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Plan of the talk

Loop Quantum Cosmaology
Isotropic Flat Model
The Friendmann-Raichauduri equation

Isotropic Curved Maodels
to conclude...

Introduction
Motivations
Loop Quantum Gravity
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Quantum Cosmology

LQC: Homogeneous and Isotropic setting

Spatial homogeneity and isotropy: fix a fiducial triad & and co-triad 2, .

Symmetries = A, —cV, 3%, E? = plp—Z(det%)%?
where c and p satisfy {c. p} = 3=G.
Elementary variables:
Holonomies: h(p) = = cos(y YL+ 2sin S )y e (—oa, ca).
Elements of form exp(iu = generate a!gebra Gfatmast permdlc functions.
Hilbert space: Hn = L° t_IE&. d)
Orthonormal basis: N(p) — exp(ip$); (N|(p)IN(p")| =)6; »
Hamiltonian Constraint C, = [.. dx % Fi, EZEX

e = Jy, EXET Fap TiE

Procedure:
» Express C... in terms of elementary variables and their Poisson brackets
» Classical identity of the phase space:

i ETE™
 J/detE
» Express field strength in terms of holonomies

TR () {H (), V)

Pirsa: 08080030
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Isotropic Flat Model

Flat Theory

FRW with k& = 0 is instructive because every classical solution is singular and
provides a foundation for more complicated models.

Consider the conjugate variables (c. p) related to scale factor such that:

p = & (with two possible orientations for the triad)

¢ = ~ a (on the space of solutions of GR). where volume and laps are
normalized to 1.

The fundamental Poisson bracket is given by:

. 8 o
fc. p} = G (1)
3
where ~ is the Barbero-Immirzi parameter. It's defined a minial area gap so
that 7°|p| = 2/ 3= Gh~. The effective Hamiltonian turns out to be

: 3 |plZ . o, _ _ :
T — _876"-.2 11_12 Sin (;.IC) + Hm (2)
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The Friendmann-Raichauduri equation

The classical equations

Classically we have the well known equations:

S aS
Friendmanneg. H* = (2) = %er (3)

which is derived from the 00 component of Einstein field equations;
Conservationlaw s +3H(p+p) =0 (4)

Raichauduri eq. g —H+ H = —%rG(p + 3p) (5)

which is derived from the trace of Einstein’s field equations, and can be easily
be computed putting together 3 and 4.
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(Quantum Cosmology

LQC: Homogeneous and Isotropic setting

Spatial homogeneity and isotropy: fix a fiducial triad & and co-triad 2., .

Symmetries = A, =cV %), EF = plp—$(det%)®?

where c and p satisfy {c. p} = $=G~.

Elementary variables:

Holonomies: fg () = uc::.u S+ 2sin(p £ ) € (—oa, ca).
Elements of form exp(ix $) generate aigebra cf almust periodlc functions.

Hilbert space: Hin = L t_IEL du)
Orthonormal basis: N(p) — exp(ip$); (N|(p)IN(p")| =6, -

; : ; : =5 i aj =bk
Hamilionian Constraint C.y = /.. d¥x " F_'t, ETE

- | * d W =
Procedure:

» Express C.. in terms of elementary variables and their Poisson brackets

)

» Classical identity of the phase space:

- EYED : :
K ——— Tr(h () { A ()", V})
v det

» Express field strength in terms of holonomies
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Isotropic Flat Model

Flat Theory

FRW with k& = O is instructive because every classical solution is singular and
provides a foundation for more complicated models.

Consider the conjugate variables (c. p) related to scale factor such that:

p = & (with two possible orientations for the triad)

¢ = ~ a (on the space of solutions of GR). where volume and laps are
normalized to 1.

The fundamental Poisson bracket is given by:

| 8
fe, pt = oGy (1)
3
where ~ is the Barbero-Immirzi parameter. It's defined a minial area gap so
that 7°|p| = 2/ 3=Gh~. The effective Hamiltonian turns out to be

5. 2 mF _
Hes = 8-G 2 2 sin“(fic) + Hm (2)
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The Friendmann-Raichauduri equation

The classical equations

Classically we have the well known equations:

e
Friendmanneg. H* = (g) = %rG;ﬁ: (3)

which is derived from the 00 component of Einstein field equations;
Conservationlaw p+3H(p+p) =0 (4)

Raichauduri eq. g —H+ H = —%rG(p + 3p) (5)

which is derived from the trace of Einstein’s field equations. and can be easily
be computed putting together 3 and 4.
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Isotropic Flat Model

Flat Theory

FRW with k& = 0 is instructive because every classical solution is singular and
provides a foundation for more complicated models.

