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Abstract: A modified version of the double potential formalism for the electrodynamics of dyons is constructed. Besides the two vector potentials,
this manifestly duality invariant formulation involves four additional potentials, scalar potentials which appear as Lagrange multipliers for the
electric and magnetic Gauss constraints and potentials for the longitudinal electric and magnetic fields. In this framework, a static dyon appears as a
Coulomb-like solution without string singularities. Dirac strings are needed only for the Lorentz force law, not for Maxwell\'s equations. The
magnetic charge no longer appears as atopological conservation law but as a surface integral on a par with electric charge. The theory is generalized
to curved space. Asin flat space, the string singularities of dyonic black holes are resolved. As a consequence all singularities are protected by the
horizon and the thermodynamics is shown to follow from standard arguments in the grand canonical ensemble.
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Motivation

Special type of symmetries in modern theoretical physics

Simplest context : electromagnetism with electric and magnetic sources

Application to thermodynamics of black holes dyons

New formalism making EM duality manifest

with A. Gomberoff arXiv:0705.0632, [hep-th],
Phys. Rev. D 78 (2008) 025025
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First law for Reissner-Nordstrom BH

RN d}'on 15~ = N -'.'i: 9 B = =) Ier'. sl
9\ 02 L P2
NV — 1 = > —
\
< Pi1 o ds

Sk i - Ay E

. - . A — B _.Iir.'
L ‘)

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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dyons First law for Reissner-Nordstrom BH

RN dyon ds- = NZ3dt* + N—=dr” + r={df* + sin~ #do~).
[ oM Q2+ P2
N = \ 1 + 2 - :
r =
Q

4 = —dt + P(1 — cos#)do.
=

infer thermodynamics for parameter variations from purely electric case using duality

M = —3A + 6udQ + wydP

O

A=M—(Q*+PY). ro=M=+VA
{E’: . =

k="2"T= A=sn[M-

- My E

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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0

ivons First law for Reissner-Nordstrom BH

RN = dss = N=2dt= + N 2dr* + r=(dB* + sin~ 0do™).
| [ P
N = 1 - :
\. " r2
Q .
_! s —T il == FI 1 cos o il!rf,'l.

T

infer thermodynamics for parameter variations from purely electric case using duality

SM = —3A+0pdQ + vgdP

e

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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Black hole dyons First law for Reissner-Nordstrom BH
RN dyon ds> = =NZdt* + N 2dr? 4 r*(d#* + sin” Odo”).
M  QZ+ P2
N =1 Ep T
r =
A4 = g:ff L P(1 - cos@)do.
=

infer thermodynamics for parameter variations from purely electric case using duality

: 5 o )
oM = —d0A4 + 1?;;&{2 vy P

oK
A=M>—(Q>+P2). ro=M=+VA
. St ) , }_‘ | 2 —
S o oo S SO T ) 1 -l R +F  NJAEL
2r . 2 -
() P
., BH=—

OH =
-

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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No sources

| | dF = ()
equations of motion &F =0
l I:;?;l = _'Ei
field 5trength F = ?:P],;rd.l'“ A dx” F.” e IIL.BI
. . | F / F i
invariance Lll"ldEr ( ‘.F ) — _,‘u'f ( *F ) dl’:t_‘lf — '“

action principle 1

daAd=dAN. IS5 =0
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gauge invariance
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No sources

Hamiltonian action principle

canonical structure

Hamiltonian density

solve Gauss constraint

reduced action principle

invariant under duality rotations
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SulA,. E'] = / e (—E A, —H — Agd.EY)
{Ai(t.x),—E(t.y)} = df{i'ii.r — )

’ 1 i ijk -

H = -(E*E. + B'B;) B' = €770; Ax

HE' =0 = E' = €750, Zs

SrlZ%:. Al = / d*r(—e"%0, Z A, — H)

{iDZg — _.“l;;
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=M dualit No sources

doublet notation A = (Z )

