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Additive Extensions of a
Quantum Channel

- Quantum Channels

. Capacities and Additivity

. Known Bounds

. Additive and Degradable Extensions

- New Bounds on quantum and private
capacity

. Relation to Symmetric Side Channels (SSW
2006)
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Shannon 1948

Mutual Information
I(A:B)=H(A) + H(B) - H(A.B)

Channel maps X to B

Classical capacity C=Max, I(A:B)

Remarkable that vou can achieve this with random coding
And that 1t 1s a single-letter formula
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A Quantum Channel




Quantum channels

A quantum channel 1s represented by a trace-preserving,
completely positive (TCP) map from density operators to
density operators.

Yy AlA =1
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Isometry

A-—>BE

e e e e e oo

-

s e
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Coherent Information : I°(pag) = S(ps) — S(paB)
of a channel and state) I¢(N, p) = I° (I QN (quB))
where Tr4|02B)X o8| = p




Coherent Information

Coherent Information : I°(pag) = S(ps) — S(paB)
>f a channel and state) I¢(N, p) = I¢ (I 2 N (64B)

where Tr |0 Y o*P| = p
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Coherent Information

Coherent Information : I°(pag) = S(ps) — S(paB)
>f a channel and state) I¢(N, p) = I¢ (I QN (45 )

where Tr4|0B) o8| = p

Looks like Shannon formula
Not the capacity SS96
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Capacity Theorem

Have to regularize the one-shot capacity

Juantum Capacity :|QQ = lim,, . %ma}:p” I° (N®", ¢,
—3 - . %Ql ()
Q1 = max,I°(N, p)
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Capacity Theorem

Have to regularize the one-shot capacity

Juantum Capacity :|QQ = lim,, . %maxp” F (N 4
=2 . %Ql (NE™)
Q1 = max,I¢(N, p)

* Usually impossible to evaluate
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Additivity Questions Abound

Entanglement of formation
Holevo classical capacity

Minimum output entropy
Output rank

Quantum capacity 1s simply not single-letter
Bad: Hard to calculate
Good: Lots to work on
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Capacity Theorem

Have to regularize the one-shot capacity

P
!

Juantum Capacity :|QQ = lim,, . %maxpn I° (N®", ¢,
= lim,, .o ~Q1(N*")
Q1 = max,I°(N, p)
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Additivity Questions Abound

Entanglement of formation
Holevo classical capacity

Minimum output entropy
Output rank

Quantum capacity 1s simply not single-letter
Bad: Hard to calculate
Good: Lots to work on
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No(p) =1 —plp+EXpX +EYpY +2ZpZ
(p)=0—-2)p +:r% =(1l—2z)p+ sipl +3XpX + 1Y p¥ S Zpi
3
P—3x

Np(UpU') = UN,(p)U?




50% depolarizing probability

Bob

===

Eve

Eve has just as much right to the data as Bob does
e Bt quantum mformation cannot be cloned <Dollyv>< Dollyv-



No-cloning bound

50%6 depolarlizing probability corresponds to p=3/8

Surprisingly. the approximate cloner of the previous shide 1s
not optimal. Need ancilla to find optimal approximate
cloning channel

Can achieve p=1'4 with optimal approximate cloner
1

irsa: 08060205

Page 18/66



Rains bound

B A

0.8 -

0.6 -

0.4 —

L —

0
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Additive Extension

Definition: T is an additive extension of a quantum channel N if there

another channel R such that N =R o7 and Q(7) = Q+(7).
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Additive Extension

Definition: 7T is an additive extension of a quantum channel N if there :

another channel R such that N =R o7 and Q(7) = Q.(7).

