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Abstract: One of the quintessential features of quantum information is its exclusivity, the inability of strong quantum correlations to be shared by
many physical systems. Likewise, complementarity has a similar status in quantum mechanics as the sine qua non of quantum phenomena. We show
that this is no coincidence, and that the central role of exclusivity in quantum information theory stems from the phenomenon of complementarity.
We adopt an information-theoretic approach to complementarity, which leads to a new and simple definition of private states and new proofs of the
achievable asymptotic rates of both secret key and entanglement distillation. From the latter follows a new proof of the direct part of the quantum
noisy channel coding theorem.
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i and Complementarity

Background

Complementarity is the essence of quantum mechanics...

The double slit experiment "is impossible, absolutely
impossible, m explain in any dassical way, and hasinit
the heart of quanmm mechanics. In reslity, # contains
the oaly mystery.” -Feynman




Complementarity
Backgroumd

The double shit experiment "is impossible, absolutely
impossible, © explain in anv cassical way, and has in it
the heart of quanmm mechanics. In reality, it contains
the only mystery.” -Feynman

But does it really explain anything? :

YES! We can directly and concretely understand several tasks in quantum

information theory in terms of complementarity.




and Compiementarity

Backgrommd

QOutline

@ Define what we mean by complementarity. Use an
information-theoretic approach. (Surprise!)

@ Consider two common tasks in ginfo:
Distillation of secret keys or entangled pairs.
Recall known results and examine the logic behind them.

@ Construct protocols by using the complementarity approach.




and Lompienentariy
Complementarity

Information-Theoretic Complementarity




UHE avud OmplemeRtaTiiy

Complementarity

Entropic Uncertainty R

H(OA) + H(OA) > —log maxy | fji%}iz

o*, o* operators on system A: eigenvectors |[) and [k} ; H{ - | entropy.

Quantum System (A]
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Complementarity

H(0%) + H(0%) > — log maxg |(jk)2

0", 0" operators on system A: eigenvectors ) and | kh; HY( - entropy:

Quannmm System (A)

For generalized Paulis X and Z, any state |¥) satisfies HiX| + H Z) > logd

But how much info can we simultaneously extract?




(A and Complementarity

Complementanity

H(0%) +H15*”{} > — log maxg | fjiﬂig}gz

0%, 0 operaiors on system A: eigenvectors |} and [k); H{ - | entropy.

= T¢

Mmt System (B) Quantum System (A} Mmt System (C)

== For generalized Paulis X and Z, any state |¥) satisfies H X) + HZ) > |

= But how much info can we simultaneously extract? Include mmt systems!




H(0*) + H(0) > — logmax; | (jk) 2

(. 0" operators on system A; eigenvectors |j) and [k}; H( -] entropy
—. rC

Mimt System (B) Quanmum System (A] Mmt Syseem (C)

== For generalized Paulis X and Z, any state |¥) satisfies H X| + H Z) > logd

&= But how much info can we simultaneously extract? Include mmt systems!

Iﬂfﬂﬁu* Es g

s

H(O4AB) + H(OATC) > —logmaxy |(jik) 2

A", '™ measuremens on B, C; Hi -|-| conditional enmropy

= tradeoff in simultaneously available, complementary classical information




C&mﬁleme: tary Information Trad

H(0%B) + H(04C) > — log maxy,

&5 Replace classical mutual information with Holevo upper bound.

H(0*B) is quantum conditional entropy after Alice measures 0"

E5 Numerical support for conjecture up to dimension 12.
&= Holds for generalized Paulis X" and Z°.

Christand] & Winter
IEEE TIT 51 3159 (2005)

proof from strong subadditivity




dnd Complehentarity

Complementanty

s

H(0?B) + H{0%C) > —logmaxg |(jlk)|

&5 Replace classical mutual information with Holevo upper bound.

H(0*B) is quantum conditional entropy after Alice measures 0"*

E5 Numerical support for conjecture up to dimension 12.
&= Holds for generalized Paulis X" and Z°.

Christand] & Winter
IEEE TIT 51 3159 (2005)

proof from strong subadditivity




Nt and Complementarity
QIP Protocols

Two standard QIP protocols:
Distillation of Secret Keys or Entangled Pairs

(And state merging, too.)




it and Complementarity

Complementarity

£5° Replace classical mutual information with Holevo upper bound.

H(0*B) is quantum conditional entropy after Alice measures 0"

E5° Numerical support for conjecture up to dimension 12.
2= Holds for generalized Paulis X* and Z°.

Christandl & Winter
IEEE TIT 51 3159 (2005)

proof from strong subadditivity




(i and Lomplementarity
OIP Protocols

Two standard QIP protocols:

Distillation of Secret Keys or Entangled Pairs

(And state merging, too.)




