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Abstract: A number of problems in quantum estimation can be formulated as a convex optimization [1]. Applications include: maximum likelihood
estimation, optimal experiment design, quantum state detection, and quantum metrology under instrumentation constraints. This talk will draw on
the work | have been involved with, e.g., [2], [3], [4]. Our work in optimal quantum error correction [5, 6] is also relevant. Great benefit is derived
using an error model which is specific to the system. Obtaining the errors from tomography is a logical route. How to do this, however, is an open
question. The constraint is the form required by the standard error-correction model upon which the optimization is constructed. | will present some
ideas on how to do the tomography in this context. &¢ Maximum Likelihood (ML) quantum estimation problems are easily formed as log-convex
optimization problems [1]. These include estimation of the state (density), estimation of the distribution of known input states, estimation of the
OSR elements for quantum process tomography, and estimation of the coefficients of a preselected basis set of OSR elements. Estimation of
Hamiltonian parameters, unfortunately, is not a convex optimization. Associated with these estimation problems, including Hamiltonian parameter
estimation, is an optimal experiment design (OED), which is convex, and which can determine the system configurations to maximize the estimation
accuracy [2]. Experiments have been performed In lan Walmsley&€™'s Group at Oxford using these methods [7, 8]. &¢ Quantum state detection
can be formulated as a convex optimization problem in the matrices of the POVM which characterize the measurement apparatus. Minimizing the
error probability is a semidefinite program (SDP) [9]. Maximizing the posterior probability of detection is a quasiconvex optimization problem [3].
&€EC¢ Quantum metrology subject to instrumentation constraints can be cast as a convex optimization problem [4]. Focusing on the single parameter
case, the optimization problem is alinear program (LP). The Fisher information from the LP solution for the constrained problem can be compared
to what is possible with no constraints, the Quantum Fisher Information. This approach is easily extended to the multi-parameter case. &€¢ Quantum
Error Correction (QEC) that is optimized with respect to the specific system at hand can reduce ancilla overhead while raising error thresholds for
fault-tolerant operation [5, 6, 10, 11]. The problem is cast as a bi-convex optimization problem, iterating between encoding and recovery, each being
an SDP. In [5] we introduced two new aspects of this approach: (i) we modified the objective functions to account for robustness, and (ii) posed the
problem in an indirect form which can be solved via a sequence of constrained |east-squares problems. This opens the way for solving extremely
large problemsin areasonable time period both from offline models and online from measured data, i.e., tomography.
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“Quantum Mechanical Computers,”
Optics News, February 1985.
Richard P. Feynman

“In a machine such as this there are very many other prob-
lems due to imperfections. ... there may be small terms in
the Hamiltonian besides the ones we've written. ... At least
some of these problems can be remedied in the usual way
by techniques such as error correcting codes ... But until we
find a specific implementation for this computer, | do not know
how to proceed to analyze these effects. However, it appears
that they would be very important in practice. This computer
seems to be very delicate and these imperfections may pro-
duce considerable havoc.”
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On Learning (a.k.a. “estimating”)

SEEKER “How do | gain Good Judgement?”

Pirsa: 08080045 Page 5/75



On Learning (a.k.a. “estimating”)

SEEKER “How do | gain Good Judgement?”

SAGE “You must first acquire Wisdom”~

Pirsa: 08080045 Page 6/75



On Learning (a.k.a. “estimating”™)

Pirsa: 08080045

SEEKER

SAGE

SEEKER

“‘How do | gain Good Judgement?”
“You must first acquire Wisdom’

“‘How do | gain Wisdom?”

Page 7/75



On Learning (a.k.a. “estimating”™)

Pirsa: 08080045

SEEKER “How do | gain Good Judgement?”

SAGE “You must first acquire Wisdom”~
SEEKER “How do | gain Wisdom?”

SAGE “From Bad Judgement”

Page 8/75



On Learning (a.k.a. “estimating”)
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SEEKER “How do | gain Good Judgement?”
SAGE “You must first acquire Wisdom”
SEEKER “How do | gain Wisdom?”