Consider the conjugate variables (c. p) related to scale factor such that:

o = & (with two possible orientations for the triad)

¢ = ~ a (on the space of solutions of GR). where volume and laps are
normalized to 1.

The fundamental Poisson bracket is given by:

_ 8 »
fc. p} = oG (1)
-
where ~ is the Barbero-Immirzi parameter. It's defined a minial area gap so
that 7°|p| = 2 37Gh~. The effective Hamiltonian turns out to be

3PP Gin(zic) + Hum 2)

He = _STGf-E 2
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The Friendmann-Raichauduri equation

The classical equations

Classically we have the well known equations:

R
Friendmanneg. H* = (g) = %er (3)

which is derived from the 00 component of Einstein field equations;
Conservationlaw p+3H(p+p) =0 (4)

Raichauduri eq. g —H+ H = —%rG(p + 3p) (5)

which is derived from the trace of Einstein’s field equations, and can be easily
be computed putting together 3 and 4.
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The Friendmann-Raichauduri equation

The madified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (2) and using the equations of motion. It turns out to

be :
e =a (1 __P ) . where  puw = (ng* 2A (6)
3 Perit 3
E:H—:—H2 — —E:Gp{“l—él( s )l—ﬁerP{T—E( P )' (7)
a 3 Perit | 1 Perit / |
where p = Hpp~2 and P = — 2z _ S T
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The Friendmann-Raichauduri equation

The classical equations

Classically we have the well known equations:

e
Friendmanneg. H* = (g) = %er (3)

which is derived from the 00 component of Einstein field equations:
Conservationlaw p+3H(p+p) =0 (4)

Raichauduri eq. g —H+ H = —%:G[p + 3p) (5)

which is derived from the trace of Einstein’s field equations, and can be easily
be computed putting together 3 and 4.
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Isotropic Fat Model

Flat Theory

FRW with k& = 0 is instructive because every classical solution is singular and

provides a foundation for more complicated models.

Consider the conjugate variables (c. p) related to scale factor such that:
o = & (with two possible orientations for the triad)

¢ — ~ a (on the space of solutions of GR). where volume and laps are

normalized to 1.
The fundamental Poisson bracket is given by:

| 8 _

{c. p} = §7G‘ (1)
where ~ is the Barbero-Immirzi parameter. It's defined a minial area gap so
that 7°|p| = 237~ Gh~. The effective Hamiltonian turns out to be

3 |p?

- Bl 11—12 Sinz(ﬁc) + Hm fz)

Heee =
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The Friendmann-Raichauduri equation

The classical equations

Classically we have the well known equations:

L.
Friendmanneg. H* = (g) = %er (3)

which is derived from the 00 component of Einstein field equations:
Conservationlaw p+3H(p+p) =0 (4)

Raichauduri eq. g —H+ H = —%rG(p + 3p) (5)

which is derived from the trace of Einstein’s field equations. and can be easily
be computed putting together 3 and 4.
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The Friendmann-Raichauduri equation

The modified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (2) and using the equations of motion. It turns out to

be 1
H* = BZG p (1 - ﬂ‘iu) , wWhete g — (%rGﬂ 2&) (6)
b MRT T 7 —E:Gp 1—4( s ) —47GP 1—2( = ) (7)
a 3 Perit | Perit |
where p = Hmp 2 and P = — 2z — 2 L s
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The Friendmann-Raichauduri equation

The modified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (2) and using the equations of motion. It turns out to

be T
I 87G P (1 ___# ) - VR s — (ng* 2&) (6)
3 Perit | . 3 4
S=Hif = —irG;{1—4( £ )]—4:6»9{1—2( - )? (7)
= 3 Perit Perit ] |
where p = Hop and P = — 2 = 3 1,07
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The Friendmann-Raichauduri equation

The modified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (2) and using the equations of motion. It turns out to

be ;
H* = BZG p (1 — ﬂiu ) , wWhere g — ( g:G* 2&) (6)
e T _E:G;{1—4( . ”—4:6!3[1—2( 2 ) (7)
a 3 Perit | \ Perit / |
where p = Hpnp~2 and P = —2Hm e
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The Friendmann-Raichauduri equation

The madified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (2) and using the equations of motion. It turns out to

be :
HE— 87G P ( = P ) ; VB e — ( ng* 2&) (6)
3 Perit 3
= ' ' " v ]
S B —ETG]{JP—&I( P )]-4:613{1—2( P ) (7)
= 3 Perit | Perit
where p = Hmp 2 and P = — e
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The Friendmann-Raichauduri equation

Criteria for the physical viability

We shall ask that the resulting model be such:

1. That the predictions about physical entities, like the spacetime curvature
and the energy density that do not depend on “auxiliary structures”,
should be independent in the quantum theory. of any choice related to
such structures.

