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Continuity -- why it matters
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Continuity -- why it matters

- it's a fundamental question
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Continuity -- why it matters

- it's a fundamental question

- continuity implies less broken
(& perhaps more useful) intuition
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Continuity -- excerpt of a chat @IBM Apr08

You're working on THIS ‘cause there's nothing better to do?

Wanna do something useful, huh? OK, why don't we

bound the classical capacity of the amplitude damping
channel ?

No, the same old additivity problem .

Perhaps we can look at the capacity of some nearby
depolarizing channel [whose capacity we know] ?

Who said the capacity is continuous?
Crap :-(
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Continuity -- excerpt of a chat @IBM Apr08

You're working on THIS ‘cause there's nothing better to do?

Wanna do something useful, huh? OK, why don't we

bound the classical capacity of the amplitude damping
channel ?

No, the same old additivity problem .

Perhaps we can look at the capacity of some nearby
depolarizing channel [whose capacity we know] ?

Who said the capacity is continuous?

Crap :-( Well, we should prove continuity then.
Does it work classically? How?
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Continuity : classical capacity of
classical channel N (iid)

N: pr(y|x), say Y=N(X)

C(N) = maxy, I(X:N(X))
= maXy H(X)+H(N(X))-H(XN(X))
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Continuity : classical capacity of
classical channel N (iid)

N: pr(y|x), say Y=N(X)

C(N) = maxy, I(X:N(X))
= maXy H(X)+H(N(X))-H(XN(X))

For 2 channels N; and N,
C(N;) = max,; H(X;)+H(N;(X;) )-HOGN, (X))

When comparing C(N,) & C(N,), the difference is
caused by difference in N,, N,, and also that in
optimal X, X, .
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Proof ideas for continuity of C(N)

| call this
C(N;) = maxy, H(X;)+H(N;(X;))-H(XN;(X)), «—— £(X,N)

Pirsa: 08060204



Proof ideas for continuity of C(N)

| call this
C(N;) = maxy, H(Xi)+H(Ni(xi))_H(XiNi(Xi)): — f(Xi,N;)

Let X,°P be optimal input distribution for N;:
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Proof ideas for continuity of C(N)
call this

C(N;) = maxy; H(XG)+H(N(X))-HOGN(X))| «— f(x,N.)

Let X;°P be optimal input distribution for N;:

C(N1) =
f(X;°P,N,) f(Xlﬂp;Nz)
f(Xfp, N 1) f(X5°P,N,)

Th C(Nz)

stick each X°P in
both channel capacity
exXpression anyways Page 12159




Proof ideas for continuity of C(N)
call this

C(N;) = maxy; H(X;)+H(N;(X))-H(XN(X)) ~— f(X,N,)

Let X,°P be optimal input distribution for N;:

C(N,) =
(N) if N, - N,

f(Xlﬂﬁ‘\}Nl)‘— X1DDN1(X10D) ::Xprz(Xle) 2 f(xlﬂp’Nz)
& f(X,%°,N,) = f(X,°°,N,)

. A
f(Xzﬂp,Nl) f(X5°P,N,)
i C(Nz)

stick each X°P in
both channel capacity
expression anyways Page 1359
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Proof ideas for continuity of C(N)
call this

C(N;) = maxy; HOXG)+H(N(X))-HOGN(X))| «— f(x,,N,)

Let X,°P be optimal input distribution for N;:

C(N,) =
(N) if N, - N,

f(xlﬂprl)i— X]_DDNI(X]_DD) ::XIDDNE(Xj_DD) — f(Xlesz)
& (X, N,) = f(X,°P,\,)
V1 | A\

Similarly
f(X,%P,Ny) ~— f(X,°",N,) == f(X,2r,N,) — F(X;°P,N;)

i C(Nz)

stick each X°P in A
both channel capacity
ExXpression anyways Page 14159
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Proof ideas for continuity of C(N)
call this

C(N;) = maxy; HOG)+H(N(X))-HOGN(X))| «— f(x,N.)