SAGE “From Bad Judgement”’

)

First rule of learning: Make Mistakes
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the following can be cast as convex optimization problems

e quantum state tomography

e quantum error correction

e quantum process tomography
e optimal experiment design

e quantum state detection

the following are generally not convex optimization problems

e Hamiltonian parameter estimation
— optimal experiment design is a cvx opt
e control design

— Is there analogous optimal experiment design for control?
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Convex Optimization

S. Boyd & L. Vandenberghe, Convex Optimization, Cambridge, 2004
Supporting Lecture Slides and Course Videos
http://stanford.edu/boyd
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minimize f(x)
subjectto r < C

if /() is a convex function, and (' is a convex set, then:

any local solution is global.
interior point method achieves the global optimum to within desired accuracy
duality theory yields optimality conditions

non-convex constraints can often be relaxed to convex constraints, thus always
providing a lower bound, and sometimes an upper bound.

MATLARB based (free) software available, e.g.,

— complilers: YALMIP (J. Lofberg, ETH) , CVX (M. Grant, S. Boyd, Y. Ye,
Stanford)

— solvers: SEDUMI, SDPT3, ...
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least-squares

linear program

convex optimization minimize

computation time (roughly)

minimize ||Ax — b
cost n2N
i

minimize ¢ =
subjectto Axr <5b

(A c RN *m)

e |less cost with structure
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cost n2N

fo(z)
subjeetino f.(x)< 0. i—1. ..., N
cost max{n3. n2N. K}

Kiscostof f;. Vf;. V2f;
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Convexity & Quantum Mechanics

examples of convex sets

probability outcomes {p; € R} Y x—1 m>d
i

density matrix { p = C'”"”} Trp=—1%1 p>0

positive operator
valued measure (POVM)

{o.ce>} Y 0,=hL, o;>@
:

= F -1
process matrix Pont— ) Xon B po B},
system representation {Y ¢ n2x n.i} a3
In fixed basis ot

Be U™ a—1 n< Z Xop B;BB =In, X >0
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examples of non-convex sets

pure state {p = |} (] ‘ () = 1}

Hamiltonian
parameter {p(T. 9) ‘ H(t,0) = Ho() + Y 0x Hi(t), 0<t< T}
estimation k

Control
design

{o(T | v() | H@®) = Ho+ X ox(®) By, 0<t<T}
k

e not every non-convex problem cannot be efficiently solved

e these latter two, in general, can have many local optimal points, which are often
quite good@ P

3Rabitz, Hsieh, Rosenthal. Quantum optimally controlled transition landscapes, Science, 2004

-2 Rahitz, Ho, Kosut, Demiralp. Topology of optimally controlled quantum mechanical transitieg). prab-
ability landscapes. Phys. Rev. A, 2006



Quantum State Tomography
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Collecting data from independent experiments

e with system in configuration &, repeat experiment /. times.

- k= {1 ..... H-Cfg}

— configurations include: prepared initial states, sample times,
frequencies, optical settings, applied control fields, ...

e record outcome counts n;z

— number of times outcome : occurred in configuration &

e repeat /. times:

outcome

B . Qk ) i € {1,...,nout}
with probability

IERESE & ! Pik )
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State tomography via Maximum Likelihood (ML) estimation

minimize L(p) = — Y _ n; log pix(p)
i,k

subjectto p;p(p) =TrO;.p, p=>0, Trp=1

e L(p) —negative log-likelihood function

e 1 ;. —outcome counts per configuration (data)
e ;. —system model (POVM)

e convexin p
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State tomography via Least-Squares (LS) estimation

Lk 2 _ 2
minimize V(o) =Y (b5 — pir(0))
i.k

subjectto p;r(p) =TrO;Lp, p=>0, Trp=1

e V' (p) — least-squares error

e p;. P = n;;/¢; —empirical probability estimate (data)
e ;1. —system model (POVM)

e convexin p

— not much less computational effort than ML

— convex optimization for any norm of the error: |[p*™MP — p(p) ||
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noisy measurements

e replace POVM with

11 'k

' noise—free
Oik _ Z pr_'l_cnse O
E‘.F

e pil7'S€ is probability of outcome i when noise-free outcome is i’
e rows and columns of p"°'€ both sum to 1

e if p79'S€ is incorrect, ML and LS remain convex optimizations, however, the
estimate of p is biased.