A degradable extension 1s an additive extension
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efinition: A channel N with isometric extension U : A — BE is calle
gradable if there is a degrading map D such that D o N' = N, wher
(p) = TrgUpU'. N is called the complementary channel of N.




efinition: A channel N with isometric extension U : A — BE is calle
gradable if there is a degrading map D such that D o N' = N, wher
(p) = TrgUpU'. N is called the complementary channel of N.




efinition: A channel N with isometric extension U : A — BE is calle
gradable if there is a degrading map D such that D oN = N, wher
(p) = TrgUpU'. N is called the complementary channel of N.




efinition: A channel N with isometric extension U : A — BFE is calle
gradable if there is a degrading map D such that D o N = N, wher
(p) = TrgUpU'. N is called the complementary channel of N .




efinition: A channel N with isometric extension U : A — BE is calle
gradable if there is a degrading map D such that D o N' = N, wher
(p) = TrgUpUT. N is called the complementary channel of N.




Good Properties of Additive
Extensions

. Simple to understand

. Additive (single-letter) bounds on Q

. Includes all previous bounds on Q

. Can get Rains bound without my having to
understand his paper

. Also bounds private capacity when
degradable

. Good convexity properties

. Fixes argument for no-cloning straight line

. Yields new, tighter bounds
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Embarrassingly Simple Theorem
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Embarrassingly Simple Theorem

)N) < QW(T)

T is an additive extension of A

Y (N) < QW (T)|when T is also degradable

Proof:
YD (T)=Q(T) by definition of additive extensior
JN) < Q(7) can obtain N from 7 using R

imilarly for C, using C,(7) = Q"(7T) (Smith07)



Flagged-Degradable Extensions

_emma:
suppose we have N = Y. p; N; with N, degradable
I =5, p;N; ® |i)(i] is a degradable extension of A

2root:
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Flagged-Degradable Extensions

_emma:

suppose we have N = >, p;N; with N; degradable

I =5 .o:N; Xis a degradable extension of A
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2root:
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Flagged-Degradable Extensions

_emma:
suppose we have N = Y. p, N; with N; degradable
I =5 .o:N; 8is a degradable extension of A

ag

’root: Need to show: 1) it's an extension. and
2) 1t's additive (will show degradable)
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Flagged-Degradable Extensions

_emma:
suppose we have N =Y. p;N; with N, degradable
I =5 .o;N, Xis a degradable extension of A

ag

’roof: Need to show: 1) it's an extension. and
2) 1t's additive (will show degradable)

N =RoT : trace out flag system

7T Degradable : read flag and apply D;
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Convex combination bound

[f 7 is a flagged-degradable extension of N the:
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Convex combination bound

f 7 is a flagged-degradable extension of N the:

Let ¢ be the optimal input state for 7 :
1W(T) =S (X piNi(0) ® |i)i]) — S (ZiP:‘NE(O) & [iXi]
= 5 pi (S (Ni(9)) — S (Ni(9)))

< Zipin (M)
alas €M RN < O (T OFID

A\
4
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No cloning as special case

To show off how general Additive extensions are
To let us use convexity results on no-cloning bounds

N Antidegradable : Do N = N
Isometry of NisU : A — BE

o) = =U

V2

et V

3)10) 1,11} 1, + 5sSWAPB£U|9) (1) 1,|0),
T (p) = Trgs VpVT is a degradable extension of N

Degradable. antidegradable and zero capacity by symmetry

Cam-get N by applving antidegrading map when necessary
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Example: Rains bound

' Random
unitarv U

Dephasing p

| U mverse




bound

Rains

Example
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Example: Rains bound

Pirsa: 08060205 Page 41/66



Example: Rains bound
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Example: Rains bound

Depolarizing channels are convex mixtures
of dephasing channels. Gives bound immediately
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Example: Rains bound

Depolarizing channels are convex mixtures
of dephasing channels. Gives bound immediately
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Better than Convex

7 is a flagged-degradable extension of N then
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Better than Convex

[ 7 is a flagged-degradable extension of N then

Let ¢ be the optimal input state for 7 :
1(T) = S (T piNi(0) ® |iXi]) — S (T piNi(0) ® |ii]
= ¥:pi (S (Wi(9) — S (Ni(9)) )
< 32 piQ1(N5)
also Q(N) < Q1(T) QED
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Better than Convex