Let X,°° be optimal input distribution for N;:

( C(Nl) = . _
if Ni = NZ
f(xlﬂprl) Xlﬂle(ch}D) ::X1DDN1(X10D) —» f(X]_DpINZ)
& f(X,°?,N,) = f(X,°r,N,)
VI I
Similarly )
f(XZDprl) T f()(zﬂp’Nl) i f(Xsz:Nz) g f(Xz p’NZ)

= C(N

stick each X°P in
both channel capacity N
e%erSSion anywaYS Page 15/89
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Proof ideas for continuity of C(N)
call this

C(N;) = max,; H(X;)+H(N;(X;))- H(X.N.(X))‘ — f(X,,N,)

Let X,°P be optimal input distribution for N;:

i CLh— if N,

f(X,°?,N,) an(xzn) X,oeN, (X, o0) —~ F(X;°P,N,)

& FOCoP, N, ) = F(X,oP,N.)
VI | /A

Similarly

f(X%P,Ny) —— f(X,°°,N,) Of(xzﬂwz) T

= C(N
stick each X°P in -~ C(N,) > C(N,)

both channel capacity (up to this approx)
ExXpression anyways % Page 16159
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Proof ideas for continuity of C(N)

C(N;) = max,

H(Xi)"'H(Ni(xi))'H(XiNi(Xi))

call this
— (X, N;)

Let X,°P be optimal input distribution for N;:

if N, - N,

& f(X,P,N,) == f(X,°°,N.)

Similarly
F(X3%P,Ny) =— f(X,°°,N,) |- [f(X,%°,N,)

Xlnpﬂl()(lﬂp) ::X]_DDNE(X:LDD) — f(XIDp,NZ

\

stick each X°P in

both channel capacity

expression anyways

~C(N,) = C(N,)
(up to this approx)

E o
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Proof ideas for continuity of C(N)
call this

C(N,) = max, H(Xi)+H(Ni(xi))_H(XiNi(Xi))‘ — f(X,N,)

Let X,°P be optimal input distribution for N;:
~C(N,) < C(N,)+gap

if N, = N, i

XlnDNI(XIDD) - :X1DDN2(X10D) == f(XleINz
& f(xleﬂ,m@ f(X,°°,N,)

VI i

Similarly
F(X3%,N1) = £(X,%P,N,) E= [f(X,%°,N,)

stick each X°P in -~ CI{N,) > CIN,)
both channel capacity (up to this approx)
expression anyways i

E



C(N,) == C(N,) up to change in f due to diff in XN,(X) [same X] ‘

Proof ideas for continuity of C(N)
call this

C(N;) = maxy H(X,)+H(N(X))-HXN(X)) «~— f(x,N,)

Let X,°P be optimal input distribution for N;:
~C(N,) < C(N,)+gap

if N, - N, L

chrDNl()(lop) - :XIDDNE(Xlt)D) =" f(Xlﬂp,Nz
& f(xloﬂ,m@ f(X,°°,N,)

Similarly
F(X3%P,Ny) =— f(X,°°,N,) |- [f(X,%°,N,)

stick each X°P in -~ C(N,) > C(N,)

both channel capacity (up to this approx)
ExXpression anyways Page 1959




\ C(N,) == C(N,) up to change in f due to diff in XN,(X) [same X] \

Proof ideas for continuity of C(N)
call this

C(N;) = maxy; HOXG)+H(N(X))-HOGN(X))| «— f(x,,N.)

"
The gap: how to make N, - N, imply

(a) X;°PN,(X,°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°P,N,) 27
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X] \

Proof ideas for continuity of C(N)
call this

C(N;) = maxy; HOXG)+H(N(X))-HOGN(X))| «— f(x,N.)

The gap: how to make N, ~- N, imply
(a) X;°PN,(X,°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°?,N,) 27

Continuity depends on N
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X]

Proof ideas for continuity of C(N)

C(N;) = max,

H(Xi)"'H(Ni(xi))‘H(XiNi(Xi))

call this
— (X, N;)

The gap: how to make N, ~- N, imply
(a) X;°PN,(X,°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°?P,N,) 27

Continuity depends on

(a) measure of proximity of N, N, (need X XN,(X) == XN5(X))
take |[N;-N;| [=max, || XN, (X)-XN,(X) [l

R
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X]

Proof ideas for continuity of C(N)

call this

C(N;) = maxy H(X)+H(N;(X))-H(XN(X)) ~— f(X,N,)

The gap: how to make N, ~- N, imply
(a) X;°PN,(X;°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°P,N,) 27

Continuity depends on

(a) measure of proximity of N,, N, (need #X XN,(X) == XN5(X))
take |[N;-N;| [=max,| | XN,(X)-XN,(X) |l

(b) smoothness of f(X;,N,), here:
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X]

Proof ideas for continuity of C(N)

call this
C(N,) = maxy, H()%)+H(N;(Xi))‘H(XiNi(Xi)) AN

The gap: how to make N, -- N, imply
(@) X;°PN,(X,°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°P,N,) 27

