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Abstract: A modified version of the double potential formalism for the electrodynamics of dyons is constructed. Besides the two vector potentials,
this manifestly duality invariant formulation involves four additional potentials, scalar potentials which appear as Lagrange multipliers for the
electric and magnetic Gauss constraints and potentials for the longitudinal electric and magnetic fields. In this framework, a static dyon appears as a
Coulomb-like solution without string singularities. Dirac strings are needed only for the Lorentz force law, not for Maxwell\'s equations. The
magnetic charge no longer appears as a topological conservation law but as a surface integral on a par with electric charge. The theory is generalized
to curved space. Asin flat space, the string singularities of dyonic black holes are resolved. As a consequence all singularities are protected by the
horizon and the thermodynamics is shown to follow from standard arguments in the grand canonical ensemble.
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Motivation

Special type of symmetries in modern theoretical physics

Simplest context : electromagnetism with electric and magnetic sources

Application to thermodynamics of black holes dyons

New formalism making EM duality manifest

with A. Gomberoff arXiv:0705.0632, [hep-th],
Phys. Rev. D 78 (2008) 025025
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First law for Reissner-Nordstrem BH

RN d}‘ﬂr‘l 1S~ = _"'n "_‘I-"I - _"'n _'.,"',"'. 4 .'.|.II'H' L sin- -4..1[. =1

infer thermodynamics for parameter variations from purely electric case using duality

'I.“'r: 11 \-r’.-'}‘ E1!_}
"
A= AI- O* + P?) — M + VA
i P= —
K= - A =8xr| M- - MV Al
rj jll']

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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dyons First law for Reissner-Nordstrom BH

o
D

M
L

RN dygn ds= = NZ2dt® + N Zdr* + r=(df* + sin~ Bdo™).
) oM Q2+ P2
N =il . |
\v' r r=
Q .
A4 = —dt + Pi(1 cos 8)do.

infer thermodynamics for parameter variations from purely electric case using duality

Ni_‘{f o ;H—"f'!__-l - r,'Jl”:;fg — r_‘Hf'I_P
A=M—(Q*+P?)., ro=M=+VA
e TEmr= o otage AN PE

- L -
2rs 2

+ MVAL

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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dyons First law for Reissner-Nordstrom BH

o
J

RN dyan 'f.‘-" — _"\s-'hrﬂ'. = N _'?n‘.'l.i"'1 - .F"'F-rfl’:!: - .‘4111; Hffr_'}'. ).
[T Q2+ P2
N = 1 - :
\' r r=
Q .
A = —dt + P(1 cos #)do.

infer thermodynamics for parameter variations from purely electric case using duality

r“___‘[f — —H—r'!__-l - r_'!;_!:ifg gl 1 ¥ f'I_P

i

A=M?>—(Q*+P?)., ro=M=+VA

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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Black hole dyons First law for Reissner-Nordstrom BH
RN dyon ds® = —=NZdt* + N 2%dr? + r*(df#* + sin” do?).
M OELPE
o ,P,
\ - o
Q _
A = -T:ff L P(1 — cosf8)do.

r

infer thermodynamics for parameter variations from purely electric case using duality

= K _ s S
OM = —0A+opdQ + vydoP
ST

A=M?>—(Q*+P3), ro=M+VA

. - i 2 p=2
gt A—8» _\;-’-f*-’—}‘r

Y g : Z

+ MV 3 '

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
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No sources

equations of motion

field strength

invariance under

action principle

gauge invariance
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dF = 0
g r =1

1 i
F = :}:F]m,a-f.r‘ A da = f,jg-B!

(-7 )-2()

dfF =0=> F =dA

Eb,l = _Er

det M # 0

| 1 [
5_4|__—}/F--'F

MMA=dA. ]S =0
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EM A ial

et Ll |

P

No sources

Hamiltonian action principle

canonical structure

Hamiltonian density

solve Gauss constraint

reduced action principle

invariant under duality rotations
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SulAu. E'] = / d*z(—E'A; — M — Agd,E")
{Ai(t.z),—E?(t.y)} = 616°(x — y)

L : ijk -
H=;(E'E.+ B'B;) B® = €770; Az

HE' =0= E' =€7%9;Z
SalZt., AT] = /gf-*_r.-:—fff*;),.-zi._i, —H)

pSr =0

JD—'L — Z,.
dpZ; = —Ai;
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- ; : No sources

. A A )
doublet notation e— (Z:

' : =

. 3 - . ¥ I § ar s h b = i1l 61

manifestly invariant action SssiA,| = 5 [ d x| BT (G A; — i Ay) — 08" By
AQ spurious

chwarr & Sen Nucl. Phys. B4 943 35
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I.:N1 jl'\-i'.