1 [ : o

" i 4 ar | kb ; h " 11 3]

manifesty invariant action SsslA,l = 5 | d 7| B (OpA; — 0:Ay) — 0,587 B
A SPUFIOUS
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EM duality Point-particie sources

duality reguires both electric and magneuc sources

magnetic pole 4, = (4n. U] electron ¢, = (0. ¢,,) dyon ¢, = (gn.€n)
i 2 Re—— { {4} s g o i g
current 1¥(z) = 5 r,f;f / o NE—z, _td_:j
|
T ¥
v % M % o 3 i ..E”
pole at origin jhe(z) = g8 8"V (z) B = Li J
re
i
i; f-’ rir—zj
singular potenual A= —1—_ftu~_~'-H + 1)dg A; = =1~ e
i T {]
I
q RiR—=z)
regularize A — A = 1= | ~FE=S
0 .
n = \-.;"l 1 g R . ,-—“:—'—H -
- NS S - A V— " T

magnetic field: semi-infinite solenoid
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EM duality Dirac strings

add dynamical string

1
: '_H TL:_
= (x)=179 f e — yldy* A dy'
X =I" ¥ (rio) o'(r.0) =23,(7)
property d"Gy = "Gpx = "ju
modified field strength FP =dA+°"Gx dFP ="
; e SP[A, (x). y*(T. o). z{7) = = / FPnan=FP 4 [ A
action principle ' 2 Ir.
—iTE. _[l \. _”r::”‘f:m — Ay /; ’ 1\‘ —-I':'_:Jff:u_u

Dirac veto: electron cannot touch string
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EM duality Remarks on Dirac strings

(i) asymmertric treatment of both types of sources, manifest Poincare invariance but no duality

(if) non trivial U(1) fiber bundles, no strings

W & Yang Phys Rev. D12 (1975) 3845, Dl 4 { | 976)437

(iii) Dirac strings related to de Rham currents and Poincare duality

De Rham. Vanetes differencakles, Hermann, 960
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ONS Duality

Pirsa: 08100021

“complicated” proof of duality between electric and magnetic BH

partition function through semi-classical evaluation of Euclidean path integral

Z( 3. P) vs Z(3, D) Hawking & Ross. Phys. Rev. D52

additonal Legendre transformation needed to compare

{1975) 5685
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r““- F ﬁ . 1 - | 11
LYONS and auality

Extended formulation in flat space

New construction

A2 = (A, Z,)

‘ “EgE
external sources duy) " =0

action principle 1A C%] = Ly [AL. €%+ [, 1AL ]

.
1

. ] l t _F- — ~“ued &

A W-Br=NC = ™
Maxwell’s equations

2 ={(C.Y) B* = (B.E)

(o A” —VA%)—B=-B,|,

dynamical longitudinal fields and non spurious scalar potenuals

B = ¥ x A* +VC

i i ¥ | i £ h
Ll 1= /.-f TeanA T

—_

(F'” : v-’(_'r: — ff.lb:.f . 'E'h*'i-*h == ?i*_if‘l.ll

A%: —e B+ Vx B, =€t

no strings, duality manifest
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G B & Gomberoff. Phys. Rev. D78 (2008) 025025
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yons and duality Extended formulation in flat space

*fd d

fixed point particle dyon at origin ;% (x) = 1xQ"5; 4" (x)

& le'r“)h

r

&

Coulomb-type solution A== dt. C* =

resolution of string singularity

gauge invariance 0. A; = d,e”, 3,0 =0

magnetic charge is surface integral. no longer a topologically charge

—_— —

canonical pairs (AT, -V x ZT), (A:. =NY) (ZE,.NC)

gauge fixing the magnetic Gauss constraint gives back standard EM
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Dyons and duality Extended formulation in flat space
New constructon dynamical longitudinal fields and non spurious scalar potendals
AL = (A Z,) C* =(C.Y) B* = (B.E) B* =V x A* +VC"®
external sources a3 " =0
action principle NAL. C°] = Lag[ AL C™| -+ Fri AL 57, EIAG: ™ = /d‘ ST AT

f_ui--li.fw: — i /ffLJ‘ [&,,;;I, gu - ‘:_;f- h)q- ‘:. -l-.: — .HL g v

~i|:~ = T B*‘I = Tl(--: = J-thr e - T_‘(ﬂﬂ = fa.t-f{- 5 f]_‘}-'im = .- T.’_LPH
Maxwell’s equations

A*: ;0B +V x B, =e.5.

no strings, duality manifest
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Dyons and duality Extended formulation in flat space

fixed point particle dyon at origin  j**(x) = 1=Q"34" (x)

. P ;L'r‘ ! . X
Coulomb-type solution T e TN

r (K

resolution of string singularity

i ; = @& - - €I = [y
gauge invariance o AL = Oy, 2" =8

magnetic charge is surface integral. no longer a topologically charge

—_— —_

canonical pairs (AT .-V x Z7T). (AL, —VY) (Z- vC)

gauge fixing the magnetic Gauss constraint gives back standard EM
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Dyons and duality Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

g E q, ] 8\ (x — y, )dyt A dy; Y (. Th)e B0, = 22 (7))
T S L
- I i Cay » ex b e B At s by T
total action Ing + Ip + Iy + m d xegp _-_’tff(ﬂ a;, — F a; + 37wy )] .
Y‘ - 1

