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Abstract: The experimental realization of entangled states requires tools for characterizing the produced states as well as the processes used for

creating the entanglement. In my talk, | will present examples of quantum measurements occuring in trapped ion experiments aiming at creating
high-fidelity quantum gates.
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Experiments with single trapped ions

: % F. '
;

Precision spectroscopy / | [ Quantum information processing
Optical frequency standards

Entangled states of 4...8 ions

a3 | | {
Absolute frequency measurement H. Haffner et al, Nature 438, 643 (2005)

of the S,,-D5;; fransition in ““Ca*~

High-fidelity two-ion quantum gate

M. Chwalla et al., arXiv:0806.1414 g \ -
N N i Benhelm et ai., Nat. Phys. 4, 463 (2008 )

Quantum metrology

‘Designer atoms’ for quantum metrology
a2 a C. F. Roos et al, Nature 443, 316 (2006)
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Experiments with single trapped ions

r ¥,
!

Precision spectroscopy / | | Quantum information processing
Optical frequency standards

Ente Y
o psss  Quantum state tomography

Absolute frequency measurement &, —|SS) +|DD)
of the S, -D-, transition in “°Ca* High | ‘ il i "
M. Chwalla et al., arXiv:0806.1414 /  \' J Benhelt : ‘*
\““-u-_ _,.-/ e | S :
L Re(pexp) IM(pexp)
< -4
Vs =,
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Quantum information processing (with trapped ions)

W _
o -I—= E .
EE—

0) - ' A P

Well-defined ’ — | —
qubits 10) | [ D
0) »
Initializiation Quantum algorithm: Single qubit gates F>99.5% Detection

p=39.9% p=99.9%

Entangling gates | F=90...99% (?)

Current experiments:

2 - 4 jons, few entangling gates

Challenges:
» Increase number of ions
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» Reduce gate error rates
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Quantum information processing with trapped ions




Quantum information processing with trapped ions

400 a+t

P
1/2 D5;2
Quantum
Bit
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Coupling ions for quantum gate operations

lon crystals:
Carriers of quantum information

o
Internal

degrees of freedom /ﬁ\ le) (e e)

btaorage of quantum information | | 1* | _i_ \

A ——lg) 9)
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Coupling ions for quantum gate operations

lon crystals:
Larriers of quantum information

Internal
degrees of freedom +ﬁ\’t‘33 ’#T \ le)
storage of quantum information ) ‘ ,
| o —l—/ g) g)
W = alg) + Ole, —_— g \_/ 9
External
degrees of freedom
Coulomb coupling: .center-of-mass mode”
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Coupling ions for quantum gate operations

lon crystals:
Carriers of quantum information

Internal
degrees of freedom y

storage of quantum information

W =an 5’}' ‘+— 3 f ¥/ |g” J'g’

External
degrees of freedom

Coulomb coupling: .center-of-mass mode”
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Coupling ions for quantum gate operations

lon crystals:
Carriers of quantum information

Internal
degrees of freedom 4. | . 5l
€g ) _._\[E; +\.]Ef
btorage of quantum information J.|
W —alg) | Jle) \_./ 9 \_/ 9/

External
degrees of freedom

Coulomb coupling: .center-of-mass mode” _stretch mode”
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Coupling ions for quantum gate operations

lon crystals:
Carriers of quantum information

Internal
degrees of freedom

btorage of quantum information
W = alg) + Ole)

External
degrees of freedom

Effective ion-ion interaction
y coupling internal and external
states with lasers
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Coherent manipulation by laser pulses

2-level-atom harmonic trap joint energy levels |D, 2)
|D, 1)
: : |D, Q)
| D) : \ /
23\ /
hwg X | 1\ /i 1S, 2)
15} —* e A N 5. 1)
| t S, 0)
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Coherent manipulation by laser pulses

2-level-atom harmonic trap joint energy levels |D, 2)
D.1)
. |D, 0) |
| D) \ / 2
; 29\ / > Q
huwg X Al /4 Q 1S, 2)
— ONSA = 51
. 0)

€1 . Rabi frequency

Carrier excitation:
Manipulation of the internal state

|S) «— |D)

Pirsa: 08080032
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Coherent manipulation by laser pulses

2-level-atom

L

hwq
1S) eulll B

harmonic trap
\ : /
SR w—
* hv
N4

Carrier excitation:
Manipulation of the internal state

|S) «— |D) 0.5t

Blue sideband excitation:
Entangling internal and motional state

Pirsa: 080800FS> | n> s | D) | n _I__ l}

D stafe
population

1.5 2
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Quantum algorithms with trapped ions

Elementary building blocks: entangling quantum gates

Controlled-NOT gate

qubit 1 — .
) ‘ SWAP SWAP-
ion motion ---- : ,I\ .

qubit 2 .,

Bell state fidelity: F=95%

M. Riebe et al, PRL 97, 220407 (2006)
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Quantum algorithms with trapped ions

Elementary building blocks: entangling quantum gates

Controlled-NOT gate

qubit 2

qubit 1 — -
_ _ SWAP SWAP-1
ion motion ---- : ,L .