Point-particle sources

duality requires both electric and magnetc sources

magnetic pole n = (gn.U] electron g, = (0.¢,) dyon O = (Gn,en
"L jE i il E | i) e % 1
current 17 (x) = E G | 87 (x— =z, )d=*
i S
oy [T N =11 ¢ 3) 5 q -
pole at origin Iag(T) = gopé* (x) B — =
nmr
'
- - { "_’ mr—)
singular potential A=——(cosb + 1)dg e
' T {l
1
P R{R—=)
; F ) r
regularize A — A, = — | ~®mRr=-
() '
R=+vr<+e€ = ,,-a—t—-h_ .
b A
magnetic field: semi-infinite solenoid B A~ _' A
X "
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EM duality Dirac strings

add dynamical string

7 () = _.r;f 8 (x — y)dy* A dy”

X =I ar ¥ (Tio) viT.0) =2,(7)

property d"Gy = "Gy = "ju
modified field strength FP = dA +°Gx dF” =7

1 . ) 1 o ——
.‘ﬁl}.‘—l“l_._.[']‘.r;:qI—_,’-:_:f;‘_-':- - —/ !'_L M !_":_:I - _—i
Jr

action principle

—m, [ —dzr d=z,, — myy / [ —d= dz
S \ T i ) 8

Dirac veto: electron cannot touch string
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eq = 2w N
Eq W | 1
guantization condition Dirac Phys. Rev. 74 (1948) BI17




EM duality Remarks on Dirac strings

(i) asymmertric treatment of both types of sources, manifest Poincare invariance but no duality

(i) non trivial U(|) fiber bundles, no strings

Wu & Yang Phys. Rev. D12 (1975) 3845, D14 (1976)437

(iii) Dirac strings related to de Rham currents and Poincare duality

De Rham. Vareres differencables, Hermann, | 960
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1S Duality
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“complicated” proof of duality between electric and magnetic BH

partition function through semi-classical evaluation of Euclidean path integral

Z( -'3. P) Vs Z( 3, rJH) Hawking & Ross. Phys. Rev

addituonal Legendre transformation needed to compare

D52 {1995) 5685
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™ 1 B2 o
Lyons and duality

Extended formulation in flat space

New construction

AS =(A )

(“III —

(C.Y)
external sources a7 =0
action principle

[1]4%, C"]

Ag -
Maxwell’s equations {

no strings, duality manifest

Pirsa: 08100021

I:-_l:.(“l: = I_l_f _4:. f'tl: B I!-._l::jﬂ._.:‘

i /:fl,r [f.,,s,l, B* 4+ VC®) -

A% -

dynamical longitudinal fields and non spurious scalar potentals

B* = (B.E) B* =% x A% + ©C"

(Bp A —VA) —

r:("l — j‘“’rl (-'!"l'.l -

—(.,z;?f}”gh + T_- X H_-q = E.,.!bj-r].

G.B. & Gomberaff. Phys Rev. D78 (2008) 025025
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Dyons and duality Extended formulation in flat space

fixed pﬂint par'l:icl.e dyﬂn at ﬂﬁgin J'“"ll r) = l'-:{gjﬂ rj:: .r}-'i{ =)

f-‘.llr")f' 'l;r [—'1-: — _{.'}.JI

r r

Coulomb-type solution At = —

resolution of string singularity

. - c @ fa = m
gauge invariance 0, A, = 0,€”, 5.C" =60

magnetic charge is surface integral. no longer a topologically charge

canonical pairs (AT, -V x ZT), (A%, -VY) (Z%,VC)

gauge fixing the magnetic Gauss constraint gives back standard EM
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Dyons and duality Extended formulation in flat space

New construction dynamical longitudinal fields and non spurious scalar potenuals

AL = (A4, Z,) C* =(C.Y) B* = (B.E) B* =V x A* +VC*
external sources &7 =0
action principle I1A4,.C7] = Iz [ AL CF] + I Az 57, AT = /-flr Ea A ™.

_—

In[A%, C" = 2 / dr [f,,m B* L NC") (A" _VAY) B~ -B,|

V-B*=VC"=j% C*: V’Ca=ca(V-&%A" —V4))

Ap :
Maxwell’s equations { - - - N
A%: - B +V x B, —€ul.

no strings, duality manifest G.B. & Gomberoff. Phys. Rev. D78 (2008) 025025
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Dyons and duality Extended formulation in flat space

fixed point particle dyon at origin  j**(x) = 1=Q"4[6" (x)

: €™ = Q"
Coulomb-type solution At = ——=2dt, € = —=

r r

resolution of string singularity

gauge invariance 0, A7 = Op€”, 3.C*=0

magnetic charge is surface integral, no longer a topologically charge

canonical pairs (AT, -V x ZT), (AX,-VY) (ZE,VC)

gauge fixing the magnetic Gauss constraint gives back standard EM
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Dyons and dua

Ty Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

> R f y (4 . ' To , m s s
(r? = E q, [ M (xr — yn )dyt A dy; Un (Tni Th): (0, 7,) = 25 (Th)
Jx
T =

1 ! :
total action Ing + It + I + /-i‘”.w 28'C*al — 3%a; + 37 YY) .