Continuity depends on

(a) measure of proximity of N,, N, (need ¥X XN,(X) == XN5(X))
take | [N -N;|1=max| | XN, (X)-XN,(X) |l

(b) smoothness of f(X;,N,), here:

AF < | H(Ny(X))-H(N,(X)) | + | H(XN,(X))-H(XN,(X)) |
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X]

Proof ideas for continuity of C(N)

call this
C(N;) = maxy; H(X;)+H(N;(X;))-H(XN;(X)) «—— £(x,N,)

The gap: how to make N, ~- N, imply
(a) X;°PN,(X;°P) == X;°PN,(X,°P) and (b) f(X,°?,N,) ~= f(X;°?,N,) 27

Continuity depends on
(a) measure of proximity of N,, N, (need ¥X XN,(X) == XN5(X))
take ||N;-N.||=max,] | XN, (X)-XN,(X)]]
(b) smoothness of f(X;,N,), here:
Af < | H(N(X))-H(N,(X)) | + | H(XN4(X))-H(XN,(X)) |
< [Ny (X)-No(X) g 10g doye + [1XN,(X)-XN,(X)] ], log d,.d

in—out
+ ... Thanks to Fannes73
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C(N,) = C(N,) up to change in f due to diff in XN,(X) [same X]

Proof ideas for continuity of C(N)

call this

C(N;) = maxy; H(X)+H(N;(X))-H(XN(X)) «~— f(X,N,)

The gap: how to make N, ~- N, imply
(a) X;°PN,(X;°P) == X;°PN,(X,°P) and (b) f(X;°?,N,) ~= f(X;°?,N,) 27

Continuity depends on

(a) measure of proximity of N,, N, (need ¥X XN,(X) == XN5(X))
take ||N;-N;|1=max| | XN, (X)-XN,(X) |l
(b) smoothness of[“?T’(Xi,Ni), here:
AF < | H(N(X))-H(N,(X)) | + | H(XN,(X))-H(XN,(X)) |
< [N (X)-No(X) & 10g dgue + [IXN(X)-XN(X) ]| l0g d;irdoy:
+ ... Thanks to Fannes73

< 3 ||INs-N,|] log d + ... where d = max(d,, ,.t)
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Proof ideas for continuity of C(N)
call this

C(N,) = max, H(Xi)+H(Ni(xi))_H(XiNi(Xi))‘ — f(X,,N,)

C(N,) =
(Ny) differ by at most .
f(X,°?,N, )" 3 |IN,-N|| log d + ... — f(X;°%,N;)

differ by at most
f(X;°P,N;) “— 3 [IN,-N,|] log d + ... — F(X;°P,Ny)

E C(Nz)
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Proof ideas for continuity of C(N)
call this

C(N;) = maxy; H(X)+H(N(X))-HOGN(X))| «— f(x,N.)

C(N,) - 3 [INs-N,[] log d < C(N,)

C(N,) =
(Ny) differ by at most "
f(X,°?,N,)- 3 |IN,-N,|| log d + ... — f(X;°",N,)

differ by at most
f(X;°P,N;) ~— 3 [IN,-N,|] log d + ... — F(X;°P,Ny)

Ok C(Nz)

C(Ny) = - 3 [INy-N, || log d + C(N,)
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Proof ideas for continuity of C(N)
call this

C(N;) = maxy; H(X)+H(N,(X))-HXN(X)) «~— f(X,N,)

C(N;) - 3 |IN;-N,|| log d < C(N,)

C(N,) =
(N1) differ by at most "
f(X;°P,N;)— 3 |IN,-N,|| log d + ... — f(X;°",N,)

r A
\ J
\/ [ | \

differ by at most
f(X;°P,N;) ~— 3 IN,-N,|] log d + ... — F(X;°P,Ny)
= C(N,)
C(N;) = - 3 |[IN;-N,|| log d + C(N,)

Pirsa:08060204ThuS |C(N1)_C(N2) <_: ||N1_N2|I 3 Iog d + = am Page 29/89



What about quantum channels?
Each channel N takes A, to B,

irsa: 08060204 Page 30/89



What about quantum channels?
Each channel N takes A, to B,

e Holevo-Schumacher-Westmoreland:

C(N) = lim__ _ maXp, o,

evaluated on =, p,|x)(x]|

e ——

T

X

irsa: 08060204
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What about quantum channels?
Each channel N takes A, to B,