- — ¥ I -J' f - - 1 [ o y &k " T = C
I-"-:,-.::_ s S ‘”:ﬂljl ‘\.' _“i-ﬂlf!--?!;_a _j‘““ — (s il H:: = :ts;k [-.:1 3 J';-‘! = £ ’if_.'.!'“l‘:

i s X ~H X
variation with respect to vf, gives Lorentz force law

veto: string attached to dyon n cannot cross any other dyon

M " - - ¥ i £ & T
leads to standard quantization condition for dyons Eablnm = 25N
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J

and duality: Extended formulation and Lorentz invariance

LA

action with string terms: related to Dirac’s action

i ) i (indirect) proof of Lorentz invariance
through elimination of auxiliary fields P

- P! [freaB x B, T=-[PreaBiz B,

Poincaré generators 1_/ s ./ R

without sources: z /-a"‘xf" L B, 5=

. \s ’ |

5gC* = 0,
» _ GQA; = NG — € Buk’ — ek’ B,

transformations: - e & D
RS- GgB® = —€7P,(®*Bus’) — 8;(BYE) + 8;(B™E),

dgAy = GhAg +<"ByL,

E{""'a T = A I_ e d.a-ﬂi_ ,\:1 = —fl'h? JB«EB:;E'TI —v :a,{'E.':&B?Ei-:}..
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Dyons and duality Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

G = g / SN — yn )dyfy A dy; uh(0n. 7). ¥h(0.7,) = zh(7)
il - 1'|—_4-I.
: I i e e ar b iy by
total action Ing +~Ip 4+ I + = d re |20 CTa; — 3%a; + 37 0y, )| .
izt = — Z 7Tl .'I_J-v‘*.*d* i i (ki s e L W 2k
kjen]| — . L e .'S ot Ehcory g ==y o = EtUk ¥
g - 7 :
variation with respectto 7, gives Lorentz force law

vero: string attached to dyon n cannot cross any other dyon

. : . - B 3 riE
leads to standard quantization condition for dyons Cabnde = 27NHA
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Ovons and duality: Extended formulation and Lorentz invariance

action with string terms: related to Dirac’s action

izl } . (indirect) proof of Lorentz invariance
through eliminaton of auxiliary fields p

Poincaré generators sy fd Realrrw i, He= -_/d el i
without sources: F ol _fd-s:ff L B B
8gC* = 0,
. _ SgAT = B, — €"Buf’ — el B,
transformations: foB® = -E”"@,{f“""ﬂ:.h’.';'"j — 8;(B¥€) + 8;(B¥&).

riq,-i:f = E:l-,A.a - H‘MB!R"E‘._

E(-l—.-a'jl# = —{” :; = 'ITJMI. AI-:.] - __Ej.-‘rv .’:&EB;EHI_v ‘Jﬂ,{t"!‘ uE_ﬁ-
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Dyons and duality Extended formulation in curved space

need to generalize first order ADM formulation of Einstein-Maxwell

no non singular longitudinal magnetic field Bypar =€ A
curved space B —"%8: AT + /o' C”
e 1 r i . : .
matter action [oel. l:‘L o Dot Fiy N.N ' - : dir | (B™ +~ 3 g C® ?F.lf,'.'-}.pw'lf — E;J
i —— I — N BT
) T A
total action iz u] = f dhx [a 3 (2)Pp=" — u,] ’
1 ' T ik g
kinetic term gyl 2 2" = Ton B9 4rr'-_ig_-.:l._ + ¥ _1, iz
Lagrange multipliers and constraints a’ = (VLN Ag) Yo = (HLH,.G,)
. I A AR G FTriced l ADDAT 3 rrraenl y - I' . LT
H, = —(HIPM L 1™y, M= —(HMPM L 1Y), G, = —eudiB
16 L = 167t - iy
gauge parameters & =805 smeared constraints [le] = / [ W
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Dyons and duality

Extended formulation in curved space

first class gauge algebra
surface deformation algebra

diffeomorphisms ¢

sources

resolved RN dyon

Pirsa: 08100021

=Ny & =g

{[le;].Flea]} = Ile;.ea]] {H[E]. H[ni} = HI[E.n)sp| + G[&.niz

Lipa + Ing + 1

tions to those of covariant equations

— — et

: 1
e (—
r

{s= = —N3dt2 + N 2dr® + 2 {dB* <+ sin” Bdo™).
e
: [ 2M  Q*+ P7 Y
N —\Li— —_ w ; e - _{Ju/ . ¥
’ o I, r=N{r)
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Dyons and duality

| st law of black hole mechanics

surface integrals B (Tat™) = 62

solution of constraints o

time independent solution  =Z.