. ' / 1
. _ __H- e .l i = l*
Lelzn] = — Z ”*”} \ —dzndzn, =" ay = Seun G
E | &
i -

variation with respect to ::f: gives Lorentz force law

veto: string attached to dyon n cannot cross any other dyon

; i f s T
leads to standard quantization condition for dyons EabOnTm = 2ENA

Pirsa: 08100021

at — 11k it
il,_ = €770, .

Page 20/58




yons and duality: Extended formulation and Lorentz invariance

action with string terms: related to Dirac’s action

N ) (indirect) proof of Lorentz invariance
through eliminaton of auxiliary fields P

s 3 o= . —_
Poincaré generators e fd TeaB x B, J _/JIL”H 2B
without sources: K=- fd":fl ol
5oC* = 0,
sfu | '5(.}*{: A ar)ia _E;hB"EI -fr;i’f:B‘“#.
S 5oB: = —€78,(e*But’) — 8;(BVE) + 8;(B €.

r.‘-_q.-i: = dq)az, —*E'LmBrnF

fw.a)* = —( I +a"), Ag = — "V 9(Bie”) + V 8, ("*BE.).
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Dyons and dua

Ly Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

P Z q° / 3\ (x — y, )dyk A dy, Un (Tn: Ta) ¥, (0, 7) = z5(75)
F Do
i
- I i i b ai b ax by
tﬂﬁj action [_1” - Ij - [J.- 4+ ,-) Ii I €Eqh __i'.} & . — ¥ | vl‘"I: - iI— l'__}f;.-J 1|'J :
. / 1 :
=H] e i nad & i -wl J K
variation with respect to ::f: gives Lorentz force law

veto: string attached to dyon n cannot cross any other dyon

" . a | ‘ T
leads to standard quantization condition for dyons EabOnTm = 28N
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at — 11k At
ir = €50, 7¢
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*\ 1
Lyons and duality:

Extended formulation and Lorentz invariance

action with string terms: related to Dirac’s action
through elimination of auxiliary fields

Poincare generators
without sources:

transformations:

Elw. a)*

Pirsa: 08100021

(indirect) proof of Lorentz invariance

—_

P=—: fd’:h.ﬁ* x B, J= -ftf‘:mﬁ“:f- B*),

5l = @
8gA] = BAG —€"Bu€’ — il B™,
8B = —€7"8;(e”But’) — 8;(BYE") +8;(B™€),

dgAy = 0ObAg +€"Buf,

= —{* 2" +a*), AS = —e*V 29, (Bie”) + V *8,("*B7E.).

Page 23/58




Dyons and duality Extended formulation in curved space

need to generalize first order ADM formulation of Einstein-Maxwell

no non singular longitudinal magnetic field Bypas = €705 A
curved space B™ = 7% 8; A% + /o' C*
e 5 vl [ s o o L
martter aman f.‘..{ 2 l: N ;r:. .... : l _ : ifl_r |Euz + ._’“:j.ltr [ 1'F.li_,| .-jl"l? ha L}: 'l:
i ———EB — s N T
’ - q -
total acton f]=. ul = / d*r |u_,‘l z Ir]..:" — 41""..,; A
o -.r'- £ G’ C
kinetic term aalz)zt = e — — A+ X8
L6 47 ix
Lagrange multipliers and constraints u’ = (N.N', Ag) Yo = (HL. H,.G,)
1 as A DS rriceld 1 ADM rroanl - 1 bre
H, = —(H?PM | N ), Hi=—(H "M +HP), Co= —eandiB
165 & = 167 - L
gauge parameters Z =2 smeared constraints [le] = /f!”-r s ¥
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Dyons and duality  Extended formulation in curved space

first class gauge algebra ([[e].Clea]} = Clley-ea] {H[E]. Hnl} = H[[E.nlsp] + GlIE. nls

" Sad E .
E.0lsp =8 — ok Enjp =F &'t = L7n (-
surface deformation algebra -
EMern—9 E-ilnm pooLE) £ ) ok
diffeomorphisms {™ = Ny &= g LoGuw = 0cGps
sources Lipm + I + 1;
¥ LT 17 l [ fig p— ¥ ¥ J‘ ¥ J‘ d bl
f,r'_.{_i.f Lyt = E /-.-f‘_:'t.t.;._.—lur,l"* + 90" C e, — _;.Jf’ 05— = I do,
ali1 _ kg a
i — E t"| A
|- | correspondence of solutions to those of covariant equations
- ; by 2 1 ki
ds® = —N3dt? + N 2dr* + r*{dB* + sin® 8do>). A" = —eQu(-— —)di
r e
resolved RN dyon T 2 Q2+ P2 o
N = Vi- - — £t = =g° / =
! r—= b I, "IN (r)
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Dyons and duality Ist law of black hole mechanics