[ 7 is a flagged-degradable extension of N then

Let ¢ be the optimal input state for 7 :
1(T) = S (i pilNi(9) ® |iXi]) — S (Z: piNi(0) ® Ji)il
= Y. pi (S (Ni(9)) — S (Ni(9)))

b ]
4

also Q(N) < Q;(T) QED
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(cos(%('u —u)) 0
0 cos(2 (v + u))

0 sin(s(v + u))
sin(3(v — u)) 0

degradable when |sinv| < | cos u|




(p) T IC| 2cecC -A[(u v) (cpcf)c ® |eXc]

Tr; 73,7 (p) = Ny(p)
p=1—cos*(u/2) cos*(v/2)




WN,) < min H [%[1 +sinusinv]] — H [%[1 +cosucosv]:

minimize over (u,v) s.t. cos*(u/2)cos*(v/2)=1—p

)(N) <co|l—H(p), H(*32) - H(XZ) 1-4p
where v(p) = 4yT—p(1 — VT —p)




WN,) < min H [%[1 —l—sinusiuv]] — H [%[1 +cosucosv]:

minimize over (u,v) s.t. cos*(u/2)cos*(v/2)=1—p

H(AR 1—'7(10)) H(’Y(P)) 4p
where 7(p) = 4/T=p(1 — VI =)




WN,) < min H [%[l—l-sinusinv]] — H [%[1 +COSUCOS’U]:

minimize over (u,v) s.t. cos*(u/2)cos*(v/2)=1—p

JN,) < colf— Hp) H(2) — H(1Z),
where 4(p) = 4T — p(1 — vI—p)




WN,) < min H [%[1 —I-sinusinv]] — H [%[l + cosu cosv]

minimize over (u,v) s.t. cos*(u/2)cos*(v/2)=1—p




Achievable Rate
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VP (p) = (1— )’ +q(1 — ) XpX + q(1 — q)ZpZ + ¢°Y p)



Achievable Rate
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VP (p) = (1—9)°p + q(1 — ) XpX + q(1 — q)ZpZ + ¢°Y p)



Another Result: BB384

Voo (p) = (1—q)’p + q(1 — ) X pX +q(1 — q)ZpZ + ¢°Y p)

Stmilar to depolarizing channel but with independent
amplitude and phase noise
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Another Result: BB384

VEBH(p) = (1 —q)’p + q(1 — @)X pX +q(1 — q) ZpZ + ¢*Y p)

Similar to depolarizing channel but with independent
amplitude and phase noise

This channel has private capacity equal to that of BB84
with one-way postprocessing and bit error rate g.

Pirsa: 08060205



Another Result: BB384

VEP(p) = (1 — q)’p +q(1 — @)X pX +q(1 — q) ZpZ + ¢°Y p)

q

Similar to depolarizing channel but with independent
amplitude and phase noise

This channel has private capacity equal to that of BB84
with one-way postprocessing and bit error rate ¢.
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degradable when v < 1/2




IBB3 = SN2 (p) ® [0XO| + Y N2, (Y pY)Y ® |11
v(q) =49(1 —q)




BB384 extension

Io5% = SN2 (p) @ |OX0] + sYNZE, (Y Y)Y ® [1X1
v(g) = 44(1 — q)

This 1s a degradable extension of the BB84 channel

Nice because 1t has just two terms
We can tully calculate its Q,
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SS Capacity

sometry : V|(i.7) = —(i)li) — i)l
‘hannel : A(p) = TraVpVT Q(A) =0
1 o
Js(NV) = lim ~Qi(N7" ® A)
Vant to show N ® A is an additive extension of A
with capacity QN ® A) = Qu(N)

1 &



N ® A) = —Ql(N R AS")

(Ql (N ® A) + Qi(A°" Y ® A))

ﬂ—fo}n

= lim ~(nQiN 2 4)) = QN 8 4) = (N ® A

n—oo N