drﬂ_ﬂ _;}l- 1_‘ .,"}.| i “_-I %

oA - il 4 =

r'i > A

Stokes theorem

I

standard gravitational part

L. '_Jf"'l'| [} —

':‘. rriand . g =3

new matter part

includes electric and magnetic contributions

Pirsa: 08100021

for RN dyon

| ] e |

solution of linearized constraints

U  Gyzt =0

implies

A=Y :f & B 125 82
208

[ d v B[22,
ol ‘

'!'I = EE g n el AP R =4 524

ki|z*: 0z

— ;K Regge & Teitelboim Ann. Phys B8 (1974) 286

4

A=t

| i ) . . ) s 1
IT {;u_.m:g—i'-'“m_,, — -.};...E—.‘lr;.rrl + AR L (2R grpik L s I :
¥l L }
i‘-"Il'l‘. kv u L J'-t & 'Ik.a v 3 F‘]'.J: r'r: & - 1-"'_]':': qk 1
L VG F T . -

| = R ; . . ; s
— (=T Brd Aus — £ BVOC. + ean(E5 BT — £B)8 AL
57y ij -

x_.

EB™IC? + e /9O X*6C* — A=5B"))

i b
— Lok v _*J',‘; E F_J Ay

- - i Page 26/58
By BT = 1_ / A6 f do €., ARSB
L 14 MR



Dvons and duality | st law of black hole mechanics

il i L1 { I-r.- " I ".j i A .- I_..
first law )‘1— &'ri K, |z,0z] = f t'x, k,|=.82]

at infinity } d'z; kl[z.82z] = 6. M — 010.Q — pd.P

M
. |i|.|_|' e lgrar.a __ F o
at horizon ){ z; k3 = — 4.4
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Dyons and duality Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = /*f‘i.r (HN+HN)+ M Q=— / £z (G} +Q, P=—— [ Er(GaZo) + P
three commuting observables {(H.Q}=0={H.P} ={Q. P}

partition function Z[8.0%. v°] =Tre HH 0" Q—v' P) _ _¥c

Massieu function We(3, —do", — v
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- s ik E ] e T
surface integrals 8 (fae®) =827

= =0z .—_il — &k .‘-.': Regze & Tentelboim Ann. Phys 88 (1974) 286
soluton of constraints 7 solution of linearized constraints A:-'
. i & - ! ¥ §
time independent solution  =Z.ul  dyzl =0
Fa g .'(]:I"I_,I = ) - = " i . 3
i‘r:: Ur.::" - pay = e |n1sphgs ok _;f_a:_;_*; = {)
Stokes theorem )[ d'z: K, [z 027 :f &z K, |25, 827
o *:'__
standard gravitauonal part B2 02 = R gy v ey 6 7] R 2 g
- 1 I .11_ A o - b - Ji- i . o [
kgrevt — | GUR(EL T dgyy — DpELagr;) + 2658 & (265 — £ ¥ )Ege ],
6 L |
';-[_..IJ'F-' - ; . ‘j_}tq.hrfﬂ L F.]'lfrr"; - :,.q:_,'{}k:'.
E vEr oy . i
L..."Il-]!..' s T . _F.:;‘PL'E‘..." ,}-.‘l' e E .i_ﬁr.llf.i("- B #.. f l;_'EB'III — inﬁil.' 'F i.'i?
new matter part : h{ 75 pLE M . = CakbE S AL

includes electric and magnetic contributions

— e b — = ol ar £
—Eak v *:f';n' I": F_l x‘E.I L‘?“‘ﬁ{ " 5 il f.;hi W _!';{.-P.\ul}{ = j, Ir'lﬁb il |

4§
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Dyons and duality Ist law of black hole mechanics

Regee & Teitelboim Ann. Phys. 88 (1574) 286

s My e ) = -
@y = 5= T ik,

surface integrals D:( Ve =
15::'1

- solution of linearized constraints

solution of constraints rs
time independent solution  =Z.ul gyl =0

-‘Eu,'_.,- . A i A Ty 1L ) . . gl - Wk

F hz — Opasg = % implies &k, |z2.0z| =10

Stokes theorem '

-

5t g iy o il .2
b '1#}:1'”'.'5_";! 3 lil-*i.r-

i zikrﬁ':_#: i '-EE'I‘-'-T“ N EaT_;-'. I”';"hk !