. y . rae") 3 -
Surfacﬁ ln‘tﬂgrals (o ]9 s N = e!‘r:'!' I‘_—: - !'fl. ke Regge & Teitelboim Ann. Phys. 88 (1974) 286
z solution of linearized constraints 4

soluton of constraints

time independent solution -l Y Fozt =0
N A o Yy ) ) : )
-i-li")“:'! ~dpay = I,—!: implies &kl [22.0z =0
Stokes theorem f d Bt [ 8] :f B, kL [, 623
Sry .*.1‘.._,
! _'J"fi_'-‘

k[ 82 = kE=(gs,, 2™ By, 6077) + KT

T';-I‘ ll";ﬂrﬂl'\.' 3

standard gravitational part
L.;..".-n'l ]' [ -+ yic ;_'_T' E } .;_;,; L P ek a-]."lt-—-.ll L1
— m;fr |.h_ kl‘.’l”:, — Uy f F;_Irl = _.._‘kr}., = 'i_,h_ ik =
- kT L z & 1 el 1k iy k1
G'™ =_\olg 9" +9"9" —297¢

:_-_.;_Bulr.l'( .-1 3 f-:‘.l-l":.tF:: — i;ﬁuk Fri.'ii'

( § _“ 'IkE'I"r'.‘;.‘!.,J,J,; —

R.."I'I atl o s

—_ J';uf'l‘ bz }]

new matter part =\ /5
= - ¥ g wapbe i oh & — "} a b
includes electric and magnetic contributions —€aby/99" €168 B 0C” + eap( (/90 X" 0C"
Pirsa: 08100021 N o2 Page 26/58
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i s X s

for RN dyon



Dvons and dua | st law of black hole mechanics

first law ){ d'r; k}, [z.82] = f &z, E: [z.8z]

at infinity ; d'zr;k, |z.0z] =0.M — 0yd.Q — vyd.P
. rf'l—l r. porev. Lﬂ A

at horizon I Ky, = ap 0%

geometric derivation of first law for RN for arbitrary perturbations

- h . - -
G- M=""5.A+ 646.Q + . P

- - =
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yons and duality Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = /*f'i-l"}f-x +H:N") + M Q= —nl, .[.f‘ﬂ,-.gl_%-. + Q. P= —J, /rf"'.rlg_-Z..] + P
three commuting observables {(H.Q} =0={H.P} ={Q. P}

partition function Z[3.0°, ] = Tre—HH—0"Q—v"P) _ j¥e

Massieu functon V(3. —80°, — v
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| st law of black hole mechanics

Dyons and duality

Regge & Tenelbomm Ann. Phys. 88 {1974) 286

2 . . 4 Myae") 3 :
ol Vat™) =0z ,‘—-t — ok,
=
|

dz:

surface integrals
solution of linearized constraints

solution of constraints 2
time independent solution el | i Tzt =0
dag ., 4 . __ Mau?) : : o Li [.A £.A] _
5= hz - oy = —.i:-'l IITIP'IES g)t,(“_ =t N = |
: = ,-i] _f d.lr1 '{"L.:‘:.._IJJ;::,.E
"1',_

B, pi [+ 55

Stokes theorem [ g B 0] =
e =

1 o -‘_rq_..]

koreetlg, . 7*7: Gg,,, ) + ket
"“:'ri_,_J” i ‘a_}f‘k .:lll iy ‘E:T,;l'. ."iﬂfrk !
k

standard gravitational part
kgravst = —\GI(E-V i dgy; — R dqy;) + 265

167 |
{';l.-"“ au ];'\ !,;'””-"'L'TU 4 FJ.-IW_:v'.: N Eg.'_,-qh-.

F';'Ixsrl:ii_"luk — ::_-.-Eut"i(., o 1‘11:-{5‘”: = :nﬁ‘uk FFi.'i:_-

P -
R"r"'“"' e -
new matter part ; L_'[ /5
. E + [T wke b i — )3 a b a ¢l
includes electric and magnetic contributions —€aby/99" €168 B*"0C” + ean( /g N*C" — A*5B -.)
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| st law of black hole mechanics

Dyons and duality
Regge & Teitelboim Ann_ Phys. 88 (1974) 286

A o . 4 (7ae™) e
surface integrals 8:(Yae™) =827 ——— — Bik!
solution of constraints e solution of linearized constraints 4z
time independent solution  =I.ul  gyzl =0
"iﬂjj . A i r‘h'-_.!l,"‘ - 2 i - o |
5o hz - oty = T ImPhES l}:ﬁh.__.__ z, 02| = 0
"l :f rf':qu .‘\‘L_:.:':l,ti::iz
L‘.l-