AF and Complementarity
QIP Protocols

[nitially Alice, Bob, and Eve share (many copies of) a pure state [{).

[n entanglement distillation Alice and Bob create entangled states |®) using only
one-way classical communication.

= Related is the state merging protocol in which Alice transfers her part of the
purification of Eve’s system to Bob. Both can be performed simultaneously:
= In key distillation Alice and Bob use one-way classical communication to create

a shared private random classical string. In QM this is described by a private

state y, comprising the two (identical) key strings and a shield which deflects

Eve's correlations from it.




) Complementarity
Kpown Results

Devetak & Winter
ProcRovSocA 461 207 (2005)

= Key distillation rate

K.(p)>I(Z*:B)—1(Z* :E) =H(Z*E) — H(Z*B)

= Entanglement distillation rate

E .(\y) > H(B) —H(AB) = —H(AB).

= Communication cost I(A : E) in either case.

Horodecka, Oppenheim, Winter
Natire 436 7051 (2005)

#= Channel coding from entanglement distillation via teleportation

e5 State merging at the same rates/ costs




[F and Complementarity
Kpown Resulis

."/—\\\II T'L..
"\\\a/’} Alice & Eve

== Sensible approach for key generation...

== Use Uhlmann’s Theorem for entanglement generation: chm: : ;?ﬁﬁfﬁj’ﬁm‘emc

11:’"‘ ~~ 1*d‘J and LLYAE ~ 1L>'% 2 1|)£

U’ st

UP )™ = ) a/d ) k)
e

@ ¢ is the dimension of A
® ecigenvalues/vectors of * (§F) are 1/, i) (g, )%).
e |j,k)° are orthonormal.
= By coherently measuring B, {/* can be (nearly) ransformed into @
But we only know U° must exist.




Qi and Complementarity

Complementanty Approach

Complementarity-based Approach




Ui and Lomplementarity
Koown Resuls

) X
Decouple £ a ‘J
Alice & Eve ‘\\-//

== Sensible approach for key generation...

Schumarcher & Westmoreland

2= Use Uhlmann’s Theorem for entanglement generation: .- .
CIE 1 5 (2002).

Pi~1%/d and Vv @Y
y I’ st

UP Y™ = Y v/ k)" )
s

® (¢ is the dimension of A |
@ eigenvalues/vectors of Y (WF) are 1/, i) (g5 I)").

5 are orthonormal.

® i,k
= By coherently measuring B, {/* can be (nearly) ransformed into @

But we only know U° must exist.




i and Complementarity
Complementarity Approach

Complementarity-based Approach




JF and Complementarity
Complementanty Approach

Couple Alice and Bob classically, twice.

@ @
¢ 1 @

= (Quantum correlations between Alice and Bob are equivalent to two
complementary classical correlations, say X and Z correlations.

== (Quantum error correction strategy. But can we achieve the known rates?
Answer: YES!

= (Gives an explicit construction of the decoder




Complementanty Approach

Complementarity of private/entangled states

Entangled Pairs

= H(Z'B)=HX|B) =0 = v*=0v"205
now follow decoupling argument from before.

= 1y*® has maximal entanglement when H(Z*|B] = H(X*|B] =0




(M and Lomplementarity

Complementanty Approach

Complementarity of private/entangled states

Entangled Pairs

= H(Z'|B)=H(X|B)=0 = " =9"@1%;
now follow decoupling argument from before.

= 1" has maximal entanglement when H(Z*|B] = H(X*|B) =0

Horodek®, Oppeniteim

Private States o o oo

= I A® such that HZ4A®) = 0

Key is correlated

= 3 A5 such that HIXHA®) =0

H(Z'T") = logd, key is private and random

Z* generates the key.




d Complementarity

Complementarity Approach

Complementarity of private/entangled states

Entangled Pairs

= H(Z'|B)=H(X|B)=0 = ¥~ =9"@V;
now follow decoupling argument from before.

= 1y*® has maximal entanglement when H(Z*|B] = H(X*|B] =0

- Horodecki®, Oppenfisim
Private States e

&= 3 A® such that HIZYA®) =0

» Key is correlated

== 3 A% such that HXYA) =0

* H(Z'T") = logd, key is private and random

= Also works approximately




and Complementarify

Given many copies of an arbitrary resource state,

PSS! — (B3 convert into (approximate)

private/entangled states using local operations and

(one-way) Classical communication (with high probability).




OHIPIETNenEATIY

Given many copies of an arbitrary resource state,

YB3l = (133" convert into (approximate)

private/entangled states using local operations and

(one-way) Classical communication (with high probability).




(M and Complementarity
Distillation

Given many copies of an arbitrary resource state,

‘{JAB 5] '. ll}‘d‘ﬁ 3] 1"P convert into ( approximate)

private/entangled states using local operations and

(one-way) Classical communication (with high probabilit).