J\'f.’-f-'l.l S S— E !f;'_' '--I:;I t _t‘\'#‘:h" — ;,"I‘E _l‘lq_l-l | <+
nd il I 3 s N sd 2k % 1
{;i_-hl’ . : 'h ‘?t!;l-"'_rl ‘.' II_J.-J.-II,IF_-'\? - :q 3 f‘fL
;_‘.-"__J g _1._ { ‘E = __-‘nlt Wy e - I_H':“' -'{ - = ;_-:CBIEI . Eipaky L Al
new matter part ‘ == 0 Aax — £7BV0C, = eanlf 67" 10 Ay
£ x", g
L ey | ¥ ek Tl g n i e dag
includes electric and magnetic contributions —eabr /99" €168 B C" + e[ g N*AC" — \"3B' ]
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Dyons and duality  Extended formulation in curved space

first class gauge algebra ([le].Ieal} =liey.ea] {HIE|. H[nl} = HI|E.glsp] + GlIE. nig

; N . . L . S
:1” SD _:.';J_”.-. 1 -'fll‘:-i'.-:.'."_- ._:---'.r_lf,i = E"‘n‘ﬁiln"l' = (£E-n' nE
surface deformation algebra ¥
E.msn =9 (E 0g™ — v Ot + £ - s

difffomorphisms £ = Ny~ & = g LG = O¢gps

sources Lipa + Ing + I

= " BT l J 1 big e [ &
E5[AS, o] = o / dreqy [AZT™ + /G Ca? —

It | et
-l | =

e ] aia <y _ B
3%, — - dhy Fa |

aly . _ajks A
j = E l‘ji F ke

-1 correspondence of solutions to those of covariant equations

. 1 EL-
ds= = —N3dt2 + N 2dr? + = (df” + sin” 8do™). A7 = —eT .l_ B .'_ e
resolved RN dyon ‘ [ 2M @ +P e
V= \ A o g T =iy /
rF=Nir)
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Dyons and duality Ist law of black hole mechanics

Regge & Tetelboim Ann_ Phys. 88 (1974) 186

; . Myae ) . -
Selrae™) = A= —=a — R,

surface integrals =(3
= solution of linearized constraints 4:-"

soluton of constraints o

time independent solution . i Bozi =0

.;ﬂ. - 3 -?ll| T L ) : I
Az —dea =—71— implies ek, 122
Stokes theorem f dz; Ky [z, 825 = f e kS = 82
.:'}.-L -_.':._‘:
-4 54

k= 82 = kEoog,, . w0 Bgy, O] + K

standard gravitatonal part

. E ot . . - . -
J,-:?.-n V= G gy — q}j;-ﬁ—nq!H 4 Ep AR L (2ER I _ .,.‘;':"'.”"q_ri;i"

167 L

{-;{_:i;; I ]-.\. _‘;‘t_‘}']k"'f'” I "'J'-.fff':k . ng__'qk:-.

s (EXB™ — £ B*)5.4°

X R BT5 Ay — EFBMOC, +

E.."!'I.-l[.-' e —
new matter part : .;:( 75
- T 1 ik owh — g BE g 2 d.5
includes electric and magnetic contributions —€ab4/99" €1, B 00 + e 9" N C" — N*6B ]
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Dyons and | st law of black hole mechanics
first law }ML d'r; k,[z,8z] = fﬁ & x; & [z. 82
at infinity { .. Pz k[2.62] = 6. M — 056.Q o]
at horizon ){ d" S kT = :%Tri_.,l
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Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = / &*r (H N +H:N") + M Q = _l— /
three commuting observables {H.Q! =0=
partition function Z{3, 0. ] =
Massieu function V(3. —do

Pirsa: 08100021

r(Gr1A0)+ Q. P=— rl— [ &1 (G>Zp) + P
(H.P} = {Q.P)
Tre—HH—2"Q—w"P) _ ¥

G

Page 34/58




|

yons and duality Black hole thermodynamics

path integral Zi3.0.9] = / Dde!-

Euclidean action = / -!"u‘{-*' /ri’"r a1{z)8:z" — (H - 0°Q - .~.~'P‘|} + ghost terms
i o

mat T — A L v B
leading contribution: action evaluated at e \RND)=0opQ+ Dvunt

Euclidean Reissner-Nordstrom dyon

!L.n-a,. (RN D) = IA 4 li__‘[

1
total result We = —0M + —1--1 - JouQ + JuuyP
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Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

