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Abstract: In this talk | will give an introduction to the simulation of quantum many-body systems using the so-called tensor networks. After a
historical review, | will introduce the basics on tensor network representations of quantum states, and will explain some recent developme

particular, in the last part of my talk | will focus on recent results obtained in the simulation of 2-dimensional quantum lattice systems of in
size.
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Goal of this talk:

Explain the background and basics of
methods to simulate quantum many-body ROADMAP
systems with tensor networks, together with
some recent results and applications

i)

Pi Page 3/104



Goal of this talk:

Explain the background and basics of

methods to simulate quantum many-body ROADMAP

systems with tensor networks, together with
some recent results and applications

s , )

T A -
irsa: 08100025 Zzreain a1 ’ - _ > Page 4/104




Goal of this talk:

Explain the background and basics of
methods to simulate quantum many-body ROADMAP
systems with tensor networks, together with
some recent results and applications Some

dl ) ol

: x.m"r"L y

E_ ;2 o 5 _
irsa: 08100025 Sitph T ; . — W Page 5/104



Goal of this talk:

Explain the background and basics of
methods to simulate quantum many-body ROADMAP
systems with tensor networks, together with

some recent results and applications Some
history Tensor

il , '}‘E:I

Pi

Page 6/104



Goal of this talk:

Explain the background and basics of
methods to simulate quantum many-body ROADMAP
systems with tensor networks, together with

some recent results and applications Some
history Tensor

i{F) , .J’.Ej

c other F

irsa: 08100025

P

applications



Main idea

® Problem: how to represent efficiently quantum states of a
guantum lattice system

® Solution: divide the coefficient of the quantum state in
a Tensor Network that only depends on a small number

of parameters
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How it all began
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K. Wilson

Renormalization Group (RG), 1971
(Nobel Prize in 1982)

Identification of the relevant degrees of freedom
of a physical system at long distances
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K. Wilson

Renormalization Group (RG), 1971
(Nobel Prize in 1982)

. | Identification of the relevant degrees of freedom

of a physical system at long distances

About 20 years later...
S. R. White

Density Matrix Renormalization Group
(DMRG), 1992
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Impact of DMRG

r—

® DMRG is a numerical method to compute the low-energy
properties of quantum systems, and has been the method

of reference to simulate 1-dim quantum systems for the last
15 years.
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Impact of DMRG

® DMRG is a numerical method to compute the low-energy
properties of quantum systems, and has been the method
of reference to simulate 1-dim quantum systems for the |last
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What is behind DMRG?

DMRG approximates the ground state of a physical
system by a Matrix Product State 9—9—¢—7%
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E. H. Lieb, H. Tasaki Bond States’

Pirsa: 08100025 Page 16/104



[—

What is behind DMRG?

DMRG approximates the ground state of a physical
system by a Matrix Product State 9—¢—¢—7%

1987 |. Affleck, T. Kennedy, AKLT model, ‘Valence
E. H. Lieb, H. Tasaki Bond States’
1992 M. Fannes, Generalization to Matrix

B.Nachtergaele. =  Pproduct States (MPS)

R. F. Werner
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- What is behind DMRG?

= —

DMRG approximates the ground state of a physical
system by a Matrix Product State y—9—¢—7—%

® 1987 | Affleck, T. Kennedy, AKLT model, ‘Valence
E. H. Lieb, H. Tasaki Bond States’
® 1992 g- Fannes, Generalization to Matrix
R I;_fag' tergaele. =  Product States (MPS)
=4 P erner o—a : :
FT T E?
® 1995 S. Ostlund, .. Connection between DMRG

S. Rommer and Matrix Product States,_....
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Deep connection to quantum
Information theory

® 2003 G. Vidal

. i F week cnding
VOoLUME 91, NussER 14 PHYSICAL REVIEW LETTERS 3 OCTOBER o058

Efficient Classical Simulation of Slightly Entangied Quantum Computations

Gaitre Vidal
fnsririge for Owanreme informarion. California msrimere of fecimelosy, Phsadena Califormia 91125 E'SA
(Recorved 25 Februarv 2003; publisbed | October 200051