e estimating p and p"°'S€ seperately are each convex, but not jointly
— iterating often leads to good estimates
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State tomography via Least-Squares (LS) estimation

e = r ) 2
minimize V(p) =) _ (IJ?FIJ — Pik (f'}))
1.k

subjectto p;.(p) =TrO;Lp, p>0, Trp=1

e V' (p) — least-squares error

e p;. P = n;i/¢; —empirical probability estimate (data)
e ;. —system model (POVM)

e convexin p

— not much less computational effort than ML

— convex optimization for any norm of the error: ||p*™MP — p(p) ||

Pirsa: 08080045 Page 21/75



State tomography via Maximum Likelihood (ML) estimation

minimize L(p) = — Y _ n; log pi(p)
i,k

subjectto p;p(p) =TrO;.p, p=>0, Trp=1

e L(p) —negative log-likelihood function
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State tomography via Least-Squares (LS) estimation

b : _ 2
minimize V(p) =) (pffp —P;;k(ff*))

i.k
subjectto p;r.(p) =TrO;Lp, p=>0, Trp=1
e V' (p) —least-squares error
e p;. P = n;i/¢; —empirical probability estimate (data)

e O, —system model (POVM)

e convexin p
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— not much less computational effort than ML

— convex optimization for any norm of the error: |[p*™MP — p(p) ||
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noisy measurements

e replace POVM with

= noise ~noise—free
Ok = Z Pir  Opp
l;."

e pi17'S€ is probability of outcome i when noise-free outcome is i’
e rows and columns of p"°!S€ both sum to 1

e if p79'S€ is incorrect, ML and LS remain convex optimizations, however, the
estimate of p is biased.

e estimating p and p"°'S€ seperately are each convex, but not jointly
— iterating often leads to good estimates
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YALMIP code in MATLAB of (Idealized) Least-Squares Estimation

% load data: O - n x n X nout x ncfg, rho0 - n x n
% declare sdp variable

rho = sdpvar(n,n, "hermitian’, 'complex’) ;

$ make true and model probabilities: pO(i,k) and p(i,k)}
clear p0 p
for k=1:ncfg
faor 31=1-nouat
p0 (i, k)
p(i,k)

trace(O(:, :,1i,k) *rho0) ;

trace(O(:, :,1,k) *rho) ;

Il

Il

end

end

obj = norm(p0-p, "'fro’) ;
clist = set( rho >= 0 ) + set( trace(rho) == 1) ;

solvesdp (clist,obj) ;
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CPU times (2.4 Ghz, 2 GB RAM)

Np TNreal—par Mout Tcfg tcpu (S€C)

2 = 2 500 0.35
1000 0.38
- 15 2 500 0.40
1000 0.53
3 63 2 500 1.00
1000 EfS
3 63 4 500 1.40
1000 2.4
16 255 4 500 10.10
1000 15.5
20 399 4 500 20.1
1000 33.2
32 1023 4 500 151.0

e randomly selected pirye. O;L

e YALMIP calls the solver SDPT3
e tcpu Includes 10-20 SDP iterations (this is typical)
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State tomography of vibrational wavepackets in diatomic molecules®

Diatomic molecular system Electronic transition Signal from fluorescence
measurements of vibrations

= /” Target
= V. electronic
itate

rotations

ﬁj atom 1
/ /

v

=45 mm |
[

vibrations
atom 2 2
intemuckearDEtance
Reconstructed density
: &l a=0.1
r—SyJ
Prsa:os0a004s |Pary.emp — Pavy(pest)|| = 0.01 = Matthijs Branderhorst, lansveaimsley

University of Oxford



adding prior information

e modify objective = maximize Y n;; log p;r(p) + log po(p)
i.k

or add constraint = p = D

e if each element of p is uniformly distributed, then add constraint

{p|IW " vec(o — po)lloe < 1}

e if each element of p is normaly distributed, then add to objective,

log po(p) ~ [|[W 1/ 2vec(p — po) |3

W Is prior covariance matrix

e convex optimization in # if p(#) is affine in ¢
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Quantum Process Tomography

The characterization of dynamics of open quantum systems

e a fundamental problem in quantum information science and coherent control

— for verifying the performance of an information-processing device

— for design of decoherence prevention/correction methods
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OSR — Process Matrix

e Expandn x n OSRelements {A,. u=1...., ¢} in a fixed basis

2
It
_—Lu — Z ~I‘j_tn‘_‘t Bﬂ- Bﬂ = C P
T — |
e Process matrix
l g e
.« _ X cCnxn
(X)..0— ey X = 5
g F,,Z=:1 T —. ) quadraticinz, € C™
Z Xap B! By — F, pgsl_twezsemtdeﬁmte
a.3 | n n< real paramters
Process Matrix — (equivalent) OSR
=
SVDof X =VSVT = A, = 3 /suVauBa. p=1..... n?
a—F

e number of numerically non-zero s;, = rankX < n?: often < n?