B = /rf"".r (H. N +H,N )+ M
three commuting observables
parttion function

Massieu functuon

Pirsa: 08100021

1 [ | .
Q=—— /lf‘.,r' (1) + Q. P= = [‘.f'b-l"g.'zu] - o H

72 S

(H.Q) =0={H.P)=(Q.P)

W3, -3, —3v'
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(

ons and duality Black hole thermodynamics

path integral Zi3. 0. o] = / Dde!-

Euclidean action I = / -!”-‘(r / d*ras(2)dpz” - (H — 0°Q - -.-"P'1} + shost terms
i3 :

PRl E = N
; : ' (RN D) = dogQ - 3vgP
leading contribution: action evaluated at L RND ol if

Euclidean Reissner-Nordstrom dyon l
[7*"(RND) = —3M + | A

1
total result W = —3M + —1,-1 + JouQ + Jug P
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Pirsa: 08100021

construction of an explicitly duality invariant version of electromagnetism

enhanced gauge invariance

static dyon described by Coulomb fields without string singularities

electric and magnetic charges are surface integrals

applications in the context of thermodynamics of BH dyons
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Central extensions: Surface charges & generalized Killing vectors

charges:

irreducible gauge theories (no 2.3-forms):
H.. "(d)=0 for p=>3

char

n-2(d) «—s ™ such that Rfl(fa) =0

f_'flﬂ.l"'

:;Il —

Pirsa: 08100021

rneralized conserved do" " =0
P g™ P 4 dnrz—p—l i AP =P ~ 0

g Qrl0’] = § k6"

p=1: conserved currents associated with global symmetries

_-'E‘, “--_"ﬂ
=

- B =a
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Xtensions: Surface charges & generalized Killing vectors

Examples
semi-simple YM theory: d :1; — D”f.u == e"'"=0
EM: 0A, =0ue=0=—= e =cte +——— A”‘EZ*F
electric charge = f
GR: Oclhu: —Eethuw —0—3 F* —
linearized gravity: dgh.“y — EEQM, =0 = f’u Killing vector of  Jpuwv
kelh; gl = —{d" 22) v/ — g(.f"D*‘h—rE*‘D h? — £ _D¥ho®

Pirsa: 08100021

+3 hDYE* + WD, + S oD, — (s — v)),

Abbott & Deser Nucl Phys B35 (1982) 74
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Central extensions Algebra & asymptotics
global symmetry Lely =0=> Bh,, =L,
§ pr — Nuv Poincaré invariance of Pauli-Fierz theory
Algebra: Surface charges form a representation of the algebra of Killing vectors

{(’gfl‘Q-El}' = d_él QEJ e (2[552

full GR. asymprtotics

Guv =— ,[,_fpp = 7% ()( ) at boundary T — 00

‘r"\L.‘JL’

replace h!-lb’ == g"pp charges Qe = { ke [H — 9 .U:
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Surface charges & generalized Killing vectors

Examples

semi-simple YM theory: d. -”1; == Dp'_f-u =0 =€ =0

EM: DA, = e=0—>e=0de — R L
electric charge &= g
Sn—2
GR: OcGuy = Lepy =0 =& =0
linearized gravity: dfhﬁ,; — [:Ef}m; =0 = 5# Killing vector of  Jpuwv
keih; gl = —rd" 1),/ —G| & D*h + E* D, h™ — £, D"h°*"
-yl f ( N Qe = elh. gl
_thHE;i__ thﬂDgE#+2huaDﬁgﬂ_(#q—uy})f JESsn—2

Abbotr & Deser Nucl Phys BI95 (1982) 76
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global symmetry Lefe =0=> Sehy, = Leh,,
‘éﬁ v — Nuv Poincare invariance of Pauli-Fierz theory
Algebra: Surface charges form a representation of the algebra of Killing vectors

full GR. asymprtotics

Guv — ,[,_h_.r.v E 3 ()( ) at bnundar)r ™ — 00

.rr 1,_.1](

replace huv = Gur — Guv charges Qe = { kelg — 9. 9]
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Central extensions Algebra & asymptotics
new feature: asymptotic Killing vectors Leqn — 0 to leading order
_ ) 1
that preserve the fall-off conditions Leqgu, = O = )
yX e

suitable tuning of fall-off conditions on metrics and asymptotic Killing vectors:

centrally extended charge representation of algebra of asymptouc Killing vectors

{Qf,.Qc,} :=066,Qc, = Qi e, + Ke, g, Ke g, = jé ke.[Le, g. 9]
J g

NB: central extension vanishes for exact symmetries of the background

G.B. & F Brandr Nuel Phys. B633 (2002) 3-82

G.B. & G. Compere |MP 49 (2008) 042901
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entral exrensions: A]gEbm & HSYmPtDUCS