L/

Bell state fidelity: F=95%

M. Riebe et al., PRL 97, 220407 (2006)

Sarensen-Meglmer gate

qubit 1 — —

ion motion ----- ei ToyQay boeme

qubit 2 —_ _

Bell state fidelity: F =99.3(1)%

J. Benhelm et al.. Nat. Phys. 4, 463 (2008)
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Quantum algorithms with trapped ions

Elementary building blocks: entangling quantum gates

Controlled-NOT gate

qubit 2

qubit 1 — -
: _ SWAP SWAP-
ion motion ---- : ,L -

L/

Bell state fidelity: F=95%

M. Riebe et al., PRL 97, 220407 (2006)

Sarensen-Mglmer gate

qubit 1 — —

ion motion - e’i ToyQ0y beeee

qubit 2 _ —_

Bell state fidelity: F =99.3(1)%

J. Benhelm et al.. Nat. Phys. 4, 463 (2008)

—ezrmeo: | CNaracterize the quantum gates by tomography of its output states ruwe 226




Experiments with 4°Ca* : Experimental procedure

1. Initialization
P’Tf2

D5f2
Doppler _
cooling Sé?}itljiﬁ;d

STIE
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Experiments with 4°Ca* : Experimental procedure

1. Initialization

DS! 7.

2. Coherent excitation of
S, — D, transition

Quantum state
manipulation

S‘HE
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Experiments with 4°Ca* : Experimental procedure

1. Initialization

P’Tf’z Dg,.rg
+
Fluorescence 2. Coherent excitation of
detection Sy, — Ds,; transition

3. Quantum state measurement

ST!E 2
by fluorescence detection
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Experiments with 4°Ca* : Experimental procedure

1. Initialization

P
12 DS;’E

2. Coherent excitation of

Fluorescence =
S,,, —D., transition

detection

ﬂ 3. Quantum state measurement

S“HE .
by fluorescence detection
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Experiments with 4°Ca* : Experimental procedure

1. Inimalization
sz DS!’J
+
Fluorescence 2. Coherent excitation of
detection S,;; — Dy, transition

. 3. Quantum state measurement
by fluorescence detection

S“HE

Pirsa: 08080032 Page 27/64



Experiments with 4°Ca* : Experimental procedure

1. Initialization

P
ki D)
i 2. Coherent excitation of
el S, — D, transition
- 3. Quantum state measurement
by fluorescence detection
One ion: _e shmma
Photon count & .
: 105 S~
histogram < - 7 -
@ 102 - ;' ".
= = s ~
E 1) = <
1 gt
. L =
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Experiments with 4°Ca* : Experimental procedure

1. Initialization
P’IE

DSFE
---"---
Fluorescence 2. Coherent excitation of
detection Sy,; — D5, transition

S, 3. Quantum state measurement
by fluorescence detection
One ion: 105
- 10°
Photon count & _
histogram <
& 100
=
=
Z 101._
A 100? E - .
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Experiments with 4°Ca* : Experimental procedure

1. Initialization

P
12 |:)5!{2

2. Coherent excitation of

Fluorescence =
S,,, —D., transition

detection

S, 3. Quantum state measurement
by fluorescence detection
One ion: L
V0%
2
Photon count e
histogram = |
8107,
E ;
=
- 107
o ESET BOD32 Aninarus
| 10°: : = : Server mclt gefundes
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Experiments with 4°Ca* : Experimental procedure

1. Initialization
P’TFE

DS!E
+
Eluorescence 2. Coherent excitation of
detection S5 — D5, transition

3. Quantum state measurement

S“HE 5
by fluorescence detection

One ion: s

o 10¢
Photon count & _
histogram <
3 102.
E I

= |

-
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Experiments with 4°Ca* : Experimental procedure

1. Initialization
P’TIE

DS!E
+
Fluorescence 2. Coherent excitation of
detection S,z — D5, transition

3. Quantum state measurement

S‘HE 2
by fluorescence detection

Two ions:

Spatially resolved
detection with
CCD camera

50 experiments / s

Repeat experiments
100-200 times
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Bell state analysis

ISD) + |DS)

Fluorescence
detection with
CCD camera:



Bell state analysis

ISD) + |DS)

Fluorescence
detection with
CCD camera:

Coaoherent superposition or incoherent mixture ?