Stokes theorem [ d'z; k. [, 0z ]
I:.‘:'_I. - -
2f.A. r‘T_'-‘

k= l1,'i: 1| — kFrerale.  1-dg,,.0m7] + A_:;.f”
_*EHTH“"{"J'W I

!f:{‘hll.&_vkl;r“, — l}_&i_liFJ!rl = Zik.i:'*' - i‘_‘,f_'l".-"
L E Ik 1 o 3k 9 1y Kk
=~9g g +T9 g —9°9

standard gravitational part _
1

L.'_jf'l'l'| i —
' 16 |
G =
¢ E= ! ) ) : 5
new matter part krets = — (2R BTi Ay — EXBMC, + € (E¥B™ — £'B )6 A}
. ¥T \. f:
¥ " + vy ] nk v — )k wis a bl
includes electric and magnetic contributions —€aby/99" €168 B 0C” + ean( /9O X' 6C" — \"4B ]
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u' i _rin il

for RN dyon



Dyons and duality  Extended formulation in

curved space

first class gauge algebra (Tley]. Tlea]} = ey ea] (HI€]. Hinj} = H{[E.nlsp] + GlIE. nis
£ E_,
..Ii.. | :_I'J ) :';_j_;j"' — Il;";‘_’!:"_ .:_ i‘.f:u = _B'”'r L:' Ff‘l ? |_t 7 1 L
surface deformation algebra .
EMsp =9 (E ™ — g (ET) + Ed4n )£
diffeomorphisms <& = Ny’ & = g0 LG = O¢gps
sources Laps + Ing + 1
- . l r i — = #i -]- B I- i . fal
I}L_{:.{'FI' “;1- — -l-_ [!fl_i't.,g‘,_.{:r} T A HD‘.:{' -l“:- - _;'j!““.-r . E'jiﬁ'lf-"l-:‘_
30 = 7843

|-1 correspondence of solutions to those of covariant equations

resolved RN dyon . : _1_U

Pirsa: 08100021

0" }‘

W i

r r,
dr’
r'=Nir')
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Dyons and duality

| st law of black hole mechanics

45_["‘

surface integrals

soluton of constraints

time independent solution

dag .

s A { ) f}uﬂ_.i =

Jl'l :-‘

Stokes theorem

standard gravitational part

new matter part

Pirsa: 08100021

for RN dyon

[ tf';.r, L':l
= :"_-,_L

includes electric and magnetic contributions

Regge & Temelbomm Ann. Phys. 88 [1974) 286

v w M yae ) £ &3
af ) =0z oA — ik,
2 solution of linearized constraints 4z
et | Fozt =0
implies &k [0z =0
il " oy :f & r: & |22, 6

J‘.' r‘T_'-‘

-

A 5 A - E N SR Y .y § Tt -
kel 02 | s err |."h_1v"|' -‘1";:_11"’--” '_-'l'.“‘

A

o
& ll"qu'\.' ‘

3 L —:f;“h:ri_vgqu,h _!}i;E—,iq!r| 1 zf‘kr-}zit ‘—}-E.Ji :..II .,

kT =
167 L
.‘F.:Q, N L - Ik 1 o gk P 12 k
G =_VNg g +99 —=<9°9
L € : - 3%
- E_Eutr‘(-u e F.,&l:‘E‘H“ — iuﬁ-ﬂ. Fr'.l,'i:

& Tk E',"'E.'L;J.. —

L

Jrad . r I
R." 1 ( x..q
— B

E wi

e i k- o & = i
_"-"u'Lr\.'.';y Irr_l.k'i{- 8"“".'.( T Eabl v l';{_.r.\,!-)f
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juality | st law of black hole mechanics

first law

at infinity

at horizon

Pirsa: 08100021

geometric derivation of first law for RN for arbitrary perturbations

~ A . B o
M = \_——r"--’l Op-Q + vy P
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-

juality Black hole thermodynamics

L

Euclidean approach in the grand canonical ensemble
improved constraints for suitable fall-off conditions contain surface terms

I
B

. 1 :
H —= /Jf'i,l'll.l‘f__\r = .HI_\”I -I‘—,Lf Q = — [rf"rll:_;-'].-ln.l + '-_,-3‘ P —_— =

i :

/A*f'i..{' Ig:Zu'J + P

three commuting observables {(H.Q} =0={H.P} ={Q. P}
partition function Z[B.0%, v°] =Tre™ HH—o"Q—u"P) _ ¥
Massieu function We(d, 8¢, —0v
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Dyons and dualit Black hole thermodynamics

path integral Z[3.0.¢] = / Dde!-

Euclidean acrtion f.f = / -f’.‘{r / rf':ru_lt':l{.i'u.:'l (H — o "Q — i."P'1) - ghost terms

