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Abstract: We discuss two methods to encode one qubit into six physical qubits. Each of our two examples corrects an arbitrary single-qubit error.
Our first example is a degenerate six-qubit quantum error-correcting code. We explicitly provide the stabilizer generators, encoding circuits,
codewords, logical Pauli operators, and logical CNOT operator for this code. We also show how to convert this code into a non-trivial subsystem
code that saturates the subsystem Singleton bound. We then prove that a six-qubit code without entanglement assistance cannot simultaneously
possess a Cal derbank-Shor-Steane (CSS) stabilizer and correct an arbitrary single-qubit error. A corollary of thisresult is that the Steane seven-qubit
code is the smallest single-error correcting CSS code. Our second example is the construction of a non-degenerate six-qubit CSS
entanglement-assisted code. This code uses one bit of entanglement (an ebit) shared between the sender and the receiver and corrects an arbitrary
single-qubit error. The code we obtain is globally equivalent to the Steane seven-qubit code and thus corrects an arbitrary error on the receiver\'s half
of the ebit as well. We prove that this code is the smallest code with a CSS structure that uses only one ebit and corrects an arbitrary single-qubit
error on the sender\'s side. We discuss the advantages and disadvantages for each of the two codes.
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Six-qubsit Code — [[6. 1. 3]
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Quantum error correction

Discretuzatnon of S — y U E S" C ZQTE
P X 1 O L -
Pauli unitanes X Wy

A N 3 7 =
[P‘irsM 001 Page 6/36
- ' 7 ‘~,{_




The Stabilizer Formalism

Shortly atter the constmiction of the first guantum error-correctineg codes QECCs | a ceneral

the wabili=er codes. These

T 1
| |

descuption was found by Gottesman of a broad class of codes:
~odes are desconbed by a commuiting set of operators: thus set of opermtors determune the

properties of the code. the encoding decoding nmitanes. and the protocol for emror detecnon
and correction.
Moreover. the stabihizer formahism allows a very close analogy between quantum codes and

lassical mear codes over GF'4 (or stuctly. by classical spmplectic codes . Thus analogy allows

Juantim codes to be constmicted ftrom classical codes. waith sumular pedommance.

Virtually all useful QECCs that are known are stabihizer codes.
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» The symplectic product (o) :Z3"xZ;" > Z, is defined by

(z|z) @ (Z|)T = 22/t 4 xt
e.g. (010/001)® (101111)T=1+1=0
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» The symplectic product (o) :Z3"xZ;" > Z, is defined by

(z|lz) @ (Z|)T = 22/T + 22T |
e.g. (010/001) @ (101111  =14+1=0
* Ny and Ny commute (anti-commute) iff , © vI =0 (1)

No1oi001) =1Z X and Nyg1111) =Y XY commute

e An [[14]] quantum etror correcting code is described by a (

MArm=x P]: ]:l.*.w roOKNspace __'5.’:___'_,' IS MY SO0 1 u|.| -.-L. Z%n

} X 20 panity check

u@vl =0, Yu,v € B(H)
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Six- 'QLI bit Code

Stabilizer Generators

Commutmg Stabihzer
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Quantum Stabilizer Codes

* The code space E(Hgﬂ) c Hgn is detined as the summltanecus +1
. i ; = |
ergenspace of the stabilizer operators {g\ u .U E C—}

g ~ ) : < - [ - j )
* The correctable error set S 1s detined by: C N D |

If u.v' €S and u # u/, then at least one of the

two conditions hold:
1) u—u' gC © Houl £Hc w!’  distinct esror sndromes

2) u—u € C+

«u={0 0 0 1 000001 0 0f ¢

ffe1 66 i1 o661 1 1 1)
i1 o060 101001 0 _ g
ﬂlﬂﬂﬂﬂuﬂllLL!'(ﬂﬂﬂlﬂﬂﬂﬂﬂluﬁ}_zﬂ
80010 10606GCGC O 1!
(1101000600 G0 0 \9)
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Quantum Stabilizer Codes