global symmetry Letn,, —0=> ol =Ech,,,
§'P; v — 1) pv Poincare invariance of Pauli-Fierz theory
Algebra: Surface charges form a representation of the algebra of Killing vectors

full GR, asymptotics

1

ri- 1“1,.1

ur — ,[,_fp.u ¥ ()( ) at buundary ™ — 00

replace h,_“, == — Guv charges Qe = { A-'E[H — 9.4

Pirsa: 08100021
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Central extensions: Algebra & asymptotics

new feature: asymptotic Killing vectors Lehu —0 to leading order

1
that preserve the fall-off conditions LeGuw = O(—
X

suitable tuning of fall-off conditions on metrics and asymprtotic Killing vectors:

centrally extended charge representatiocn of algebra of asymptotc Killing vectors

{(251'(1)51} — 651('253 - (Q[ELE_’: T }{51-51 h.ELTE: o | k‘fl[’cflﬁ' ‘:_f]

G

NB: central extension vanishes for exact symmetries of the background

G.B. & FE Brande Nuel Fhys Bé33 (2002) 3-82

G 8. & G. Compere |MP 49 (2008) 042901
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(D

ntral extensions: Asymptotically ADS spacetimes

dF? = gudrtde” = —(1 + )dr? +
non trivial asymptotic Kvf= conformal Kvf of flat

boundary metric +(1 + ‘dr? + Lft dy")

n>3: 50(- n—1. 2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra

charge algebra: 2 Irt r=| — o PR 2

copies of Virasoro L Lo} = m—mC, IZM{M = Donem,

(3. L7} =0,
Brown & Henneaux CMP |04
(1988 207 where ¢ = '— is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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Central extensions: Algebra & asymptotics

new feature: asymptotic Killing vectors Legu, — 0 to leading order

that preserve the fall-off conditions Leqg, = Of 5
AT

)

suitable tuning of fall-off conditions on metrics and asymptotic Killing vectors:

centrally extended charge representation of algebra of asymptotic Killing vectors

{(251'(253} == 551(253 = (JEEL.Ezj i 3 Aﬂfl--'f: h.'fl-'-fi T %
J S

NB: central extension vanishes for exact symmetries of the background

G.B. & E Brande Mucl Phy< B&33 (2002) 3.82

G 8. & G. Compere |MP 49 (2008) 042901
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(D

non trivial asymptotic Kvf= conformal Kvf of flat

boundary metric H(1 + ’;J et w2 Y faldy™),
A

n>3: 50(- n—1,2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra

charge algebra: 2 At =) — (e — & : _

copies of Virasoro oo = m—mL,, + 2 = D,

{5, L7} =0,
Brown & Henneaux CMP 104 :
(1588 207 where ¢ = _‘—é is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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Central extensions Asymptotically flat spacetimes

conformal boundary in asymptotically flat spacetimes: null infinity

Introducing the retarded time u = ¢ — r. the luminosity distance r and angles 64 on the
(n —2)-sphere by x! = rcos8', x* =rsinf'-.-sinf* ' cosh*, forA=2,...,n —2, and

x* 1 = rsin@! ...sin8" 2, the Minkowski metric is given by
ds® = —du? — 2dudr +r* Z 5.4 (d8%)2, (3.1)

A=I1

where s; = 1,54 = sin"8' ---sin” 84! for 2 < A < n — 2. The (future) null boundary is
defined by r = constant — oo with u, 84 held fixed.

bms,,
E* = T8 +ud Y ' (8*) +o(r?), ¥ {H‘*} conformal Kvf of n-2 sphere
E" = —rd¥'(6*) +o(r), \
£ = ¥Y40%) + o), A=1,..., n—2, T(e") “supertranslations”, arbitrary

function on n-2 sphere
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Central extensions Asymptotically flat spacetimes

=V, T +Tay"'—Y*3,T —-Tary.,
= [£,§] PA2 = Y23, 7" — Y8, 7"

algebra: semi-direct product with abelian ideal ln—2
n>4: so(n—1.1) X bis_

n=4: conformal algebra in 2d X iQ

L

50( :__;- _]_ ) Bondi-Meomer-Sachs (1962)
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Asymptotically flat spacetimes

T, Ja] = (m — n)Juien,
HB: TRl =0,
=i =Caeh). I =0 S r=-wr.