mat ;AT — A N c
leading contribution: action evaluated at e \BXD)=[peénQ + opl

Euclidean Reissner-Nordstrom dyon :
[IT"*°(RND) =—-3M + - A

1
=

total result e = —-0M + T'J‘ + JouQ + SuuyP
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yons and duality Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = /;f-*.u_ﬁ_.\' LN+ M Q=—s .[-f‘.;-.gt.ai.'. +Q P=—— ./*f”‘.ng_-z.;] 3
three commuting observables {(H.Q} =0={H.P} ={Q. P}

partition function Z[3.0°, ¢°] = Tre—HH—¢"Q—v"P) _ ¥c

Massieu function V(3. —3e°, — 3
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Dyons and duality Black hole thermodynamics

path integral Z13.0.v] = / Dde!-

Fuclidean acuon flf = / rf?‘(.r / rf':_l‘ i1 4\ :H.‘.'ul'l (H - '."—FQ - iP'I) L ghost terms

et - . & i .
leading contribution: action evaluated at Y BRSO =entDYpl

Euclidean Reissner-Nordstrom dyon ;
[T"°(RN D) =—-80M 4 L-»I

1 .
total result We = —-0M + T"l + JouQ + JuyP
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Pirsa: 08100021

construction of an explicitly duality invariant version of electromagnetism

enhanced gauge invariance

static dyon described by Coulomb fields without string singularities

electric and magnetic charges are surface integrals

applications in the context of thermodynamics of BH dyons
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Central extensions: Surface charges & generalized Killing vectors

tneralized conserved do" =0
ch;;-gg;; J:rl—p ~ u_.u—p 4 d_”rl—p—l s tn—p‘ 1;N—*;.ln ~ ()
p=1: conserved currents associated with global symmetries

irreducible gauge theories (no 2.3-forms):

H", P(d) =0 for p=>3

char

n—2(d) «— [~ such that R (f*) =0

f_'hﬂ.l"’

charges: Qrlo°] = f k}lﬁz[ﬂﬁj
Sn—'_’

g Werel
o

. i: B
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Central extensions: Surface charges & generalized Killing vectors

Examples

semi-simple YM theory: de A: =D, e =0=€"=0

EM: 0eA, =0ue=0=—=e=cte —— ["2_*F

electric charge &= w3
§n—2

GR: fi{.‘-']pu o EEH#“ = () = 6# = ()

linearized gravity: O-Eh.py - ﬁﬂjm, =) == f‘u Killing vector of  Juwv
klh: g = ——(d"2z),.,v/—3 (& D*h + €D, h°” ~ £,D*h"* 1
3 jifﬁ-;r_ - _ (_ 1 i Qg Lz L’g[h-ﬂ_

_qh‘DIﬂ'Eﬂ_thUD‘TEp_t_?hyd‘DﬁEd_{#‘_bu))‘ JSn—2

Abbotr & Deser Mucl. Phys. B195 (1982) 76
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D

Algebra & asymptotics

global symmetry

Guv = Nuv

Eegy —0—> Sl —Eh,,

Poincare invariance of Pauli-Fierz theory

Algebra: Surface charges form a representation of the algebra of Killing vectors

{('gf,j'Q-E_?} == (53: QE: = Q[EI-E::

&1
full GR. asymprtotics
Guv = Guv + O s ) at boundary T 00
replace h#b’ = Guv — Guv charges Qe = % kelg — 9.9
CES
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| extensions: Surface charges & generalized Killing vectors

Examples

EM:

GR:

5

Pirsa: 08100021

semi-simple YM theory:

linearized gravity:

5. A% = Dye®* =0 =5 * =0

0. A, — O e=0—xe—cte c——3 =2 _

- o 1 _3 = v T . BT o - WhRT
ksih:gl = —(d" 'J:}m,\,r‘—g(.f D*R + E*D h°" - E,D"h"

16w
~ hD“€* ~ "W D& + _ " D€, — (1 — u)).

“F

th - Ecgu“ =0—> é__’u Killing vector of .E}pu

Qe = # kelh. g]

Abbotr & Deser Nucl Phys BI95 (1982) 76
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Central extensions: Algebra & asymptotics

global symmetry Legu, =0= &h,, = Eh,,
gﬁ e 'n# v Poincare invariance of Pauli-Fierz theory
Algebra: Surface charges form a representation of the algebra of Killing vectors

full GR. asymprtotics

Guv = Quv + O( ) at boundary =0

rr tulr

replace h#b’ = Guv — Guv charges Qe = { _ kelg — 9.9

Pirsa: 08100021
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Central extensions: Algebra & asymptotics

new feature: asymprotic Killing vectors Lo — 0 to leading order

1

yX s

that preserve the fall-off conditions Legu, = O

)

suitable tuning of fall-off conditions on metrics and asymptotic Killing vectors:

centrally extended charge representation of algebra of asymptotic Killing vectors

{('251'(251} -= 651(253 N (2[51-53'_ i3 }-{51*5_‘ hrELTE: - %‘ LTE:[L:EL{_J- 'ﬂ
J §o<