Rk — 2,87 - - :
e The code space E(Hg JE H5 " is defined as the symultaneocus +1

cl)

ergenspace of the stabilizer operators {1\_u " U

M

(¥

£ PN Dl—®

* The correctable error set S 1s detined by:

If u.v' €S and u & u/, then at least one of the
two conditions hold:

— r — { —, -.n.r .
l} Ty & € & HE ur = H G u’ distinct error SVIALOINES

2) u—u € C+

«u={0 0 0 1 000001 0 0 ¢

o166 i1 o661 1 I 'fﬂl
1000061018601 0 _ e L
s 1o0o0co0sa1111 ®@ee106eeeo1eef =1
8 0010 10606GCG0 0 L
@M 1101000000 0, \8)

* Decodme mvolvres measunnge the “error syndrome” 1e. the sumiltaneous erwgenvector

| B | - =
[P‘ir;%m of the stabihizer generators. . H & ul Page 12136
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Properties o f Stabilizer Code

We can see that stabilizer codes have the tollowing properties:

The code corresponds to an sotropic (that s, dual-contamming) classical code

over a symplectic space.

The error cotrecting condttions are adwost the same as classical (except tor the
existence ot degenerafe quantum codes, i which distinct errors share the same

error syndrome).

Correction consists of measunng an error syndrome and performung an

J:i_"fljl_"'Ji_"'l_l;l[l'T -:"L"Ll'f':tul?f._.}: action '::;1 |_111_1_1_—='U_'}_',
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Six-Qubit Code

Subsyvstem Code Constructions

bt
"

The encoding unitary transtorms the unencoded

::.-
bl
v~
~ N
S

sisth qubit into subsystem [—J{4

Convert the tourth unecoded qul_nt o a galge

qubit, considermg it nossy. The errors _1'4,24

have no ettect on the quantium mtommation. I he

encodmg wutary transforms these errors mto

&
DN N o~ N
N =~~~ ~INN

by

L
N N =~ N

P, 1 1.ZLZG which generates the gauge

St 'LL"JL;F‘L'-:?-I_IP H,:;; = <-“~-4 - ZJrZ}

The most general way to decompose a Hilbert Subsystem Singleton Bound®¥
n—k—r=2(d-1)

=0k —Fr—Fda -3

SPJCL;‘ 15

H=H,®H,®H,

L B | B |
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Six-Qubit Code

Non-existence of a Sij—i:}ubit CSS Code

Proposition: Thete 1s no six-qubit code that encodes one qubat, possesses the CSS structure,

and corrects an arbatrary 3ﬁ1glr—t_ll.d:-1t ELroT,

W B | |
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X ¥ I X X I
I I ¥ X X X
X i F x X 3

Zase 1 All generators of
tvpe X or L

MYt correct .:uL:_.:fIf -cuabat
errors of type X or Z

ki B | .
L. -

Six-Qubit Code

£ £ £ F £ 1
- = = 7 —
i & e L i i
L I I £ £ ZE

i

[
[
[
'-1
|

[

Case Xia . Pust cenermtor

of tvype X with [ on cpbat

L. the rest type Z

Can’t correct smgle—qubat
error 2.1, unless Z1l m
stabshzer wmphes toval

code | D

X X X X X X

|
b=y
by

[=)
by by
I-"i

l"q
™
4

Case 2(b): Two-qubit Z
errors comamite. Must
belong to stabihzer
Have tive mdependent
such pairs

Z1Z2, 7175, ZAZ4,

i -
LIS A14L6

X I X X X X
A £ K £ X E
£ EE E & &
L I £ I XL £
F F = ra F 8 T
L ' s e ¥ A

Case 3 T'wo generators
of tvpe X and three of
tvpe Z. Cannot have L
appear m the same
~ohmmn of gl g2 twice

E = 72 not correcitble
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Six-Qubit Code

Non-existence of a Six-Qubit

— %

CSS Cod

=

ach colmmn appears twice

I X X

A I X
B X X | [ 1 1
= f F X X X X

-errors that commute with
e Stabalizer

an be part f Stabiizer
WO ;{uhnr N errors

32 X5X 4 X5X6

MImre

ki B | B
e .