What is the relative phase of the superposition ?

Pirsa: 08080032

(1SS)

1SD)

IDS)

| =4
L
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Bell state analysis

( |SS)

|ISD) + |DS) ] [
Fluorescence |1SD) B
E

detection with

CCD camera: l DS)

Coaoherent superposition or incoherent mixture ?
e . oo
What is the relative phase of the superposition ? )

—— Measurement of the density matrix

Pirsa: 08080032 Page 35/6
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Reconstruction of the density matrix

One qubit: /1—

5 \
_— % (I +ngoz + nyoy + n:o:) I."I/ n/' I\h
1 1} X
\ /
Observables: Pauli spin matrices .0z, 0y, 02 /

Expectation values: n; — {o03) \-
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Reconstruction of the density matrix

One qubit:

1
P = 5 (I + N0 + NyOy ‘I‘ 'nzﬂ'z)

Observables: Pauli spin matrices .0z, 0y, 02

Expectation values: n; = {o3)

|+>z i |D}

Natural measurement basis: :
|—)z < |S)

Pirsa: 08080032

|1S)

- Fluorescence measurement
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Reconstruction of the density matrix

One qubit:

1
p = 5 (I-[— N0 +'ﬂyﬂ'y +'ﬂzﬂ';)

Observables: Pauli spin matrices .0z, 0y, 02

Expectation values: n; = (o;)

|+)z < | D)

Natural measurement basis: ;
|—)z <> |S)

+)z.y

| =)=y

Other measurement bases:

Pirsa: 08080032

1S)

- Fluorescence measurement

n/2 pulse

—_

fluorescence measurement



Reconstruction of the density matrix

Z J|D)
One qubit: i
) =)
_ : (oz)] o :
p—i(I-I—ﬂIJI‘I—ﬂny-I-nz :) I.far e \
= : = 1 X
'm\& (O-l‘ } )
Observables: Pauli spin matrices I. oz, oy, 0 | 4
Expectation values: 1w —{az) \"lg/
)
N gubits:
Representation of p as a sum of orthogonal observables A :
p=2 (A;) A A —op G @

2

: 08080032
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Measurement uncertainties

Direct reconstruction:

Is pr =) (A;) A; positive semidefinite ?

!

... not necessarily:
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Measurement uncertainties

Z

"y : -

Direct reconstruction:
S = L= {J‘."" ﬁ
5 pp— Z<Ai> A; positive semidefinite ? 4
1 -1 1| x
(oz)

... not necessarily:

-1

Shot noise in the measuremen
might give rise to
unphysical density matrices

Maximum likelihood estimation:

Determine density matrix that is most likely to reproduce the
ree P 8kperimentally observed results.
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Maximum likelihood estimation

Maximum likelihood estimation: (Hradil ‘97, Banaszek '99)

Find the density matrix that is most likely to reproduce the experimentally observec
results.

In N experiments,the quantum state is projected onto the outcomes |y;).

f; . relative frequency of the outcome |y;)

On the set of density matrices p, look for the
matrix that maximizes

£(p) = [I(yjlely;)™ 7

J

Maximize L(p) = log L(p) = N ¥, f;loa(y;|ply;)
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Analysis of two-qubit states

prepare Bell state

_ 200 repetitions
no rotation
measure (,_,.gl)% (crgz)% (Hgl)cr?)}
prepare Bell state 200 repetitions

lon #1, y - rotation
lon #2, identity
measure

:

(os), {JEQ)} ; {ﬂ‘.g:ljxrgg) )

9 different
settings

prepare Bell state N
ion #1. x - rotation 200 repetitions
lon #2. X - rotation

2 1 2
measure (o ). (o ) (g Yog D)
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Bell state reconstruction

Measurement of 16 observables | S D) — | DS}
9 different settings, measurement time =40 s
F=0.91
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Three-ion entangled states

1

73 (|ISDD) + |DSD) + |DDS))

. Fidelity: 85 %

experimental result theoretical expectation
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Four-ion W-states