Given many copies of an arbitrary resource state,

Pabis) _ 'Lb‘wis '|ﬁ‘ P convert into (approximate}

private/entangled states using local operations and

(one-way) Classical communication (with high probability).




Here’s how:




(i and Complementarity
Distillation

Given many copies of an arbitrary resource state,
PABS! — (B33 convert iNto (approximate)
private/entangled states using local operations and

(one-way) Classical communication (with high probabilit).

\ send this info to Bob.




(M and Complementarity
Distillation

Here’s how:




NE aned CompiETnentariiy
Distillation

Here’s how:
We start with ) = %




QIF and Complementarity
Distillation

Here’s how:
- \ABS N Pt
We start with )2 = ¥ _ Bz 12)% 10" E = T

X

= Task is to extract z from @] and x from 8.

,..-;75 "-.I
Sy A




MF and Complementarty
Distillation

Here’s how:

A

We start with wfj.ABS‘E =Y /P 3)

\BSE _
Pz} = Zx‘
== Task is to extract z from npf and x from 8.

@l.‘.z . "L.I
: ;‘_I LY 2 %"

= Alice sends hints to Bob, enabling the states to be distinguished.
Then he can construct a private state or entangled pair.

* - —
- LI |
w
- -
-
-
*




and CompleTnenaniiy
Distillation

Here’s how:
We start with )™ = Y VP 2 o) = Y.

X

= Task is to extract z from @] and x from 87"

@l.‘.z @l“.x
-4 ,
o =

= Alice sends hints to Bob, enabling the states to be distinguished.

Then he can construct a private state or entangled pair.

W —

Suppert of @




(i and Lomplementarity
Distillation

Here’s how:
We start with xb}ABS‘E =Y /P13 o
aBS

== Task is to extract z from @] and x from 7.

&l.‘.z . "‘.I
\".p.".a s 5

= Alice sends hints to Bob, enabling the states to be distinguished.
Then he can construct a private state or entangled pair.

W —

Possible zs Suppert of @

= The hints are generated by measuring stabilizers of a (suitably-chosen) CSS
code; this ensures hint information exists simultaneously




Here’s how:
We start with )" = Y /P13 %:}355 =Y /il

= Task is to extract z from @] and x from 37"

== Alice sends hints to Bob, enabling the states to be distinguished.
Then he can construct a private state or entangled pair.

f 3 Y “

Possible zs Suppert of @

= The hints are generated by measuring stabilizers of a (suitably-chosen) CSS
code; this ensures hint information exists simultaneously

= Finally, the (static) HSW theorem sets the size of the hints = H(Z*[B).




At what rates?

Alice’s n systems

AHOABS) ~ Naive rate
TLERVA R | { i I_H[Z_.J! B !_H{XJJLBS \l




)P and Complementarity
Disiillation

At what rates?

Naive rate

- Z syndromes —+— X syndromes —+ remainder 4

Alice’s n systems

== But it’s a two-step process! After step one Bob has a Z* basis copy of
Alice’s system in C.

~ Refined rate

~ 1-H(Z*B)-H(X*BCS)

= Voild! Can show refined rate equals H(Z* F) — H(Z"|B) for key distillation (with
S) and —H|AB) for entanglement distillaton (without S).

= However, too much communication is used in the process:
1 +H(E) —HIAE) > I(A : E).




State merging?

== The purification of Eve’s state is merged in the protocol

Since Alice and Bob end up with |®@), the purification essentially has nowhere else to go

= Must fix communication rate. Trick is to first compress Alice’s state to H(A)
qubits and then run the protocol.

nH(A) systems

{1BLS
i 2 8

Which screws up the X* HSW measurement on the BS system. ..
But via some magic it can be restored! Fortunately, the states 5 are group
covariant, which implies that the original mmt can be suitably modified for the

compressed state.




At what rates?

| Naive rate
1—H(Z*B)—H(X"BS)

I Zsyn

== But it’s a two-step process! After step one Bob has a Z* basis copy of
Alice’s system in C.
Refined rate

¥ 1-H(Z*B)-H(X*IBCS)

= Voild! Can show refined rate equals H(Z* F) — H(Z"|B) for key distllation (with
S) and —H[AB) for entanglement distillation (without S).

= However, too much communication is used in the process:
1 +H(E) —HIAE) > (A : E).




State merging?

== The purification of Eve’s state is merged in the protocol

Since Alice and Bob end up with |®@), the purification essentially has nowhere else to go

&5 Must fix communication rate. Trick is to first compress Alice’s state to H(A)
qubits and then run the protocol.

nH(A) systems

Hi ”ﬁ, \ Al

= Which screws up the X* HSW measurement on the BS system. ...

