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Abstract: A reference frame can be treated as a physical quantum object internal to the theory. Quantum reference frames whose size, and therefore
accuracy, are bounded in some way necessarily limit one\'s ability to prepare states and to perform quantum operations and measurements on a
system. The nature of these limitations is similar in many ways to that of decoherence. We investigate how a quantum reference frame of bounded
size can be \'dequantized\', i.e., treated as external to the quantum formalism, in such a way as to induce an effective decoherence on any system
described relative to it. In particular, we show that this decoherence has an interpretation as a lack of classical information about an ideal (infinite
size) reference frame.
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An observation

A common view:
quantum states only contain information about
the intrinsic properties of the system

We submit:
guantum states also contain information about
the extrinsic properties of the system
Specifically: the relation to other systems external to it.

Stephen D Bartlett. Terry Rudolph, and Robert W. Spekkens

“Reference Frames, Superselection Rules, and Quantum Information”
Reviews of Modern Physics, 79, 535 (2007)
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What does it mean to say
that the spin is up along the
Z axis?
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What does it mean to say
that the spin is up along the

Z axis? @

It means spin up relative to another physical
system, such as gyroscopes in the lab, that
define the z axis (l.e. act as a Cartesian
reference frame)
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External RF paradigm
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External RF paradigm
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External RF paradigm

So, the two states
need not be the same
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External RF paradigm Internal RF paradigm
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External RF paradigm Internal RF paradigm

TR(S2) |€) (e] UL(2) ® U(2)pUT(2)
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External RF paradigm Internal RF paradigm
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External RF paradigm Internal RF paradigm

TR(S2) |e) (e] UL(R) ® U()pUT ()
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External RF paradigm Internal RF paradigm
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External RF paradigm Internal RF paradigm

G(-) = [ dUR(Q) @ UQ)()UR() 2 U(S
State of RS is rotationally-invariant

No coherence between eigenstates of J-
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Question

What properties of the state |e)
are required for it to serve as a ‘good’ RF?

Result:

External RF paradigm is just as good as internal RF paradigm
— One can even model bounded-size RF effects

These appear as effective decoherence for relational degrees of
freedom

Page and Wootters, PRD 27, 2885 (1983)
Milburn. PRA 44. 5401 (1991)

Gambini, Porto, Pullin. PRL 93, 240401 (2004).

Gambini, Porto, Pullin, New J. Phys. 6, 45 (2004)

Milburn and Poulin. Int. J. of Quantum Information. 4, 151 (2006).
f:leliﬂ Int. J. Theor. Phys. 45, 1189 (2006).
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External RF paradigm Internal RF paradigm

d~*G(le) (e| ® p)

G()) = [ dQUR(2) ® U ()(UR(S) 2 UT(S
State of RS is rotationally-invariant

No coherence between eigenstates of J-
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Question

What properties of the state |e)
are required for it to serve as a ‘good’ RF?

Result:

External RF paradigm is just as good as internal RF paradigm
— One can even model bounded-size RF effects

These appear as effective decoherence for relational degrees of
freedom

No
| RA 44, -iu* ": 991 ).

Gambini, Porto, Pullin, PRL 93, 240401 (2004).
Gambini, Porto, Pullin, New J. Phys. 6, 45 (2004).
Milburn and Poulin, Int. J. of Quantum Information. 4, 151 (2006).
:"ZUI[Fl Int. J. Theor. Phys. 45, 1189 (2006).
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External RF paradigm
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External RF paradigm Internal RF paradigm
= 36(le) (e| ® p)
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External RF paradigm Internal RF paradigm
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Trg[pEg] and rotationally-invariant
Trrs[PEL]

Can we find a measurement scheme such that
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External RF paradigm
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External RF paradigm
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Internal RF paradigm
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Measure a covariant POVM on R
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External RF paradigm Internal RF paradigm
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Measure a covariant POVM on R
{Ur(Q)|e)(e|lUx(22)}o
Upon obtaining (2, measure on S