2. That the quantization prescription gives a well defined notion of “Planck
scale”, that is, the scale for which “quantum gravitational corrections”
should become impaortant;

3. That there exists a well defined classical limit that approximates general
relativity when spacetime curvatures are small.

- iy o A | ™ - N - -
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The Friendmann-Raichauduri equation

Other Loop-Inspired Quantizations

» Old Quantization
A is treated as a constant and plays the role of affine parameter.
e dependence on the fiducial cell

e critical density depends on P, and appearance of bounce at low density
» Polymerized WDW Quantization

Wheleer-DeWitt model where the quantum constraint is written in terms of Pa.
> sensitive to change of fiducial structures

e critical density depends on P, and appearance of bounce at low density

» [attice Refinement
Conjugate variables: P; = cp™ and g = &—with-1 5——
> dipendence on change of variables
> critical density depends on P

P—
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The Friendmann-Raichauduri equation

All these quantization are ruled out by our criteria for physical viability. It has
been shown in details for kK = 0. but there is a lack of literature for kK == 0.
Note that when the spatial topology is compact there is no need to intfroduce
an auxiliary structure such as a cell. Nonetheless there are more physically
motivated conditions that need to be satisfied by any viable physical theory.
In particular. apart from a well defined Planck scale, a “low curvature limit ”

should also exist. These conditions turn out to be sufficient to rule out some
quantizations.
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The Friendmann-Raichauduri equation

All these quantization are ruled out by our criteria for physical viability. It has
been shown in details for kK = 0. but there is a lack of literature for k = 0.
Note that when the spatial topology is compact there is no need to intfroduce
an auxiliary structure such as a cell. Nonetheless there are more physically
motivated conditions that need to be satisfied by any viable physical theory.
In particular. apart from a well defined Planck scale, a “low curvature limit ”

should also exist. These conditions turn out to be sufficient to rule out some
quantizations.
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Isotropic Curved Models

k = 0 models

Ip| = & c=~a—k
where the variable ¢ is changed respect to the case k = 0. The fundamental
Poisson bracket is still:

| 87 G
k 3 /P - ; ] s
Hiy = 5= }f sin® (f(c—k)) — kM| +Hm . (9)

where A = #%|p| and M := [sin® (@) — Z2(1 ++3)]

We call z./p = ). that is the square root of the minimal area gap.

The modified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (??):

sin? (fi(c—k)) = %:G"E[lp + kM = L 1 ke (10)
Forit

and using the equations of motion.

pirsa; ososoos0 [0 = 4 0. H,fn} — ixﬁ sin(z(c—k)) cos(z(c—k)) = H= L pade bu7h
~ 1




Isotropic Curved Models

k = 0 for generalized matter

” kM
2 :
& ( GJ“ ) ﬂ) (1 B Perit _kM) {12}
= —M pesie e F— = recollapse
p=(1—M)pci a— 3. p=pmax | bounce

Recollapse: Agreement with the classical Friedmann formula to one part in 10°. For macroscopic
universes, LQC prediction on recollapse indistinguishable from the classical Friedmann formula.
Bounces: pmaxr equals p 1o within 2%. For large universes, the two are indistinguishable.

a 4 \ '

—=— = G,L*|:1—4{ —l—kf‘v‘fﬂ——l GP{?—E{ —|—RM}W

o 3 Pert ' . Perit '
kM T kM
: L —ka £ [1 e _M (13)

‘f A - Permt v A Perit
}":‘f:—S[ﬂ{y}GDSIp);_L—p [T—l—‘;g_]
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Isotropic Curved Models

k - 0 models

p| =& c=~a—k
where the variable ¢ is changed respect to the case k = 0. The fundamental
Poisson bracket is still:

{c. p} = Sf - (8)
ak 3 VP = Fp ~ 2 - ‘a
Her =~ 5oz 2 sin® (fi(c—K)) — kM| + Hum (9)

where A = #2|p| and M = [sin? (i) — @2(1 ++2)
We call z./p = . that is the square root of the minimal area gap.