Vie presenmt a classical prowood to cfficrensly simmlate any pore-siaie (UEEURE CoOMmpUiEE0n st
volves only 2 remnicted amount of eatanglement. More seperally. we show how o classically simulase
pure-siate quamium compotations on # gabits by using computatiomal revources that srow lirezrly 17 #
and exponenially = the amount of entanglement m the quantem computer Owr results impdy that a
necessary condition for an exponential computational specdup iwith respect to classical computations)
15 thae the smount of entanslemens increases with the size » of the compueantion. and provide an explicit
lower bound on the reguired srowth

D 10 E IS PR R or O IETOOE PSS mumbers: 5671 = 0365 T 36T HE 0367 Mo

Classical simulation of quantum computations which
involve a small amount of entanglement
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Deep connection to quantum
mformatlon theory

® 2003 G.Vidal = Connection between MPS and
quantum computing
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Deep connection to quantum
mformatlon theory
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® 2003 G. Vidal Connection between MPS and
quantum computing
® 2003 G.Vidal = Time evolution of 1-dim systems with

MPS: the Time Evolving Block
Decimation (TEBD) algorithm
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Deep connection to quantum
Information theory

® 2003 G.Vidal = Connection between MPS and
quantum computing

® 2003 G.Vidak = Time evolution of 1-dim systems with
MPS: the Time Evolving Block
Decimation (TEBD) algorithm

TEYTTEY
® 2004 F. Verstraete,

D. F’Uf"asr =) Periodic boundary conditions
J. |. Cirac
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Deep connection to quantum
Information theory

DMRG publications
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Deep connection to quantum
Information theory
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® 2003 G.Vidal Connection between MPS and
quantum computing

® 2003 G.Vidak = Time evolution of 1-dim systems with
MPS: the Time Evolving Block
Decimation (TEBD) algorithm

TETEY

® 2004 F. Verstraete,

D. F’Uffasr =) Periodic boundary conditions
J. |. Cirac
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Deep connection to quantum
Information theory

DMRG publications
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Deep connection to quantum
Information theory

DMRG publications quantum
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What about other systems’?

EEE— e e e s e ERSES

® 2000 T. Nishino, K. Okunishi, Tensor Product States

Y. Hieida, N. Maeshima, (TPS) for d-dim systems
Y. Akutsu
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What about other systems?

® 2000 T Nishino, K. OKUﬂiE‘th Tensor Product States
Y. Hieida, N. Maeshima, (TPS) for d-dim systems
Y. Akutsu

® 2004 F. Versiraete, Method of Projected j’;k_ iz
J. I. Cirac Entangled Pfair States \')\_q‘_‘)\
(PEPS) for d-dim systems
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What about other systems’?
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® 2000 T Nishino, K. ORUHIS_-hL Tensor Product States
Y. Hieida, N. Maeshima, (TPS) for d-dim systems
Y. Akutsu

® 2004 F. Versiraete, Method of Projected *T; I',r. i.;
J. 1. Cirac - Entangled Pair States \lbﬂ

(PEPS) for d-dim systems

Multiscale Entanglement !{
® 2005 G.vidai = Renormalization Ansatz
(MERA), for scale-invariant -
systems
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Summary of history

=

® 1-dim 1-dim MERA
MPS MPS PBC f((\
1992 & 2003 2004
® d-dim é‘“‘
d-dim MERA 2005
TPS / PEPS
~b,k—-k
L 1. 2000 & 2004

2005
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Tensor Networks (TN)
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Tensor Networks (TN)
I‘I’> E
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Tensor Networks (TN)
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Tensor Networks (TN)
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Tensor Networks (TN)
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Justification

Generic state

—

‘W
112 19

Correlations OK
but not efficient
(exact)
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Genenc state Product state
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2 W 6

Correlations OK Q. X i lg
but not efficient 5
(exact) Efficiency OK

but not correlated
(mean field)
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Jusnﬁcahon

