. [l. Ivanovich, 1981]. [S. Popa, 1983]

e Construction of MUBs in all prime powers:
[W. K. Wootters, B. Fields, 1989], [R. Calderbank et al, 1993}

e Vector systems with prescribed lines:

[P. Delsarte, J. M. Goethals, J. J. Seidel, 1975]. [S. Hoggar, 1981]

e Constructions from partitioning unitary operator bases:
[S. Bandyopadhyay et al, 2002], [O. Boykin et al, 2005]

e Connections between MUBs and spherical 2-designs:
|G .Zauner, 1998]. [H.Barnum, 2002], [A.Klappenecker, R., 2005]
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MUBs: Some Applications

e State reconstruction: The state p of an » dimensional system is
uniquely determined by the probabilities p; = (¢ |p|v;) if the v;
are the elements of » + 1 MUBs.

e Quantum cryptography:
In the BB84 key distribution protocol two parties use two MUBs.
There is a generalization of this to more than two bases.

e Discrete Wigner functions:
If a maximal set of n + 1 MUBs exists, a discrete analog of the
phase space with canonical coordinates (p. ¢) can be defined.

e Grassmannian Signatures:
In [Strohmer, Heath, 2003] MUBs are used to define so-called

nearly optimal Grassmannian frames Here optimal means to
‘x

meet the Welch bound max, ., |(z|y)| = \( - with equality.
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Symmetric Informationally Complete POVMs

Definition: A SIC-POVM in dimension 7 is a set of #1° complex vectors that
satisfy the following condition:

p . 1) ]. s g . = )
s "I-1j: i . 1 E R e ] e |
| n+ 1

» Such sets of vectors are quite difficult to construct. ..

)

15,193

» Currently, known to exist only in dimensions 7 {f_’.-.,,-l

pproximate SIC-POVMs: (“ASIC-POVMs™) \
)

v 12 l*f!(l} c

-:'_:f_'l;:f_‘j,-_'?!' < . L3 <3< 0.
\ . : ___1 /

Landau notation: fin) =0(g{n)) means lim,_ ... f(n)/g(n) = 0.

-
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Zwischenspiel...
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... back to the talk
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Zwischenspiel...
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... back to the talk
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Mutually Unbiased Spaces

Definition: We say that projectors Iy and I'l>
in ‘' H, are mutually unbiased, if

tr(l‘llﬂz) = }ltr(l‘ll)tr(ﬂz) )

T heir images are called mutually unbiased spaces.

{I'Igz). — ngz)} be two sets of orthonomal pro-
jections with Y}, = wa—1.2 N
and I'Igz) are mutually unbiased for all r.s we

say that the POVMs corresponding to B; and
B-> are mutually unbiased POVMs.

Definition: Let B; = {ﬂgl) ..... FIS)} and B> =
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Mutually Unbiased Spaces (Examples)

Example 1: Every set of mutually unbiased
bases vields an example of a set of mutually
unbiased spaces with all projectors of rank 1.

Pirddldaioiaza0s Seeking SICs Page 62/112 5
GTGTGTGEGEHEGEESSSSSSSSSSSSSSSSSSSSSSSSSSSSES... ...



Mutually Unbiased Spaces (Examples)

Example 1: Every set of mutually unbiased
bases vields an example of a set of mutually
unbiased spaces with all projectors of rank 1.

Example 2 (Parthasarathy): Let P;.....P >
be the Pauli matrices of order n = 2. Let
NM; = 3(1+ P;). Then I; is a projector of rank
n/2 and

n 1

for i« &= 3. Furthermore, the POVMs B, =
{M;, 1 —ri;} are mutually unbiased.
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Bootstrapping

Theorem: Let M; =1, M>. ..., M - be a collection of
order n mutually unbiased projections of rank n/2 (except
M7, which has rank n), and let Uq,.... U _> be a unitary

error basis. T hen the matrices of the form

1(1, U]\ 1( 1, U]\ 1(M; On) 1( M; On
2\U; 1n ) '2\iU; 1n ) 2\ On M; ['2\ On 1n—M; )}’

are a set of (2r)?2 mutually unbiased projections of order
2n and rank n (except diag(M;. M7) which has rank 2n).
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Using MUSs for Quantum State Tomography

Lemma: For any n, there exist at most n2 —1
mutually unbiased spaces of dimension n and
rank n/2.
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Changing The Model: Yes/No Measurements

- = : ] -

Complete measurement Yes/No measurement
Born rule: p; = tr(pll;y).
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Bootstrapping

Theorem: Let M; = 1, M-, ..., M - be a collection of
order n mutually unbiased projections of rank n/2 (except
M;, which has rank n), and let Uy, .... U _> be a unitary

error basis. Then the matrices of the form

2 DTj ]-n ?2 'i[/rj 1;1 .2 On jfj -2 Om ln_ﬂf'!-j !

are a set of (2n)2 mutually unbiased projections of order
2n and rank n (except diag(M;. M7) which has rank 2n).
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Mutually Unbiased Spaces (Examples)

Example 1: Every set of mutually unbiased
bases vields an example of a set of mutually
unbiased spaces with all projectors of rank 1.