The modified Friedmann equation can be obtained from the vanishing of the
Hamiltonian constraint (??):

sin? ((c—k)) = g:G”E&p + i — L+ kM (10)
crit

and using the equations of motion.

Pirsa; 08080030 p — {2 H,fn} = ixﬁ sin{ﬁ(c—k)} COS(,E(C—K)} = % pade boik7t
~ L




Isotropic Curved Modeis

k = O for generalized matter

> (8 . kM ( |
H _(g,.e,w A_E&) ‘1—!}“1[—ij (12)
= —M Perit ad = dmax P = Pmin ‘ recol[apse
i— (1 ‘w M) Perit d = dmin P — Pmax : bﬂunce

Recollapse: Agreement with the classical Friedmann formula to one part in 10°. For macroscopic
universes, LQC prediction on recollapse indistinguishable from the classical Friedmann formula.
Bounces: pmar equals p. 1o within 2%. For large universes, the two are indistinguishable.

a - ( '
= {1_4( +kmﬂ_4rep{q_zq +HM]W
= 3 Perit A, Perit '
kM kM ;
- { _ww + = [1 = —kM} (13)
*_"— - Pernt A Perit
M = —sin(iz)cos(i) i + i~ [T—l—*;g_l
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Isotropic Curved Models

k + 0O for different quantizations

A=i’p — A=p° ne IN
(8 — kM, ©\ / SR ,
~ e e = s F ! —<h (
H = 37Gpp' ™"+ 4 ) (_.1 = — kiVh, | (14)
é 4 1 —2n { P i _2n A i —2n [ { P t—2n . g
E = __aGpp 1 —4 D + kM, )| —4xGPp 1—2| p + kM, )
2 3 . Perit L \ Pt
k 1'11 [ [ P 1—2n kfg‘ P 1—2n
-2n 1-2 p° + kM, - T — o — kM, (15)
B ?2& | ( Perit g ]l *.‘2& |: Perit & l |
M, comes from the derivative of M respect to p, so it differs now from M.
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Isotropic Curved Modeis

Summary

» We have studied in detail equations of LQC for the case of k = 0. going
trough an explicit calculation of equations of motion.

» We have stated from the case of a massless scalar field and we have
generalized our analysis for every kind of matter.

» We have consider quantizations other respect to iz and we have ruled
out them.
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The Friendmann-Raichauduri equation

The maodified Friedmann equation can be obtained from the vanishing of the

Hamiltonian constraint (2) and using the equations of motion. It turns out to

be 1
H — 87G P (1 ___# ) ., where puw=— ( ng* A (6)
3 Perit 3
< BetF - e, 1—4( P ) _4zGP 1—2( P ) (7)
2 3 Peric Peric / |
F _3 OHm O Hm
wherep— g =amlPF— —=— S ==
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preciselist = {0.09, 0.09, 0.09, 0.118, 0.142, 0.161, 0.177, 0.1%0, 0.201, 0.211, 0.220, 0.228, 0.235, 0.242, 0.248,
.253, 0.259, 0.263, 0.268, 0.272, 0.276, 0.280, 0.283, 0.286, 0.290, 0.293, 0.295, 0.298, 0.301, 0.303, 0.306,

_308°, 0.31°, 312", 0.314", 0_316", 0.318", 0.32", 0.322, 0.323", 0.325", 0.327", 0.328", 0.33", 0.331", [
.332", 0.334", 0.335", 0.336 , 0.338", 0.339", 0.34", 0.341", 0.343", 0.34400000000000003" , 0.34500000000000003",
.34600000000000003 ", 0.34700000000000003° , 0.34800000000000003° , 0.34900000000000003° , 0.35000000000000003" ,
.35100000000000003" , 0.35200000000000004° , 0.35300000000000004° , 0.35400000000000004°, 0.354", 0.355, 0.356",
_357-, 0.358", 0.35%°, 0.359%, 0.36°, 0.361", 0.362", 0.362", 0.363", 0_364~, 0364, 0.365", U.366", 0.366",
367", 0.368", G.368°, 0:36%°, 0.37", 0.37", G.371°, 0371, G.372, 6.37F, 0.373", 0.374", 0.374", 6.37T, 1
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