W, = %( DDDS)+|DDSD)+|DSDD)+|SDDD))
v

Pirsa: 08080032

H S ffrmar af af Blattira A9 A7 0SS

F=8%%
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Five-ion W-states

s = 2=(|DDDDS) +|DDDSD) +|DDSDD)+|DSDDD) + |SDDDD)

F=78%

0.2-
0.15
|pij| 0
0.05
Q-
2 S
S S
< S8
RN = 0, D
=
STERS 05050
Pirsa: 08080032 9 Q%%Q Ogg‘ﬁ O Page 47/64
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Six-ion W-states

W = ﬁ%( DDDDDS)+|DDDDSD)+|DDDSDD)+
IDDSDDD) + |DSDDDD) + |SDDDDD))

Pirsa: 08080032 "o 650" Page 48/64
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Seven-ion W-states

|pij|

Pirsa: 08080032 ; Page 49/64
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Six-ion W-states

W = %( DDDDDS)+|DDDDSD)+|DDDSDD)+
IDDSDDD) + |DSDDDD) + |SDDDDD))

- il o A
Pirsa: 08080032 o O Page 50/64
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Five-ion W-states

e = f—g(iDDDDS‘} +|DDDSD) +|DDSDD)+|DSDDD) + |SDDDD)

F=78%

0.2
15

lpij| o
0.05

0.
2 =&
S
2 S8,
) OO > 9, O
S
2T B
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Six-ion W-states

W = \%‘6( DDDDDS)+|DDDDSD)+|DDDSDD)+
|DDSDDD) + |DSDDDD) + |SDDDDD))

Pirsa: 08080032 S
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Seven-ion W-states

|pij|

Pirsa: 08080032 . Page 53/64
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Pin

Quantum process tomography

—— %

U

Pout

Xij

CEr¥eiient choice:

Interaction with the
environment

Pout — S(Pin)

— ) XijEiPinE;

with ) E;"E2 =
i

characterizes gate operation completely

E—A-& Aj, A; € {I,0z,0%;0z)



Quantum process tomography

Pin Pout Pout — S(Pin)

U Experimentally applied to:

——

» Controlled-NOT gate operation
Interaction with the

environment » Deterministic quantum teleportation

X1 7 characterizes gate operation completely

CEriveriient choice: Ei — A:i X Aj, A?j = {I, Oz, Oy, O'z}



Process tomography of a CNOT gate

1

0 i 0 O
|0 0 o
— 1 -3 @a
e 0 0 0 -1

Pirsa: 08080032
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Gate performance

Measures of interest which quantify the perfomance of the gate operation:

Process fidelity: Fproe = tr(Xid - Xezp)

How well do the experimentally obtained and the ideal process matrix overlap ?

N

_ w7
Mean fidelity: F== 2 (Yidleout.ilvia)
=1

How good is the overlap between the calculated and the ideal output states ?
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Results: Gate performance

Measure

FP
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Double gate operation

Ucnor-Ucnor = 1

Can we infer the performance of combined gate operation from QPT of a single
gate operation ?

Pirsa: 08080032 Page 59/64



Double gate operation

Ucnvor -Ucnor =1

Can we infer the performance of combined gate operation from QPT of a single
gate operation ?

Experiment: QPT of two subsequently applied CNOT gates

Abs(x)

EEEEEN

=]
=4
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Double gate operation

Ucnvor -Ucnor =1

Can we infer the performance of combined gate operation from QPT of a single
gate operation ?

Experiment: QPT of two subseguently applied CNOT gates

Experimental 2x single gate
Abs(x) result result

T8

K

Fp—7T9(1)% Fp =82.8%

F=834(8)% F=2862%

s 2R BE IS
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Deterministic quantum teleportation with ions

|S)

lon 1

B
|S)

lon 2

\

El

i . O . . e . - - — g — —

Wait ...

initialize
#1, #2_ #3

Pirsa: 08080032
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— i — -

C-NOT

state W

prepared on #1

3NN AN
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Process tomography of quantum teleportation

(a)
Abs(y)

08
06
04
02

Foroe = Tr(XidXtete) = T3% —— F=

irsa: 08080032 Page 63/64

M. Riebe et al New. J. Phvs. 9 211 (2007)



My questions for this workshop:

Process tomography

Does process tomography of gates provide a practical way to predict the
fidelity of a quantum algorithm composed of these gates ?

How shall we deal with slowly fluctuating parameters ?

Quantum state tomography

What are reliable algorithms for reconstructing quantum states ?
Are there faster numerical reconstruction algorithms ?

Which approach should be taken when the state leaks out of the Hilbert space
of interest ?
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