Example 2 (Parthasarathy): Let P;.....P >
be the Pauli matrices of order n = 2. Let
NM; = 3(1+ P;). Then I; is a projector of rank
n/2 and

n 1

for ¢« &= j. Furthermore, the POVMs B, =
{I;.1 —T1;} are mutually unbiased.
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Bootstrapping

Theorem: Let M; = 1,.M5..... M _> be a collection of
order n mutually unbiased projections of rank n/2 (except
M+, which has rank n), and let Uq,..., U > be a unitary

error basis. T hen the matrices of the form

1(1, U\ 1( 1, —f) 1(M; O\ 1(M; On
- I’TJ 1n 2 f{-/vj 1n "3 On Jlrj "2 _ On 1n"—ﬂi{j |

are a set of (2n)? mutually unbiased projections of order
2n and rank n (except diag(M;. M7) which has rank 2n).
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Changing The Model: Yes/No Measurements

l;,ll

|I'.r~_'_1

S| SYSYRIES)

Complete measurement
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Changing The Model: Yes/No Measurements

17, - U

| SSYRIIS

Complete measurement
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Changing The Model: Yes/No Measurements

hl

b— 5

|;_.|_!

JRIEIRIE,

Complete measurement
Born rule: p; = tr(pllyy).
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Changing The Model: Yes/No Measurements

y s 4 R »

Complete measurement Yes/No measurement
Born rule: p; = tr(pll;;).
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Using MUSs for Quantum State Tomography

Lemma: For any n, there exist at most n<—1
mutually unbiased spaces of dimension n and
rank n/2.
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Using MUSs for Quantum State Tomography

Lemma: For any n, there exist at most n2_—_1
mutually unbiased spaces of dimension n and
rank n/2.

Theorem: Let p be a state on H, and let
p; = tr(pM;) for a POVM as above. Then

> ﬂ.g—l

n2_2
== > pil+ @ —p)(1—-T1) —( )1-

o =" n
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Using MUSs for Quantum State Tomography

Lemma: For any n, there exist at most n®—1
mutually unbiased spaces of dimension n and
rank n/2.

Theorem: Let p be a state on H, and let
p; = tr(pll;) for a POVM as above. Then

2 ﬂ2—1

nZ — 2
== > pilM+ @ —p)(1—-T1) —( )1-

Ll = n
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Generalizing the Generalization...

5 Defining a Wigner function
W uailEun et assiems o seabe A oeneh ine A pliases space | AT
Wigner fmetwon W (g ph of @ qguantume sesteamn showid Be sache that when

i oy B sHinpeed osser thee e R vanle 15 th _.;'.-i bl t bl

L . . - 15 Fr L2 &40 [
.E}l."‘l'."i'_'r{" ]}Iiél.:ﬂ' Space based on hnite f!i'lti;—i ot o I

Kathleen S. Gibbons.("2 Matthew J. Hoffman. ' and s conlition completely determmes the selation

Willzamm B. Wootters'

wems W, expliendy m torme of Ve bewin

o e e 3 =4 [REVAES FHERTY rE =L liness. apnr: T B2l
U Department of Phyvsies:. Williaems € -.'.'J--.:':*. Williarm=towr. XA 01363 s 2 =

it af these lines. These seometmen t5 alloaw

e f}*'{J:zr'r:r:f‘rl-‘ aif Theodosy, [Mniversity of Notre: Dange. Notre: Damre: IN 46617

U Peopartmet of Mathesaaties. Ulniversigy of Marvianaed Collewe Pack. NIV 20742 e e | P tiin d| )

3 |
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E i ot foraualn i !
:j Ik Faof 1 I THAT ] I || [ L] TN e L e
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|
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Striations and Quantum Nets

- . - .
| : . . o - : N - o | {Sowurce: Gibbons, Hoffman.
e . > o Wootters. quant-ph/0401155)
_ ® - & - - - i |
- T = = - L I | u [ I N I ]
= = - .. .. - r
. .... = - = ] - & ~ -
[ = W ¥ ] - eom W o E 8 B = =
- - t 3 - L
- - . - - . -
- . - - = . L ]
L ] - . - - - L ]
- - - ® R ® -
- i - - = =l . - - - . = = N
- L - - - -
N ® e - ®
| s P = = " . N - « i -
- L . . - a
® L - - o
L L = = 4 -

Figure 2: The striations of the 4 x 4 phase space.
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