One cohmmn appears three
tumes. another cohmmn
appears twice, and the therd

colmmn APpEirs Onee

2 ¥ X X I I v
- .— & & E XXX

Z—errors that commmte with
the Stabihzer

ZY7> FVWis 75 T4IS

Only three of the four are
mdependent But all of
these generators have an [
acting on the sixth cqubat
and so errors of type X6 go
mndetected. It we mehide
X6 n the Stabihzer thes wnll
acun make for a tormal

i 'u':l:_f

One cobunn appears three
times, and another appears

thnce
w = f £ I X ¥ J
& — X &2 r F i

Z-errors that commrie with
the =tabaizer
7T AR T T A

2476, 2576

Onlv four of which are
mdependent. Thev canmot all
belong to the Stabdizer
becamse there are only three

generators of the Z-tvpe

At least one cobhmmn
appears more than three

tamnes

Three or more mdependent
pais of Z-errors
commutme with the
stabithzer, e.g Z172 7173,
L1721 Independent paurs
more than three If exactly
theee. take as genemtors,
but then X-errors go
mndetected
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Entanglement-Assisted Six-Qubit CSS Code

116,1,3:1]]

4 amacillas

5 6 Liuhit!:-i

| qubit |i/)

Ahce

Bob

£ I qubat

_(0)*]0}" +{1}"11)” | ebit
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Entanglement-assisted Stabilizer Formalism

It turns out that we can establish a sunple extension of the usual stabilizer formalism to
descrube entanglement-assisted codes. We agan establish a “stabiizer” whach 1s a

subgroup ot the Pault group on # g-bits; but we no longer requure this subgroup to be

{ft

Abehan. For such a subgroup, we can tind a set of generators which tall into two

I'.,._T:L'-'_i]_l}__"-‘i:

Lsofropic generators, which commute with all other generators; and

Symplectic generators, whuch come m anticommuting pairs; each pawr commutes wath all

other generators.
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Entanglement-Assisted Six-Qubit CSS Code

Construction

1 0 01 0 1 1) (2 ® 0 1 0 2

H|O
e 1 01 &I O 1\ ———H=10 1 0 1 1 9 —
01011 1 001 01 1 | 0H

CSS Constmction

Consider a [[4.3]] Hyimmmg
code panty check matnx

*r F F £ F % = ¥ F £ F 2
r‘/ H O \'-. I A | i [ X . I X . 1
‘ L P R F R LEE T ED
0 H X I I P, 1 X I X I b I

#
N . F ¥ £ X E 1 P P2
F I ¥ F £ X F FE-X F E XK
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Entanglement-Assisted Six-Qubit CSS Code

Construction

el ST g == & F 7
£ ¥ i ir s £ P e | o 4 g ir -
. . :
Y I T X I X Gram=-Schmidt g, = Y I I X I X
B i - - - = -
Orthogonahzaton = = = don e =
I 2 ] 7z 7 ] i = 4 L i 1 L L
¥ - - r o = X X I 4 S,
yF ¥ T .¥ X . g, X X F F ¥ X
— i r Fi i F I
¥ T i F i 7 & £ i A # A {
P i La i £a L -
- o % = \ ;
r 2 X I A \ S5 x £ 4 i r 4

where f 1s the rs.}'lupl@.:tu: product

minimum # of ebits = rank(HH ') CSS Code

minimum # of ebits = rFan/k( HIHj_ ) non-CSS Code
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L