NB: central extension vanishes for exact symmetries of the background

G.B. & F Brandt Nucl Phys B633 (2002) 3-82

G.B. & G. Compere |MP 49 (2008) 042901
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ntral extensions: Algebra & asymptotics

global symmetry EeGy — 0=—> ., =,
gﬁ e '7?# v Poincare invariance of Pauli-Fierz theory
Algebra: Surface charges form a representation of the algebra of Killing vectors

w1
full GR. asymprtotics
Guv = Guv + O( e ) at boundary T =—rO0c
replace h,_“, — G — g;ub’ charges Qe = % ’I"E[H — 9 f}
b_‘L'
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—

Central extensions: Algebra & asymptotics

new feature: asymptotic Killing vectors LeGu, — 0 to leading order

L
that preserve the fall-off conditions LeGu, = Of =
it

suitable tuning of fall-off conditions on metrics and asymptotic Killing vectors:

centrally extended charge representation of algebra of asymptotic Killing vectors

{(251'6253} -= JEL(JEQ - (Q[El-flj i3 Il"fl*'s_‘ h'ELvEE i % kE:[ﬁflg' 'ﬂ
J g

NB: central extension vanishes for exact symmetries of the background

G.B. & F Brande Nucl Phys B&33 (2002) 3-82

G.B & G. Compere |MP 49 (2008) 042901
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entral extensions: Asymptotically ADS spacetimes

di? = g dx*dx” = —(1 + ":]dri ;
non trivial asymptotic Kvf= conformal Kvf of flat

boundary metric (1 + Z faldy™)
n>3: so(n —1.2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra
charge algebra: 2 M rt r=] — 2 P
copies of Virasoro HEL Lo} = m—mC, IZM{M = Donem,
(o £} =
Brown & Henneaux CMP |04
(1986) 207 where c = '—G is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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()
D
-
=
o
M

xtensions: Algebra & asymptotics

new feature: asymptotic Killing vectors LeGu, — 0 to leading order

that preserve the fall-off conditions LeGu, = Of =
yXasw

)

suitable tuning of fall-off conditions on metrics and asymptotic Killing vectors:

centrally extended charge representation of algebra of asymptotic Killing vectors

{(251 ) CJE;} = JEL(JEE ' (J[El-:‘:_‘-’j 05 RFEI*E_‘ h'EL-EE i % LTE:[CEL&' ‘:_f]
J §=<

NB: central extension vanishes for exact symmetries of the background

G.B. & FBrandr MNucl Phys. B633 (2002) 3-82

G.B. & G. Compere |MP 49 (2008) 042901
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(D
b

ntral extensions: Asymptotically ADS spacetimes

d5? = Gudridz’ = —(1 + = )dr? +
non trivial asymptotic Kvf= conformal Kvf of flat =

=

boundary metric 14+ =) 1dr? + 2 Z‘f_l(dy-'l]u_
“ A

n>3: 50(- n—1.2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra

charge algebra: 2 It 2= — (m— e g z_

copies of Virasoro o L) = m—mL, 12’“{"’l o

(3. L7} =0,
Brown & Henneaux CMP |04
(1986) 207 where ¢ = 5~ is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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entral extensions: Asymptotically flat spacetimes

conformal boundary in asymptotically flat spacetimes: null infinity

Introducing the retarded time u = ¢ — r, the luminosity distance r and angles 64 on the
(n —2)-sphere by x! =rcos8', x* =rsinf'-..sinf* ' cosh*, forA=2,....,n —2, and
x* ! =rsin@!...sin#" 2, the Minkowski metric is given by
d5* = —du” —2dudr+r° ) s.(d6%), (3.1)
A=l
where s; = 1,54 = sin“#' ---sin” 84! for 2 < A < n — 2. The (future) null boundary is
defined by r = constant — oo with u, 84 held fixed.

bms,,

EY =T(BY) +ud Y (8*) +o(r"), Y‘J‘{_HA) conformal Kvf of n-2 sphere
£ = —rd ¥'(8*) +o(r), ;
£ = ¥20%) + o), A=1,....n-2, I(e) “supertranslations”, arbitrary

function on n-2 sphere
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_entral extensions Asymptotically flat spacetimes

=07 +Tar —yYoar—-rTay.
== [E S ?‘.—i oy Yﬁaﬁyf.-\ =y }r'ﬂaﬂy:’;‘

algebra: semi-direct product with abelian ideal ln—2

n>4: ﬁﬂ(n. — 1. ].) X i”__g
n=4: conformal algebra in 2d X ig
50( < 4 | ) Bondi-Metner-Sachs (|1 962)

Pirsa: 08100021
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ral extensions: Asymptotically flat spacetimes