Genenc state Product state

/777—’{% i i i
L - 1 | 3
', I'\ o i, J‘iS J ls

Correlations OK . X i l 9
but not efficient L
(exact) Efficiency OK
but not correlated
(mean field)
Tensor network
Efficient and

correlated

Page 41/104

Pirsa: 08100025




Examples of TN

Matrix Product States (MPS) 77+ + 1 1-dim systems

===

Projected Entangled Pair j:l | d-dim systems,

States (PEPS) | d>1
| ot Nl
Multiscale Entanglement Scale-invariant
Renormalization Ansatz systems

(MERA) AYAYA"
I he %S S



Tensor Network Algorithms

Observation: many relevant quantum states in Nature

seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)
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Tensor Network Algorlthms

Observatlon many relevant quantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-body system
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Tensor Network Algorithms

&

Observation: many relevant quantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-body system

TND=1
(separable states)
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Tensor Network Algorlthms

Observatlon many relevant quantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a

IND=2

TND=1
(separable states)

Pirsa: 08100025 Page 46/104



Tensor Network Algorlthms

Observatlon many relevant guantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-bod)

ITND=3
IND=2

TND=1
(separable states)
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Tensor Network Algorithms

Observation: many relevant quantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-body

ITND=4
ITND=3
TIND=2

TND=1
(separable states)
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Tensor Network Algorithms

Observation: many relevant quantum states in Nature

seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-body

TN D = O(exp(N))

TND=4
TND=3
TND=2

TND=1
(separable states)
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Tensor Network Algorlthms

S e e e = e C— e

Observatlon many relevant quantum states in Nature
seem to be well represented by TN (e.g. ground states
of some Hamiltonians with local interactions)

Hilbert space of a
many-bod

IND = O{EXp(N)} Idea: use TN with
fixed and increasing
TN D =4 D to compute the
properties of quantum
many-body systems,
e.g. ground states,

TND=1 dynamics susou
(separable states)

TND=3
TIND=2
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Why Tensor Networks?

0 Efficient description of the system

® Evaluation of expectation values <1P|01 IP> (order parameters,
correlators...) - exact in 1-dim, approximate in d-dim d > 1 (NP-Hard) -
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Why Tensor Networks’?

Efficient description of the system

Evaluation of expectation values <‘I’|OY ‘P) (order parameters,
correlators...) - exact in 1-dim, approximate in d-dim d > 1 (NP-Hard) -

Efficient updating after an operation, e.g.
E—EHI‘III> E—Hr‘q,)

dynamics ground states
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Why Tensor Networks?

Efficient description of the system

Evaluation of expectation values <‘I’|Of 1P> (order parameters,
correlators...) - exact in 1-dim, approximate in d-dim d > 1 (NP-Hard) -

Efficient updating after an operation, e.g.

E—EHI|1P> E—Hr"lp>
dynamics ground states
® Efficient optimization of cost functions, e.g.

My s (PIHID) ity ) - [

ground states

‘ .I.|I

W)EPEPS ‘
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Why Tensor Networks?

1 O Efficient description of the system

® Evaluation of expectation values <‘I’|O{ 1P> (order parameters,
correlators...) - exact in 1-dim, approximate in d-dim d > 1 (NP-Hard) -

@ Efficient updating after an operation, e.g.
e—fo‘q;) E—Hr"lp>

dynamics ground states
® Efficient optimization of cost functions, e.q.

min W}EPEPSCHH |IP> min, “ qj> a \‘Pr» 2
ground states

® Allow to deal with infinite lattices (thermodynanic limit) for
transiationally invariant systems

W)EPEPS ‘
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Why Tensor Networks?

@ Efficient description of the system
@® Evaluation of expectation values <‘P|01 > (order parameters,
correlators...) - exact in 1-dim, approximate in d-dim d > 1 (NP-Hard) -
@ Efficient updating after an operation, e.g.

e—iHrqu> g'H"KIJ>

dynamics ground states
® Efficient optimization of cost functions, e.q.

m"l’}EPEPSOIIlH‘ 111) mjn"l'ﬁ:EPEPSH' o) \1}[}}”2

ground states
® Allow to deal with infinite lattices (thermodynanic limit) for
transiationally invariant systems

® Fastest simulation algorithms. E.g., 1 month of quantum Monte
''''' Carlo in a supercomputer vs 1 day of TN in a desktop PC Y
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Infinite 2-dim quantum systems