Pirsa: 08080045
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Relax quadratic equality constraintto X > 0

ML Process Tomography

minimize L(X) = —) n; log pjr(X)
ik
subjectto Y X 3BLBg=1I,. X >0
.3
Pik(X) = Tr XRix, (Rix)ag = Tr Ba pr Bj Oj

e e x
e convex optimizationin X « C™ ="

e n* — n? real parameters to estimate

Process Matrix to OSR

relaxed optimal .\ is optimal ML estimate

X — AviaSVD of X =
number of OSR < n?
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OSR — Process Matrix

e Expandn x n OSRelements {A,. u=1...., ¢} in a fixed basis

9
*‘l,u — Ipice Ba, Ba€C ™
a—1
e Process matrix
¢ e e
= . jﬂ F C LT XTE
(X)..5— e X2 =
i Ju,z=:1 - ey quadratic in x, € C n?
Y X.g B{'T! B = In positive semidefinite
af | | n* — n? real paramters
Process Matrix — (equivalent) OSR
=9
SVWDof X =VSVI = A, = Y /suVouBa, p=1,..., n2
a=1

e number of numerically non-zero s;, = rankX < n?: often < n?
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Relax quadratic equality constraintto Y > 0

ML Process Tomography

minimize L(X) = —) n;; log p;r(X)
ik
subjectto Y X.gBLBg=1In, X >0
a. 3
Pit(X) = Tr XRip, (Rix)as = Tt Ba pr B3 Oy

e ¥ g
e convex optimizationin X « C "™ ="

e n* — n? real parameters to estimate

Process Matrix to OSR

relaxed optimal .\ is optimal ML estimate

X — AviaSVD of X =
number of OSR < n?
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OSR — Process Matrix

e Expandn x n OSRelements {A,. u=1...., ¢} in a fixed basis

o
*‘l,u = Z I e Ba. o € C™
a=—1
e Process matrix
£ - P
" _ X cCn Xn
€X).0— T T g =
E p,zzzl S e quadratic in x,, € C n?
Y X.4 Bct Bs = I positive semidefinite
af | n* — n? real paramters
Process Matrix — (equivalent) OSR
<3
SaF X —V5Ft —= AL — Y Vel p—1 ___ n2
a=1

e number of numerically non-zero s;, = rankX < n?: often < n?
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Relax quadratic equality constraintto X > 0

ML Process Tomography

minimize L(X) = —) n; log pjr(X)
ik
subjectto Y X, gBLBg=1In, X >0
a. 3
Pit(X) = Tr XRip, (Rix)ag = Tt Ba pr Bj Oy

e N s
e convex optimizationin X « C ™ ="

e n% — n? real parameters to estimate

Process Matrix to OSR

relaxed optimal .\ is optimal ML estimate

X — AviaSVD of X =
number of OSR < n?
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Parametric process tomography

OSR basis model

o, — { e ie—E. m.}

parametric OSR model

AF) — { \,Ejﬂ cC™, ac Ry |p=1,...,m }

ML parametric process tomography
minimize L(#) = —) ny log(al0). (a;)u = Tr Of_kﬁﬁpkﬂ
ik
subjectto 4 > 0. Z OuA,, A, =1,

e a convex optimizationin# € R™

e m < n* — n?2 —— considerable reduction over standard QPT
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Parametric process tomography

OSR basis model

E={IMEC”""“ jle—5%__ m.}

parametric OSR model

A(0) = { \(ET# cC™ N el | p— 1.....1?1}

ML parametric process tomography

minimize L(#) = —) n; log(al0). (ajp)u=Tr Oikiﬁpkjl
t.k

subjectto >0, > 0,4 A, =I,
n

e a convex optimizationin# € R™

e m < n* — n?2 —— considerable reduction over standard QPT
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Process tomography of vibrational wavepackets in diatomic molecules