I{K:L)= S({(K)
e Holevo-Schumacher-Westmoreland: +S(L)-S(KL)
C(N) = lim__ _ maXp. o, 1/n I(X:B;B,---B,)
evaluated on =, p, |x)(x] @ N°" (p,)
X B,B, B,

irsa: 08060204
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What about quantum channels?
Each channel N takes A, to B,
I(K:L)

e Holevo-Schumacher-Westmoreland: +S(1

C(N) = lim__ _ maXp, o 1/n I(X:B,B, ---B,)

evaluated on =, p, |x) (x| @ N°" (p,)

=% - '

]
)

/

X BB -B

e Lloyd-Shor-Devetak: N
Q(N) = lim,_ _max,, 1/n I®"(R>B,B, --- B,)
evaluated on IoN“"|w)pa o, . s

Page 33/89
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What about quantum channels?
Each channel N takes A, to B,
I(K:L)= S(K)
e Holevo-Schumacher-Westmoreland: L)-S(K
C(N) = lim__ _ maXp, o, 1/n I(X:B,B,---B.)

evaluated on =, pxlx <x| Nem (p,)

) e L \(F

{!} *

e Lloyd-Shor-Devetak:

Q(N) = lim__ _max, 1/n I®"(R>B,;B,

‘-Bn)

evaluated on IoN“"|w)pa n, A

Page 34/89
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What about quantum channels?

e.g. C(N) =lim__ __ma 1/n I(X:B;B, ---B,)

X
Px,Px

evaluated on =, p [x)(x| @ N°" (p,)
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e el

What about quantum channels?

e.g. C(N) =lim__ __ma 1/n I(X:B;B, ---B,)

X
Px,Px

evaluated on =, p,[x)(x] @ N=" (p,)

Try nimic continuity argument in classical setting despite
the n-use capacity expression and bound the gap:

: 08060204 Page 36/89



What about quantum channels?

e.g. C(N) =lim__ _ max 1/n I(X:B;B, ---B,)

Px,Px
evaluated on =, p,[x)(x] @ N°" (p,)

Try nimic continuity argument in classical setting despite
the n-use capacity expression and bound the gap:

(1) For the same input, even if
[IN;-Na || = max, || TNy (p) - 1oNy(p) ||tr small
<, p X)Xl = Ny= (p,) and =, p,Ix) (x| = Nyo" (p,)
can be "n| |N1 N2||” apart.
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What about quantum channels?

e.g. C(N) =lim__ _ max 1/n I(X:B;B, ---B,)

Px,Px
evaluated on =, p |Xx)(x| @ N°"(p,)

Try nimic continuity argument in classical setting despite
the n-use capacity expression and bound the gap:

(1) For the same input, even if
| IN;-N5 || = max || I&N;(p) - I*?—'*Nz(p) ||1tr small
<, p X)Xl = Ny=0 (p,) and =, p,Ix)(x| & Ny=" (p,)
can be "n| |N1 N2||” apart.

(2) "log dim"” dependence in Fannes ineq grows as n.

Pirsa: 08060204 Page 38/89
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What about quantum channels?

e.g. C(N) =lim__ _ max 1/n I(X:B;B, ---B,)

Py P
evaluated on =, p,|x)(x] @ N°" (p )

Try nimic continuity argument in classical setting despite
the n-use capacity expression and bound the gap:

(1) For the same input, even if
| IN;-N5 || = max || I=N;(p) - I‘T"Nz(p) ||tr small
<, p X)Xl = Ny=0 (p,) and =, p,Ix) (x| & Ny=" (p,)
can be "n| |Nl Nzll” apart.

(2) "log dim"” dependence in Fannes ineq grows as n.
So, gap ~ 1/n * n? * |IN;-N,|| ... :=(

Pirsa: 08060204 Page 39/89

B e



Similar problem for

(1) classical capacity (unknown additivity)

(2) quantum capacity (known nonadditivity)

(3) private classical capacity (unknown additivity)

All 3 capacities are sup over some output entropies.