% | ::_5"»".5.

= But via some magic it can be restored! Formnately, the states %< are group
covariant, which implies that the original mmt can be suitably modified for the

compressed state.




-

LFuﬂdamenIal results of quantum information theory rest on

the phenomenon of complementarity

=

SECOQC Aleund-umlii-_iunjlt.mtd.!t : ,»r” L




QI and Complementarity

Distillation

State merging?

== The purification of Eve’s state is merged in the protocol

Since Alice and Bob end up with | @), the purification essentially has nowhere else to go

E= Must fix communication rate. Trick is to first compress Alice’s state to H(A|
qubits and then run the protocol.

nH LA& sysrems

= Which screws up the X™ HSW measurement on the BS system. .
= But via some magic it can be restored! Formnately, the states 9 are group
covariant, which implies that the original mmt can be suitably modified for the

compressed state.




JAF and Complementarity
Distllation

Here’s how:
L i . —1=A 1o BSE
We start with w_,-ABS‘E =3 5 cp:;BSE =) a1 BS

= Task is to extract z from @] and x from 8.

@l.‘.z @.“‘.I

.

= Alice sends hints to Bob, enabling the states to be distinguished.

Then he can construct a private state or entangled pair.




N and OMpIEmenaTTy
Distllation

Given many copies of an arbitrary resource state,

o p ol 3
PABST — (7 BISN3R convert iNto (approximate)
private/entangled states using local operations and

(one-way) classical communication (with high probability).

\ send this info to Bob.




(i and Complementarity
Complementanity Approach

Couple Alice and Bob classically, twice.

& 6
¢ 1 @

= (Quantum correlations between Alice and Bob are equivalent to two
complementary classical correlations, say X and Z correlations.

== (Quantum error correction strategy. But can we achieve the known rates?
Answer: YES!

= Gives an explicit construction of the decoder




(i and Complementarity
Complementanty Approach

Complementarity-based Approach




Devetak & Winter
= Key distillation rate ;5 ¢ 461 207 2005

K_.(p) > I(Z*:B) —1(Z* :F) =H(Z*E) — H(Z*B)

= Entanglement distillation rate

E_(\{) > H(B) — H(AB) = —H(AIB).

= Communication cost I(A : E) in either case.

Horodecka, Oppenheim, Winter
Natwre 436 7051 [(2005)

= Channel coding from entanglement distillation via teleportation

e State merging at the same rates/costs ,




(B and Complementarity
Complementarity

&5 Replace classical mutual information with Holevo upper bound.

H(0*B) is quantum conditional entropy after Alice measures 0"

E5 Numerical support for conjecture up to dimension 12.
= Holds for generalized Paulis X" and Z°.

Christand! & Winter

proof from strong subadditivity .o o 5 Q05)




ComplementaTity

Complementanity

H(04) + H(04) — log maxy, | k)2

0", 0" operators on system A: eigenvedtors ) and [k); H{ - | entropy.
— rC

Mmt System (B) Quantum System (A] Mmt System (C)

== For generalized Paulis X and Z, any state |¥) satisfies H X) + H Z) > logd

== But how much info can we simultaneously extract? Include mmt systems!
Information Exclusion Prir

5

H(OYAB) + H{OATC) > —logmaxy | (jk

-
—

A", '™ measuremens on B, C; Hi -|-) conditional entropy

= tradeoff in simultaneously available, complementary classical information




i and Complementarity
Complementarity

Camplemee irig

&5 Replace classical mutual information with Holevo upper bound.

H{0*B) is quantum conditional entropy after Alice measures 0"

E5 Numerical support for conjecture up to dimension 12.
= Holds for generalized Paulis X" and Z°.

Christand] & Winter

proof from strong subadditivity .- .1c, 2005)




(N and Complementarity

Complementanity

H(0%) + H(0%) > — log maxg |(jik)2

0*, 0" operators on system A: eigenvectors ) and [k); H{ - | entropy.

Mmt System (B) Quantm System (A] Mmz Syseem (C)

e= Por generalized Paulis X and Z, any state [¥) satisfies H X) + H
== But how much info can we simultaneously extract? Include mmt systems!

Information Exc

- H(OATC) > —logmaxy, |(jik

~

A=, I'™ measurements on B, C; H' -|-} conditional entropy

= tradeoff in simultaneously available, complementary classical information




[ and Complementanty

Complementarnity

H(O4B) + H(04C) > —log maxy |(jik

£5 Replace classical mutual information with Holevo upper bound.

H(0*B) is quantum conditional entropy after Alice measures 0*

E5 Numerical support for conjecture up to dimension 12.
2= Holds for generalized Paulis X* and Z°.

Christandl] & Winter

| TONE § htvl
proof from strong subadditivity "o oo =