Diatomic molecular system Electronic transition Signal from fluorescence

measurements of vibrations

= —— Farget
TUtﬁthﬂS atum 1 \ "'"II‘” // 2lectranic x

] tate = PN | i | Pout
V- = I
v g

1000 - 111

i ws | 11 I

\ B iy, 1
B ¥ X — G g e I l |- -.-.r' -1-r/'-:l_\"‘.-l"""“*-' =Ly
ound [ g
atom2 N e _ (il ¥
wbrat]ﬂns, state . T
o
IntemuckearDistance ) = a - il :I'Pn] = 2 - "
Reconstructed Process Matrix /

Reduction of variables from 6% — 62 = 1260 in X

Re(X) to 150 in @ via model-based OSR basis set {Au}

minimize L(#) =-Y (3 "° — Tr O pout)?
- e i.k
subject to pout = Y _ O Au pin A;
Im (), g
Y 6.4, 4.—1 030
Pirsa: 08080045 = o il K Page 38175
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e how “good” is the parametric model?

e to test the limit of performance eliminate effect of selecting configurations, /.e.,
POVMs and input states

lpout — Pout(?)llfro = |l Z AHPinAL e irj-!;L'ijguui’injml1"rt::
L

< 1D AL ® Ay — 64, @ Ayll2 [Ivec(pin) |2
7
e configuration-free (convex) optimization

minimize ||} A; ® Ay —60,A, @ Aull2
I

subjectto # > 0. ) H#ELI#, =
7
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numerical example

e actual system —input state is |Og) (Og| @ pg

Hamiltonian H =Igp @ Hg+ A €H ngnq

OSR A={4y, . ... A}

e parametric OSR model

A(0) = {v’gl Al AHE}

Pirsa: 08080045
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Histograms of fidelity

D-E T T T

nﬁzlﬁ
0.1k ]
T -.-I.h.l |
0.8 0.85 0.9 0.95 |
D-2 I ] I

”3232
0.1F
g lhm HWHWLMW i . |
0.8 0.85 0.9 0.95 1
U_z T T T

na:bxi
0.1F M
) mﬂMﬂ 2 iy

0.8 0.85 0.9 0.95 1

fidelity
e control: Hg produces the Bell transform ( ng = 4)
e system: |A|| = 0.025withny =n3 =16 =— Ac<H®*
e basis: |A]| = 17 € {16,32,.64} — A < H{64128.256]
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f(A. A)

f(A@9). A)

e A random, 50
runs

e A held fixed per
run

e standard QPT:
240 parameters
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Histograms of fidelity

0.4+ HB =16 a
02 I i
0 | 1 nmﬂhﬂﬂﬂ
08 0.85 09 0.95 1
I I T
04k n, =32 J
02 H T
D I 1 HI jmi
08 0.85 09 0.95 1
04 HB:64 _
02 3
.D | | |
08 085 09 0.95 1

fidelity

e control: Hg produces the Bell transform (nQ —)
64

>
(T

o system: ||A|| = 0.01 with n; = né — 16

e basis: ||A]| = 0.5 withn, € {16.32,64}
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H
E1{64.128.256}

| |

.

f(A. A)

f(A(9), A)

e A random, 50

runs

e A held fixed per

run

e standard QPT:

240 parameters
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numerical example

e actual system —input state is |Og) (Og| @ pg

Hamiltonian H =Ig@ Hg+ A €H ngng

OSR A={A4;,..., An,

e basis system — input state is |0%) (Og{ @ pg

Hamiltonian H = IF & HQ + N &8 TENQ

|
|

OSR {A1,...,Any}, ng=m5

e parametric OSR model

Pirsa: 08080045
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Histograms of fidelity

D_z T T T

nazlﬁ
0.1k ]
Shmmdll Mk dl o . ou -.-Ih.l |
0.8 0.85 0.9 0.95 |
D-2 I I T

HBZSE
0.1F
g hm HHMMW i . |
0.8 0.85 0.9 0.95 1
ﬂ_z T T T

na:bf—l
0.1F M
) mﬂMﬂ s by

0.8 0.85 0.0 0.95 1

fidelity
e control: Hg produces the Bell transform (n.Q — 4
e system: |A|| = 0.025withny =n3 =16 =— AcH®*
e basis: ||A]| = 17, € {16.32,64} — A < H{64128.256]
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f(A.A)

f(A(9). A)

e A random, 50
runs

e A held fixed per
run

e standard QPT:
240 parameters
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Quantum State Detection
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Optimal experiment design for state estimation

model pit(p) = Tr Oz p, Trp=1 p=>0
data n;. — #(:2 | k) from ¢ out of N experiments
variables & — (]

unbiased estimate p(¢). > (. =N
k

variance lower bound from Crameér-Rao Inequality

—1
E |5(¢4) — fotrue|i2 > V(L prrye) = Tr ( E bk Fk(Ptrue))
k

Fr(ptrye) = CT (Z (vec O;)(vec O)"