Need tighter bound concerning the entropy difference
between two n-use output states.

irsa: 08060204 Page 40/89



Main lemma [continuity of output entropy]:
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

C reference system. If |[[N-M]]| < e, ¥ pcacon,
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

C reference system. If [[N-M]]| < &, ¥ pcaon,
| S(IzN°"(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

|

”
same state only 1 factor of n

irsa: 08060204 Page 43/89
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

C reference system. If |[[N-M]| < &, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ Nokg Menk(p)

1S(1)-S(51.1) | 3

=|S5{CH, —_B). .S58, __§B) .|

irsa: 08060204 Page 44/89
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

C reference system. If |[[N-M]]| < &, ¥ pcacon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ka Menk(p)
1S(5)-S(opy) |

= |S(CB, ... B,),, - S(CB; ... B)), |

= |S(CB; - B,)y, - S(CB,; .- By 1By, - By)s,

- S(CB]. e Bk-lBk'l'l == Bn)(_—}k_ S(CB]_ i BH)IG k-1

irsa: 08060204 Page 45/89
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

C reference system. If [[N-M]| < e, ¥ pcacon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ko Menk(p)

|S(5)-S(op-4) |
u [S(CBI e Bn)(jk a S(CB]_ St Bn)(j k'll ;{}il(ffgérgk—l
= |S(CBy ... By)gy - S(CB; .. By 1By - Brdsy only in B,

- S(CB]. e Bk-lBk+l - Bn)(_—}k_ S(CBl S BH)IG k-1

irsa: 08060204 Page 46/89
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Main lemma [continuity of output entropy]:

Let N,M: A — B be quantum channels, d=dim(B).

C reference system.

If [IN-M[]_ <&, ¥ pcaon,

BI‘I)Gk
. B,)l
Bn)o

o & 64
differ
only in B,

o]

k-1

| S(IoN"(p)) - S(I2Me(p)) | < n [4 = log d + 2H(z2)]
Proof: Let 6, = I @ N2k Menk(p)
|S(5))-S(o)-1) |
= |S(CB, ... B,),, - S(CB, ... B), , _|
= |S(CB, ... B,)o, - S(CB; .. Bi;By,; --
+ S(CB, .. B1By; -- By)y, - S(CB,
= |S(CB, ... B,),, - S(CB; .. BiBy,; --
+ S(CB, .. B1Byy; -- B)giy S(CB,

||||| : 08060204

"\-..._\_____,_,.,-r"

BN

G k-1

Page 47/89




Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ka Menk(p)
|S(5y)-S(o)-1) |

= |S(CB, ... B,),, - S(CB, ... B,), , _|

= |S(CB,; ... B,)o, - S(CB; .. By 1Byys - Bo)oy

+ S(CBl - Bk'lBk+1 - = Bn) il S(CBl — Bn)

S k-1 o k-1l
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ Nk Menk(p)
|S(5y)-S(o-4) |
= |S(CB, ... B,)o, - S(CB; ... B,), |
= |S(CB,; ... B)s, - S(CBy .. By 1Byyy - Bploy
+ S(CB; .. B.1Byy1 -- Bployy ~ S(CB, ... By)g |

= IS(Bk|CB1 o+ Bro1Bryy - Bn)f__—} k S(ByICB; .. By 1Byys - By)
&

o k-1l
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Main lemma [continuity of output entropy]:

Let N,M: A — B be quantum channels, d=dim(B).
R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=kao Menk(p)
S(5)-S(511) |
= |S(CB; ... Bn)(jk - S{CH; .- B ) k_1|
= |S(CB; ... Bm)(jk S BB . I3n)Gk
+SCE, B R .. -B) o SR, - BL) k—1|
= |S(BkICB; .. By.yBy,y, -- B g S(BICB; .. By 1By - B“)Gk-ll
<4 ||lo, - 51|l log d + ... thanks to Alicki-Fannes! 3
“~— independent of dim of system being
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Main lemma [continuity of output entropy]:

Let N,M: A — B be quantum channels, d=dim(B).
R reference system. If ||N-M|| <&, ¥ pcpon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N2ka Menk(p)
|S(5)-S(op-4) |
=€, __B). .- NCH, B .|
=B{C8; -B),,.-S(CH; B8, --B),.
+S(CH, BB, B, SXCH;, B, .|
= |S(BkICB; .. By.yBy,, -- B k S(BLICB; .. By 1Byys - By)
<4 ||s, - 5¢1||i log d + ... thanks to Alicki-Fannes!
<4 |IN-M]] logd + ... \[;;’ independent of dim of system being

o k-1l

G S Iog d+ 2 H(E) conditioned on! bagesuse

B e



Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||IN-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ Nokg Menk(p)
|1S(6,)-S(o 1) <4 elogd + 2 H(g)
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||IN-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ka Menk(p)
|1S(6,)-S(o 1) <4 logd + 2 H(g)

| S(I&N="(p)) - S(IaM="(p)) |
= |S(5,)-S(5) |
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||IN-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N2ka Menk(p)
1S(c1)-S(0y.y) |
=[S{CH,; - B.),,-CB,;, _B). .|
= S(CB; - B), .- S(CH; B8, -B),,
+5(CH, BB B, SNCH, B, .|
= |S(ByICBy .. Bi1Biys - Br)g K S(BylICB, .. By 1Byyy - Bn)Gk_1|
<4 ||s, - 51|l log d + ... thanks to Alicki-Fannes!