* An [[nex4]] EA qUANMHTL eL10L C trecting code s descrbed by a
(- < 2n parity check matns H. B = rowspace(H). Agan, ="

e Take a oeneral 5}‘111{3[-1‘{1[: matrx H. Its rowspace B can be wntten as

B = iso(B) & symp(B) ;0 f;i =1

& " e;. f; ® u = 0, otherwise
symplectic paur @ SDEH{E,_‘. f\,_}
—
‘o0 1 000000600G0 0 fxy = ¥ ¥ 1 P
0 01 0 0 00 0 0 0 0 O b & b L L
H=|[10000000000GC0 fofrfg
0O 001 00O00O0O0GO0GO0 O § F FZF 2
C 0001 00606000 0 P E F F & F
lc 0 0 006 01 0 0 0 0 0 X [ I I I I
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Entanglement-Assisted Six-Qubit CSS Code

Construction

Bob Alice Bob Alice
NV FZ1IT11 allf 1Z 1 ZZZ1]
U? [ I I ‘{ [ [ [ ENCODING CIRCUIT g2 I Z Z ‘F ..r Z:_‘Z_
y;‘;!zzuufl\ - wl[Z]Z1 1212
W|[TITTTZT 1\ /i lxExrixx
sl dr r 11z \ /,»/:;aff'\'\'\',’\'
g |[XIX T T I T I N\ J_ w|[X[XT T XTX
s s BATBEEREF. Xl T I XXX
ZIEV T T2 svmplectic pair T IFEZ T EZ )

svmplecuc

UNENCODED SR ENCODED

STABILIZER STABILIZER
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Entanglement-Assisted Six-Qubit CSS Code

Unitary Encoding Circuit

B+ 3{ BB A CNOT from cubat - cquibat s adds cohunn 1 to cohumn ¢ m the
| alingiildy X submatox, and colnn ; to cohmmn - m the Z submatnx
0)” _'E gid \ Hadamard on -pli'nT swaps colnmn  mn the Z submatnx
0)” "E ‘—E 0 with cohunn -~ m the X submatex
1 + !
0" = H =) 1 H | ] i e T IEE A Phase gate on qubat / adds a cohunn ' n the X submatnx to
)~ _'E_'“i P 1 H | cohunn ' m the 7 submatnx
: = H = - s HFe{HF- i
& T R R A SWAP eute apphed to qubit - and ; exchanges the respecnve
colhmmns mn the X and 7 submatnces
= F F FE FE I > F F ZT I 2
X F ¥F F F 3 7 T 7 7 T
F & F F F I r F Z E T Z
F FE £ E T i I I X 1 ¥
¥ K ¥ & X F F X ¥ Xl
¥ E F E EF E F X F X X
@ 00000 o000 0 L 06010 1o oo0oo0a0o0
b9 00 0 0L 0000 0 Matnx Reduction 1L 0L 1100 ooo o0
1. 0 6 ¢ 00 O O O O O -+ I 1 & & 1 HO & O & O ©
F & 1 O ¢ 0 O O O O 0 @ ¢ 0 ¢ ¢ o 1 O & 1 1
FE DO 0O 1 O ¢ P00 D | ) 0 ¢ o4k & 1 1 1 ©
Y & 0 0 1 0o Y O 0 b ) & @ 84 O 0 I @ 1
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Entanglement-Assisted Coc

* The correctable error set S s detined by:

If u.u’ € S and u # v/, then at least one of the
two conditions hold: o) b -

1) u—w' €C A N \ﬁ

2) u—u €iso(C+) deoenerate .

* The code space E(HSF) 1s defined as the simultaneous + 1 eigenspace of the

stabilizer generators

C
{Nu® I®%¢:uc iIso(C—-)}U U {Ne, @ Z;, Ng® Xi}

o N . =1 L | L _ BV B

{ [ i i i |

1 C 1 C

=

—
|
o

- . ) o B o
* Decoding mvolves measurmg the “error syndrome™ (re. the sunultaneous

e

ewenvector of the stabilizer generators) | (=) w

S

L 4 B | . |
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Properties of the Entanglement-Assisted

Stabilizer Formalism

We can now compare the propetties of an EAQECC to those ot an ordinary
QECC:

The code corresponds to a classical code over a symplectic space. (No longer
needs to be dual-contaming!)