{UQ)ELUT(Q)}4
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External RF paradigm Internal RF paradigm

Measure a covariant POVM on R
(Ux e|lUL(Q)}o
Upon obtaining €2, measure on S
{(: E;L C*_ \Y };1
But R’ has an unknown orientation

Ej. = [ dQUR(Q)|e)(e|lUL(Q) ® U(Q)ExUT (S
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External-R paradigm
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External RF paradigm
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Internal RF paradigm

{Er =G(le) (e| ® Ep)}

Trrs(pEL]
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Trrs[pE:]

= Trrs[ 3G(le) (e| @ p) G(Je) (e| ® Ep)]

=1 / dQd<Y |(e|lUp(QY1)|e)|2 Trg[U (e L)pUt(Qa/—1)E
=3 / dQ2 |(e|Ur(R2)|€)|? TrslU(Q)pUT(Q) Ey]

= lTrS[/' dQ|(e|lUr(2)|e)|PU () pUT () Eg]

= Trg[D(p) Ej]
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External RF paradigm
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Trrs[pE:]

= Trrs[ 3G(le) (el ® p) G(le) (e| ® E)]

= / dQd<Y (elUp(QYD)e)|2 Trs[U(Q)pUT (@ 1)E
LE (—];/ dS2 |(e|UR()|e)|? Trs[U(Q)pUT(2) Ey]

= ] Q| (e|UR(2)[e)|2U () pUT(Q) Ey

= Trg[D(p) Ej]
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External RF paradigm Internal RF paradigm

3 el ®
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TrglpEg] Trrs[pER] = Trs[D(p) Exl]
where

D() =} | d(elUa()le) U@ ()UT(S
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External RF paradigm Internal RF paradigm

T SF s 1 T S
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TE:) L=/ e il

{Ex =G(le) (| ® Ex)}

TrglpEg] Trrs[pER] = Trs[D(p) Exl]
where

D() =} [ dl(elUR(Q)1e) PU(Q)(IUT(S

RF of unbounded-size: D = id
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External RF paradigm Internal RF paradigm
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RF of unbounded-size: D = id
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External RF paradigm Internal RF paradigm
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External RF paradigm Internal RF paradigm
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Bounded-size RF — Effective Decoherence
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Bounded-size RF as effective decoherence:
an example

For a given RF state, we can determine the decoherence map
by treating it internally and thereatfter treat it externally

]

sl ¥

994 s e m,  sae
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Bounded-size RF as effective decoherence:
an example

For a given RF state, we can determine the decoherence map
by treating it internally and thereatfter treat it externally

]

'

994 s e m,  sae

N spin % particles

But this is not the optimal state for
sending a Cartesian frame
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M= N
[ T % 112

|J*ma> = CQ®C28®C2

Define a new tensor product structure as follows:
I.]* m) 8 |J 0’.) = |.] m, Oﬂ)
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(<)

M= N

|J*ma) c C2®C”2®®CQ

Define a new tensor product structure as follows:
J.m) ® |7, ) = |7, m, @)

N/2
C2RC®---®Ca= P M; N,

N
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N/2
CoR@CoRV---RCo = EB M, 8./\6"
: - j=0
N
SBER{|j, m),m = —j....,5}  span{|j,a),a =

3053=(081)
i®ieiei=(0e1)®(0cl)
=081315(08152)
=0’21%22
39323933335=(001)0(0°61°62)
—Fo g gl

|j?'m:a> & 02 X C2 X ---F CQ

Define a new tensor product structure as follows:

7, m) ® |7, @) = |7, m, @)




“*Virtual bits” in classical information theory

Standard factorization into Cartesian product of 2 bits
(a,b) € {0.1} x {0,1}

Novel factorization into Cartesian product of 2 bits
(a.c) €{0.1} x {0,1}

where c¢=a = b is a virtual bit
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“*Virtual bits” in classical information theory