=3: no restrictionon Y (#) L

P,

= E(T =0, ¥ = exp(inf)) UJm, Ju] = (m — 1) T,

i[ Py, P.] =0,
= §(T = exp(iné), ¥ =0) i[Jp, P,] = (m —n)P,.,

copy of Wit algebra acting on il

U

iso(2.1)

charge algebra:

relation to Ad 53

U, Jn] = (m — 1) Jppin,
1P, Pyl = Ilz(m — 1) dmins

Pirsa: 08100021

i[JM1 Pn] . (N‘I =5 H)Pm-!-nt

Ashrelar er al Phys. Rev. D55 (1997) 669

UTms Tn} = (m — 1) Ten
P, Pal =0,

i{Jm. pﬂ} = (m — ﬂ}‘p,,,...,, - - 41_;”'{‘“: = 1)6ﬂ'+M*

similar to contraction between 50 (2- 2) — 150 (2

It —

rri i

( (P:m thm) { — 0c

I |

G B & G. Compere CQG 24 (2007) FIS

1)
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_entral extensions Asymptotically flat spacetimes

="', 7 +Tay —Y2.r-ray.
= [E . ] ?.—i — Yﬂaﬂyf.-\ . F'Baﬂy:’;‘

algebra: semi-direct product with abelian ideal ln—2

n>4: Sﬂ(ﬁ- — 1. ].) X i”_g
n=4: conformal algebra in 2d X 19
50( <9 | ) Bondi-Merzner-Sachs (1962)
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entral extensions: Asymptotically flat spacetimes

conformal boundary in asymptotically flat spacetimes: null infinity

Introducing the retarded time u = ¢ — r, the luminosity distance r and angles 64 on the
(n —2)-sphere by x' = rcos@', x* =rsiné'..-sinf* ' cosf* . forA=2.....n—2 and
x" ! =rsin@! ...sin#" 2, the Minkowski metric is given by
d§* = —du” —2dudr+r° Y s,(d6%), (3.1)
A=l
where s; = 1,54, = sin“ @' --.sin” 84! for 2 < A < n — 2. The (future) null boundary is
defined by r = constant — oo with u, 84 held fixed.

bms,,

E* =T(BY) +ud Y (™) +o(r"), Y‘J‘{HA) conformal Kvf of n-2 sphere
" = —rd¥'(8") +o(r), .
EA = ¥4 0% +o(r"), A=1 ... n—2, T(e) “supertranslations”, arbitrary

function on n-2 sphere
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b
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¥
B
LA
O
=
L1

Asymptotically ADS spacetimes

d5? = gudridz’ = —(1 + —)dr? +
non trivial asymptotic Kvf= conformal Kvf of flat 3 2
boundary metric +H(1 + :] dr? Y faldy™)?.
A
n>3: 50( n—1.2) only exact Killing vectors of AdS, no central extension
n=3: pseudo-conformal algebra in 2 dimensions, 2 copies of Wit algebra
charge algebra: 2 Boamh oY e + = T _
copies of Virasoro e Gl =m—mC, + 12’“(”l Donem:
[ﬁ:r. E: } —_ 01
Brown & Henneaux CMP |04
(1986) 207 where c = _'—é is the central charge for the anti-de Sitter case.

similar results in de Sitter spacetimes at timelike infinity
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_entral extensions Asymptotically flat spacetimes

T ="'%3.7T +TaY" —Y28.T -T2y,
i ['5- S | P24 =Y2%3,Y* — Y"3,Y2.

algebra: semi-direct product with abelian ideal Y3

n>4: Sﬂ(ﬁ- — 1. ].) X i”_g
n=4: conformal algebra in 2d X ig
50( -;.. ]_ ) Bondi-Merzner-Sachs (1962)
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_entral extensions Extremal Kerr in 4d

Strominger et al: use formalism to compute central extension for extremal Kerr in 4d

combine with Cardy formula to argue for microscopic explanation of Bekenstein-
Hawking entropy

Guica, Hartman, Song & Strominger,

he Kerr/CFT correspondence, ar Xiv:0809 4266
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Asymptotically flat spacetimes

|"F- e I -— &
. 2NLrdl extensions

s, Ju] = (m—n)Jgwm,
2. Pl=0,
n E_E(T=3IPG"&)- ??0) Ml Pl =(m—n)P...-

J, =&(T =0,Y = exp(ind))

=3: no restrictionon Y (#)

copy of Wit algebra acting on il

U

Ashrelar et al. Phys. Rev. D55 (1997) 669

iso(2. 1)
charge algebra: i{Jm'l ~Z!} —— (M = n}jfﬂ"‘ﬂt
i{PMt Pn} S 0'
i{Tms Pn}l = (m — 1) Pmen + %m{m: — 1)8usm-
relation to —1d5; similar to contraction between 50(2. 2) =3 150(2. 1)

U, Jn] = (m — 1) Jpnin,

| 1 AP x
i[Pu, Pl = —(m —M)dpen, Ly, = S(IPim £Jem) [ — 00

Pirsa: 08100021 I - Page 58/58
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UJm, Pn] = (m —n) Ppsn,