SR n?—1xn?—1
; pik(ﬁ'true)

. 2 2 :
e C' € R™ *n"—1 gccounts for constraint Tr p = 1

e a criterion for experiment design — V' (¢, p) with surrogate p for p;.,,.
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Reconstructed two-photon mixed state via OED

« OED for mixed state; tomography goal: 0.05 error.

Real Imag 0.16
_-"'"'--m"-. T X
| &* -:"’F e 1 \-_-""-.- -"m‘\..
| L g% o > ) e
- - = .
L l—+|-1_|:r e ‘ N CE ~
W '\.._.\-_-F - "u"HuV VH . - _,_d-ﬂ-"dHW
Flov v vV HpaHY 0

45 45 45 225 225 225 225 225
0 0 0 45 45 45 0 0
g- i I8 5 205 1 0 -225

Settings 45 90 9 45 0 0 45

Waveplate E |
q

9 data sets, 5,200 experiments each for saturating CR bound.

Real Imag

« Mean CR from data set:

CR,pnp = 0.051

Pirsa: 08080045
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Maximum likelihood Hamiltonian parameter estimation

minimize L(#) = —) n; log p;r(6)

i,k

subjectto p;.(f) = Tr O;n(8) pr.. # €O

e typically © isaconvexset, eg., |# —Onom!| <o

e example: Hamiltonian system model

Hy(t.0)
O;x(9)

Hpo(®)+ D) 6,Hp ,(t). 0<t<T
. L’
U(T.0) M;.U(T, 6)

e ML (or LS) not, in general, a convex optimization of # = ©

e OED is a convex optimization in distribution of experiments

Pirsa: 08080045
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normalized Hamiltonian in rotating frame
H = H;+H>+Hpo

1

iy — S oiE bl e iR @b
1 e i =
Hy = Fle2: woll2® Z) + 22, w112 @ X))
H12 = e u.!CS
wo = way = 792° " Bz, w1 =707y Bay. we=gc""/h

controls — normalized gate voltages

- -

=1z: S1x» 225 S22, Cc
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Semiconductor two-qubit gate — idealized g-factor control (UCLA/HRL)

Hi=H1D

B — H1+H2+H12{H2:fgfﬁﬁg

Ho = (00:ZB:+ gny (XBa+YBy) ), n=1.2
Hip = geS

e ~ — gyromagnetic ratio
e X.Y Z—2 x 2 Paul spin matrices
e S —4 x 4 spin coupling matrix S = X©2 L Y©2 | 792

B. — constant
e B:. By, B —magnetic field { By = Bzy COSwzyt

e controlled “g-factors” gc. {gn.z. gnzy. n = 1.2}
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normalized Hamiltonian in rotating frame
H = H;+H>+ Hyo

1

Hy = 5[31: wo(Z @17) + 51, w1 (X @ I5)]
1 — . T
Ho = 5[32; wo(l2 @ Z) + 2, w1 (I2 @ X)]
Hip = ccweS
wo = wey =792 Bz, W1 =gy Bay, we=gg°"/h

controls — normalized gate voltages

=1zs 1z £22; £22s Ec
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“a” realization of the Bell transform

Ugell = (Unad ® I2) /Uswap (X /% ® x5 ».;"'ﬁf-"swap (I2® X)

pulse control sequence

€12 €1z |22 €22 |cc|| At gate

0 ¢ |le 1|af= —ilb @ X

0 0 [0 o1& | e &/TUswap

0 0 |0 1 (0]l ] e 3LaXY?
0 1 o ool ;T"l e “2x ZqF

0 0 |0 0 |1|gZ | e '5/Uswap

“had =had | 0 O |O | = —iUpzaq @ I
woV 2 wiv2 Il “had “had ‘= £2
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(iterative) adaptive control

intialize

e pulse sequence

repeat

e implement pulse sequence

e Mmeasure / at

—tf = ncrg— 1 (nsa = 1)
- (tf/2, tf) = ncgg =2 (nsa = 2)

e ML estimate of w4

until

e performance critertion satisfied (process tomography — fidelity?)