=3: no restrictionon Y (#) Jo =8(T =0, ¥ = exp(ind))

copy of Wit algebra acting on il

U

Ashtekar er al Phys Rev. D55 (1997) 669

Pirsa: 08100021
GB & G. Compere CQG 24 (2007) FIS

Jm, Pr] = (m —n) Ppsn,

1so(2, 1)
charge algebra: {Tm» Tol = (m — 1) Tsn-
HPum, Pa} =0,
: 1 -
UTm, Pal = (m — n)Pren + i ol 1)énsm-
relation to :1d53 similar to contraction between s0(2. 2) — 150 (2 ].)

i[jmr Jn] S (ﬂ'l a ﬂ).fm.,.,”

. 1 1 |

i[ P, Pl = 5 0m — 1) Jnem, = — ~(IPim £ Jim) 1—0c
- Page 52/58




_entral extensions Asymptotically flat spacetimes

T =Y23, T +TaY' Y23, T —T'5Y.
=[§, €& P2 =Y23, 72— YV, 7"

algebra: semi-direct product with abelian ideal ln—2

n>4: so(n—1.1) X KD
n=4: conformal algebra in 2d X 19
50( :_;_ ]_ ) Bondi-Mener-Sachs (1962)
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Central extensions: Asymptotically flat spacetimes

conformal boundary in asymprtotically flat spacetimes: null infinicy

Introducing the retarded time u = ¢ — r, the luminosity distance r and angles 64 on the
(n —2)-sphere by x' = rcos8!, x* =rsinf'-.-sinf* ' cosf*, forA=2,....n —2, and
x" ! = rsin@' .- .sin6" 2, the Minkowski metric is given by
d5* = —du” —2dudr+r° Y s4(d6%), (3.1)
A=l]
where s; = 1,54, = sin“#' --.sin"#* ! for 2 < A € n — 2. The (future) null boundary is
defined by r = constant — oo with u, 64 held fixed.

bms,,

E* =T (") +ud Y (8") +o(r"), Y4(#') conformal Kvf of n-2 sphere
£ =—rd ¥ (8") +o(r),
£ = ¥40°) + o), A=1. ..., n—2, T(6) “supertranslations”, arbitrary

function on n-2 sphere
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Xtensions: Asymptotically ADS spacetimes

dF = gudrtde” = —(1 + —)dr? +
non trivial asymptotic Kvf= conformal Kvf of flat N

boundary metric (1 + ;;1 PN r"Zf,l(dy"‘}z-
A

n>3: 50(- n—1.2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra

charge algebra: 2 A =) = — = +i I 13

CDPiES of Virasoro 1{ m' n } (H‘l ﬂ) I+ Izm(m ] e e

(3. 7} =0,
Brown & Henneaux CMP 104 :
(1588) 207 where c = :‘—é is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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Central extensions Asymptotically flat spacetimes

T=V*3,T+Ta¥"'—Y"3,T —Ta¥Y.
= £, &'] P2 =Y 3, 7" — Y 5,72

algebra: semi-direct product with abelian ideal ln_2

n>4: so(n—1.1) x L
n=4: conformal algebra in 2d X 19
50( 3. 1 ) Bondi-Memner-Sachs (|1 962)
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_entral extensions Extremal Kerr in 4d

Strominger et al: use formalism to compute central extension for extremal Kerr in 4d

combine with Cardy formula to argue for microscopic explanation of Bekenstein-
Hawking entropy

Guica, Haroman, Song & Srominger,
,,,,,,,

The Kerr/CFT correspondence, ar Xiv:0B07 4266

Pirsa: 08100021
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Asymptotically flat spacetimes

LA

Fael b ol i N ™ S s
entral exre =14
T I il & . 'h."--r '\-u..-r

L

T, Jn] = (m —n)Jsn,
i[P,, P,] =0,
P, = §(T = exp(in6). Y =0) i[J.. P.] = (m — n) P,

J, =&(T =0, Y = exp(inf))

=3: no restrictionon Y (#)

copy of Wit algebra acting on il
U

1so(2.1)

Ashrelcar et al. Phys. Rev. D55 (1997) 669

i{er ~?;:} . (m - "’)Jm—ﬂ*

charge algebra:
i{Pus Pu}l =0,

{Tos Pal = (1 — 1) Prnem + _%mtmi — e

relation to :1d53 similar to contraction between s0(2. 2) — i‘iﬂ(g. 1)

i[-’mr jn] = (m _H)JM+H'I
((Pim = = J'i:m) i =
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B |

i{Pm- Pn] i flz(m _n}jﬂl*ﬂ' LEI:! = ¢

Pirsa: 08100021
GB & G. Compere CQG 24 (2007) FI5

Jm, Pn] = (m —n)Ppsn,