The error correcting conditions are a/west the same as classical (except tor the
existence of degenerafe quantum codes, 1 which distinct errors share the same
1oL 5:.‘11+-£L+;'-11Lc,'l,

Cortrection consists of measunng an error syndrome and performng an

approprate correcting action (a umtary).

L | |
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Entanglement-Assisted Six-Qubit CSS Code

Equivalence to Steane Code

* The entanglement-assisted six-qubit code can correct tor errors on Bob’s side as well. It
turns out that [[6, L, 3; 1]] codes are in fact equivalent to the well known se ren-qubit Steane

f._'f_][_{L_.

> e S - ol R | R T Y N
2 |1 S s . gl F F T E r 1
e | I il F i T [ il < - - - - -
=7 |4 ia 4L £ La a 2 r i F { r
= | ¥ i F =7 £ £ ¥ ] 4 —_ —_ ¥ r

> = 7 5 = 7 = & 518555 i Se CF 8
= | - . " e = & : : 4'r J" 4 Jr A

< |

| il' ol o T T kil .- -' - A — - —_— -’

g4 L L I L X ®miE ¥ X F & X X
H F 5 O O —» e

| x : 7 - | PN T e =

s & & X I 21X a S G- X X X F F 1} - : -
LR - o I, -

& X I I X I X e X X F I X I X
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5 F OB F O F columns once

or F | &
= \ "ol ' T " o
.:L‘T 4 I _‘L - !L L ¥ e !I_ _T!L
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Entanglement-Assisted Six-Qubit CSS

Proposition: There does not exust an [[n, L, 3; 1]] entanglement-assisted CSS code

tor n = 6 that corrects an arbitrary 9i11g1¢—~11 ihit error on Alice’s side.

b | B |
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Conclusion

* We gave a proof as to why the six-qubit code does not have a CSS
structure.

* Can the above be generalized to higher-distance CSS codes?

* We gave an example of the smallest subsystem code that uses just one
ogauge qubit.

* We gave an example of the smallest entanglement-assisted CSS code.

* Can the proof-technique for the non-existence of entanglement-assisted
CSS codes be generalized to higher distance EA codes, or to EA-codes

that use more than one e-bitr

L 4 B |
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Entanglement-Assisted Six-Qubit CSS Code

Proposition: There does not exust an [[n, L, 3; 1]] entanglement-assisted CSS code

tor nn — 6 that corrects an arbitrary 9i11g1¢—~11 ihit error on Alice’s side.

ki B | B |
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The entanglement-assisted six-qubit code can correct tor errors on Bob’s side as

Entanglement-Assisted Six-Qubit CSS Code

Equivalence to Steane Code

vell It

turns out that [J6, L, 3; 1]] codes are 1 fact equavalent to the well known seven-qubit Steane

f_'f_lijf.

&1 |4r

fre g frg g
- i e
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Py

X

Cychcally permute
columns once

o, i 7z i
=1 & A £
- — -
o 3 | L #a i
= - =
_ﬁ-: e A

oY X X
% Y I
Zalt L

Steane Code Stabilizer
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Conclusion

* We gave a proof as to why the six-qubit code does not have a CSS
structure.

* Can the above be generalized to higher-distance CSS codes?

* We gave an example of the smallest subsvstem code that uses just one
oauge qubit.

* We gave an example of the smallest entanglement-assisted CSS code.

* Can the proof-technique for the non-existence of entanglement-assisted

CSS codes be generalized to higher distance EA codes, or to EA-codes

that use more than one e-bit-
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The Usual Suspects

Damel
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