Pirsa: 08080045
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L(w1) =) _ pir(w1) log Tr pip(wi)

Pirsa: 08080045

example with infinite data

average likelihood function

i.k
INgg — 1

(in)fidelity
1 — f(U(e(w1)). Ugen)

b 8 bbb

4
“% \/

o . . . .

0% 1 2 13

=

- - F

af ,4/
a.af

asf

s g i3 13

model parameter (wq /wq)

model parameter (wq /w1)
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Optimal experiment design for Hamiltonian parameter estimation

model pik(8) = Tr O;r(8) pr
data n;r. — #(i | k) from ¢z out of N experiments
variables £ — i}

unbiased estimate 6(¢)

variance lower bound from Cramer-Rao Inequality
= —3
E 16(0) — 0|12 > V(£.0) = Tr (Z A Fk(ﬂ))
k
T I
Fr(0) =) (\_9 Pik(9)> (\_-9 P-ik('g)) /Pir(6)
7

) (.= N. [is aninteger
k
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State & Process Tomography: Summary

Convex Optimization? 2

Tomography Variable MLE OED
State (density) yes yes

State distribution yes yes
Process matrix (fixed basis) yes yes
OSR distribution yes yes
Hamiltonian parameters not always | yes

4R. L. Kosut, |I. A. Walmsley and H. Rabitz, Optimal experiment design for quantum state and
Pirsa: RE@EESS tomography and Hamiltonian parameter estimation, quant-ph/0411093, Nov. 2004ege /75



Quantum Error Correction
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Example: perfect tomography

Hog(t) = Ig @ Ho(t) + Herr(t), ngg = (221T"ca) ng

achieved fidelity
© o o o o
(1%} i8] L] ) w
n (4] | o o —

Q
W
=

0.92
1

I I I [ I
| H__[|=0.25: PR R
1 erm E e s
J;:I:“' 5___, -y :

= e o S e ]

¥ s i
¥ :E' : :
F E

B i }J./._ .............. i __10 ﬂeratmns e

’_’__ ----- 1 iteration

no iterations

number of codespace qubits

3

4

3

6

e the goal is to preserve 2
qubits (ng = 4)

e 1-0 errorbars from 100
runs with Herr chosen ran-
domly and then normal-
ized to || Herr|| = 0.25

e shows tradeoff: codespace qubits vs. tomgraphies, e.g.,
fach > 0.98 costs (4 qubits, 1 tomog.) or (3 qubits, 10 tomog.)
fach > 0.99 costs (6 qubits, 1 tomog.) or (4 qubits, 10 tomog.)
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Concluding Remarks
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On Learning (a.k.a. “estimating”)

First rule of learning: Make Mistakes
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On Learning (a.k.a. “estimating”™)

First rule of learning: Make Mistakes

Second rule of learning: Correct Mistakes

)
Feedback Control
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UBIQUITOUS FOR QIP/QEC

CONTROL IS REQUIRED
EVERYWHERE
THERE IS A DESIRED UNITARY.

Source: 1969 Doubleday Book Cover
UBIK by Philip K. Dick
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The Feedback Control design paradigm

“Flyball Governor”
for steam engine control
James Watt (ca. 1788)

completely mechanical
“natural” speed regulation

Is there a
Quantum Flyball Governor?

completely quantum mechanical
‘natural” quantum error correction
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Control of Quantum Systems

Pirsa: 08080045

__I_
—

Learning Feedforward

>

+

L-FF

jg——1

Classical Feedback

i

_.I_

i

>

C-FB

—

Quantum Feedback

e

| Q-FB
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Optimal Control: single-qubit

Multiparticle environment: Hadamard

M. Grace, et al_, J. Mod. Opt. (2007)



“ ... and these imperfections may produce
considerable havoc.’

— Richard Feynman

“It ain’t what you don’'t know
that gets you into trouble.
It's what you know for sure
that just ain’t so.”