Standard factorization into Cartesian product of 2 bits
(a,b) € {0.1} x {0,1}

Novel factorization into Cartesian product of 2 bits
(a.c) € {0.1} x {0,1}

where c¢=a = b is a virtual bit

“Virtual subsystems™ in quantum theory
Standard factorization into tensor product of 2 qubits
H, © Ha

Novel factorization into tensor product of 2 qubits

H- © Hywhere C and D are virtual subsystems

[@)cl+)p =12, +) =[(0)4|0) + (1) 4|1)B
P)c|—)p =|®.—) =1(0)4[0)p —[1) 4|1)B
|¥)c|+)p =|¥.+) =[0)a[l)s + 1) 4|0)5
¥)el—)p =|¥.—) =(0)a[1)B — [1)4|0)B
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N/2
CoRCHR---RCr = 69 M; R .N;,

‘}_ L]
N
span{|j,m),m = —j,...,j; span{|j,a).a=1,....dy.
Representation Multiplicity |
spaces spaces |
_ e N 27+ 1
dyg, =i+ 1) ;= (_-\:/2 —_;) N/24+j+1
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N/2

C2RCR---®Cr= P M; QN

=1 .
N
span{|j,m),m = —j,....j; span{|j,a).a=1,...,dy
| Representation Multiplicity
spaces spaces
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7 15 950
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{Ex =G(le) (e| @ Ep)}

TrrslpER] = Trs[D(p) Ex]
_. where
D() =} | dQ(elUr(Q)le) U (UT(S



Internal RF paradigm

irsa: 08090075

{Ex =G(le) (e| ® Ex)}«

TrrslPER] = Trs[D(p) E]
_. where
D() =} | dQ(elUr(Q)]e) U (Q)()UT(S
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Internal RF paradigm
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iR (2541 J Internal RF paradigm
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Internal RF paradigm

UH’(Q) . Lr(Q)iEN
U(Q) = plwn-J

Limit of unbounded RF
Pirsa:osol;?s — id as JR — O

{Ex =G(le) (e| ® Ex)}x

TrrslpER] = Trs[D(p) Ex]
i where
D() =} [ d(elU()le)PU (@) (U (S

d+—G)dl
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JR + 1 Page 53/64
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\Where does the relation between R and S live in
the Hilbert space?
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\Where does the relation between R and S live in
the Hilbert space?

i -
o9 299 ,’
oy o
R
Hrps=C2RQC2R®---Cor @ Co

The relational degrees of
freedom between R and S are

- Invariant under collective
rotations

- Invariant under changes of
the internal d.o.f.s of .E....
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Internal RF paradigm
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There is a perfect copy of p and E, in each E*R -:;
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Internal RF paradigm
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Different sorts of RFs <— different groups

The results are similar for other groups
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Different sorts of RFs <— different groups

The results are similar for other groups

EXx: bounded-size phase reference
G(-) = [ doU(2)(-)U'(0)

p=36(le) (el ® p)
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Different sorts of RFs <— different groups

The results are similar for other groups

Ex: bounded-size phase reference
G() = [ doU(8)(WUT ()

Assume:
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Different sorts of RFs <— different groups

The results are similar for other groups

Ex: bounded-size phase reference
G() = [ doU(2)(-)UT(e)

Assume:
p = 36(le) (e| ® p) CRERER 3l 3
@, e ™ = \/f‘“ﬂﬁ-l-ln;:o| :
JW YAVAVEVIVAN
A AR

{Ek = g(‘@ (e|] ® Ek')}k One finds:

. |
TeaslpEil = TrsDOE] PP = G+ g




Conclusions

Quantum states describe exirinsic as well as intrinsic properties,
equivalently, relational rather than absolute degrees of freedom

External RF paradigm is just as good as internal RF paradigm
— One can even model bounded-size RF effects
These appear as effective decoherence for relational degrees of

freedom
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