(iPEPS algorithm)
%2 2
&

We developed an algorithm that uses

| = = =

infinite PEPS to evaluate the ground state
properties of infinite-size quantum
lattice systems in 2-dim

J. Jordan, R. Orus. G. Vidal. F. Verstraete, J.I. Cirac,
cond-mat/0703788




Infinite 2-dim quantum systems

. (IPEPS algorithm

| == :
-

We developed an algorithm that uses
infinite PEPS to evaluate the ground state
properties of infinite-size quantum
lattice systems in 2-dim

J. Jordan, R. Orus. G. Vidal. F. Verstraete. J.I. Cirac,
cond-mat/0703788

£

INPUT: 2-dim lattice
Hamiltonian

H= S H
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Infinite 2-dim quantum systems

(IPEPS algorithm) .
We developed an algorithm that uses | N a
£

| e

infinite PEPS to evaluate the ground state
properties of infinite-size quantum
lattice systems in 2-dim

J. Jordan, R. Orus, G. Vidal, F. Verstraete. J.I. Cirac,
cond-mat/0703788

INPUT: 2-dim lattice imaginary-time
Hamiltonian evolution

e Eh[f-f'l - e—Hr‘IP>
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Infinite 2-dim quantum systems
(IPEPS algorithm)

We developed an algorithm that uses
infinite PEPS to evaluate the ground state
properties of infinite-size quantum
lattice systems in 2-dim

J. Jordan, R. Orus. G. Vidal. F. Verstraete. J.I. Cirac,
cond-mat/0703788

| = ———

IPEPS for the

ground state ‘ ‘H;.)

BB
H-—-Eh[':":ll- e—Ht‘q;> =5 W*’s‘

INPUT: 2-dim lattice  imaginary-time
Hamiltonian evolution
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Infinite 2-dim quantum systems
(IPEPS algorithm)

We developed an algorithm that uses
infinite PEPS to evaluate the ground state
properties of infinite-size quantum

BB

lattice systems in 2-dim
J. Jordan, R. Orus, G. Vidal. F. Verstraete, J.1. Cirac,
cond-mat/0703788
IPEPS for the
INPUT: 2-dim lattice  imaginary-time w EArT.
ground state‘ U) expectation

Hamiltonian i
evolution Al

RARIE
H=.Z:h[r.rl- e—Hr‘IP> =4 -]{-1{—*]{—11.— ‘<1p0|0‘11,0>
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|PEPS results
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Infinite 2-dim quantum systems
(IPEPS algorithm)

We developed an algorithm that uses
infinite PEPS to evaluate the ground state
properties of infinite-size quantum

| = =

lattice systems in 2-dim
J. Jordan, R. Orus. G. Vidal. F. Verstraete. J.I. Cirac,
cond-mat/0703788
iIPEPS for th
INPUT: 2-dim lattice  imaginary-time | 1% OUTPUT:
Emilionion . i rty ground state ‘wcm) expectation
evolution ol ln Lot i R
BN T TR T
(Z -
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IPEPS: results
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|PEPS results

Benchmark 2D quantum Ismg = 2 o’o’ + hE o
model on the infinite square lattice
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IPEPS: results
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IPEPS: results

Good agreement
with simple
perturbative series
expansions
calculation
(black line)
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IPEPS: results
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(iTEBD+ algorithm)
The ITEBD algorithm is a method that allows _ ——0-
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(e.g. two-body) unitary operations
G. Vidal, PRL 98, 070201 (2007)
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Infinite 2-dim classical systems
(ITEBD+ algorithm)

The ITEBD algorithm is a method that allows _ —@
to compute the evolution of infinite 1-dim s T
quantum systems as driven by local
(e.g. two-body) unitary operations
G. Vidal, PRL 98, 070201 (2007)

2-body gates
We have generalized iTEBD so that it can be
used to simulate infinite-size classical
lattice systems in 2-dim

R. Orus, G. Vidal, PRB ?, (2008)
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|TEBD+ results
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" Critical correlation function
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Correct power-law decay up to several thousands of sites
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