— Mark Twain

Oxford, 1907
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Quantum error correction model

System-ancilla representation

Pc e
s —r- = e — ,55
(_L? o E ;r_*’r_‘:
0ca)—> e —— >
ORra)—> >
Us = [C ---], CeCTc™s, (ng=ngng,) C'C=Ig
Rq |
Up = [R---], RE= : , R;eC™s*"c, R'R=1I,
"MeaATpa

Design goal

Determine encoding C and recovery X to so that the noisy channel, &0, is
as close as possible to a desired unitary Ug.
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Quantum error correction model

System-ancilla representation

Pc oC
PG — _h' ., I' — B ._55,
'r_f - ) E *r_*R
Oc4)—> = — >
Opa)—> >
U = [€ -], €CeC€™™s, (mp—ngny,) CC=I
Rq |
by | — PR, B— 5 , R;eCms*mc, RIR=1I,
EHCA”RA

Design goal

-

Determine encoding C and recovery X to so that the noisy channel, R&£C, is
as close as possible to a desired unitary Ug.
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Performance measures 20 ¢

Channel fidelity between REC and [.-'*S

1 ; :
f==>_ |TrUg'REcC|?

g re

Perfect error correction, f — 1, if and only if there are constants «,. such that

RrEf(_-' pr— (}.-rﬁ{‘_s- Z f{.-'f.-r‘f'|2 — 1.
r.e

This suggests the indirect measure of fidelity, the “distance-like” error,

z r_'n~,;|2 —1 }

r.E T,E

d = min { Y BB — ot

4B. Schumacher, Phys. Rev. A, (1996)
BE. Knill, R. Laflamme, Phys. Rev. A, (1997)
risa“dbdeofes Nielsen, | .L. Chuang. Quantum Computation and Quantum Information, Cambridge ¢20463)



Direct Fidelity Maximization 2°¢d

Indirect Fidelity Maximization ¢

minimize d=>_ ||R,EC — arUgllfg

e

subjectto Y R, 'R, =1, C'C=1Ig, Y |are2=1
3 r.€

e iterating (either) between recovery and encoding —— local optimum.

e relation between fidelity and distance
2
d=2ngs(1 — e = (l —d/?-ns)

= Reimpell & R. FE Wemer, Phys. Rev Leit. (2005)
tJ’I'w-l. Yamamoto, S. Hara, & K. Tsumura, Phys. Rev. A, (2003)
€A_S_Fletcher. P W. Shor. & M. Z_ Win, Phys. Rev. A (2007)
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Error system uncertainty

e error system is one of a number of possible error systems:

e sources of uncertainty

— different runs of a tomography experiment can yield different error channels.

— model Hamiltonian H (#) dependent upon an uncertain set of parameters
6 — take a sample { H(63) }g=1 will result in a set of error systems

e errors can be mitigated by

— fault-tolerant methods which rely on several levels of code concatenation

— robust error correction — include specific uncertainty, e.g.. use average error
system:

Eavg {\/EE_JE|E’:1 ..... mg, B = t‘f}
P3 1/¢ (uniform probability)
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Quantum Estimation via Convex Optimization

Robert Kosut
SC Solutions, Sunnyvale, CA

collaborators

H. Rabitz. C. Brif, M. Grace I. Walmsley, M. Branderhorst
Princeton Oxford

D. Lidar. A. Shabani E. Yablonovitch. R. Caflisch
USC UCLA

Research supported by the DARPA QuIST Program
(Quantum Information Science & Technology)
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Convex Optimization

S. Boyd & L. Vandenberghe, Convex Optimization, Cambridge, 2004
Supporting Lecture Slides and Course Videos
http://stanford.edu/boyd
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Collecting data from independent experiments

e with system in configuration &, repeat experiment ;. times.

-k c {1 ..... Hcfg}

— configurations include: prepared initial states, sample times,
frequencies, optical settings, applied control fields, ..

e record outcome counts n;z

— number of times outcome ¢ occurred in configuration &

e repeat ;. times:

outcome

E Qk ! i € {1,-.-,nout}
with probability

T21272) ! Pik
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State tomography via Maximum Likelihood (ML) estimation

minimize L(p) = — Y n; log pip(p)
ik

subjectto p;p(p) =TrO;.p, p>0, Trp=1

e L(p)—negative log-likelihood function
e n ;. —outcome counts per configuration (data)

e ;. —system model (POVM)

e convexin p
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