<4 |IN-M|] logd + ... “~— independent of dim of system being
oo Jog d + 2 H(z) conditioned on! baesas



Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ka Menk(p)
|1S(6,)-S(o 1) £4elogd + 2 H(g)
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IaM°"(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N=ka Menk(p)

|1S(6,)-S(o 1) £4=logd + 2 H(g)

| S(IaN="(p)) - S(IeM="(p)) |
= |S(cp)-S(50) |
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN°"(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N2kg Menk(p)
|1S(6,)-S(o 1) <4 =logd + 2 H(g)

| S(I&N="(p)) - S(I=M="(p)) |
= |S(5,,)-S(50) |
= |, 1" S(6)-S(5 1) telescopic sum
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,
| S(IzN="(p)) - S(IzM="(p)) | £ n[4=logd + 2H(=)]

Proof: Let 6, = I @ N2ka Menk(p)
|1S(6,)-S(o.1)| <4 =elogd + 2 H(g)

| S(TEN=(p)) - S(I2M"(p)) |
= 1S(5,)-S(50) |

= |, 1" S(6)-S(5 )] telescopic sum
= 1" |IS(6)-S(o )] triangular ineq

el [4 € log d + 2H(e)]



Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcpon,

| S(IaN="(p)) - S(IoM=(p)) | < n [4 = log d + 2H(&)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8 =log d + 4 H(z).
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Main lemma [continuity of output entropy]:

Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If |IN-M|| <&, ¥ pcaon,

| S(IoNe(p)) - S(IeM(p)) | < n [4 = log d + 2H(s)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8 =log d + 4 H(s).

Pf: C(N) =lim,_  max, , 1/n I(X:B;B, - B)

evaluated on =, p, |x)(xX| @ N°" (p,)
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Main lemma [continuity of output entropy]:

Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||IN-M|| <&, ¥ pcaon,

| S(IoNe(p)) - S(IeMen(p)) | < n [4 = log d + 2H(s)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,;)-C(N,)| < 8 =log d + 4 H(s).

Pf: C(N) = lim__ _ maxp . 1/n I(X:B,B, - B,)
evaluated on =, p, |x)(xX| @ N°" (p,)

For any input ensemble, resulting outputs have
1/n I(X:B,B, ... B,) differing by no more than
8czlogd+ 4 H(s) (the gap). Now, we can repeat
earlier argument for classical capacity.
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).

R reference system. If ||N-M|| <&, ¥ pcaon,

| S(IoNe(p)) - S(IeMen(p)) | < n [4 = log d + 2H(g)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8 =log d + 4 H(z).

Corollary 2: If || N; - N5 ||, < &, then
|Q(N;)-Q(N,)| < 8 zlog d + 4 H(s).
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).
R reference system. If ||N-M|| <&, ¥ pcaon,

| S(IoNe(p)) - S(IeMe(p)) | < n [4 = log d + 2H(g)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8 =log d + 4 H(z).

Corollary 2: If || N, - N5 ||, < &, then
|Q(N;)-Q(N,)| < 8 zlog d + 4 H(s).

PF: Q(N) = lim,__ __max,, 1/n I©"(R>B, B, --- B,)

evaluated on I&N="|w)pa.a, . ay

Again, rewrite I®°h as entropies and apply lemma.
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Main lemma [continuity of output entropy]:
Let N,M: A — B be quantum channels, d=dim(B).
R reference system. If ||IN-M|| <&, ¥ pcaon,

| S(IoNe(p)) - S(IeMen(p)) | < n [4 = log d + 2H(g)]

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8 =log d + 4 H(z).

Corollary 2: If || N; - N5 || < ¢, then
|Q(N;)-Q(N,)| < 8 zlog d + 4 H(s).

Corollary 3: If || N,

- N, ||, < &, then
|CD(N1)-(.Ep(N2)| < 16 = log d + 8 H(e).

private classical capacity
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irsa: 08060204

Now apply it to N; = amplitude damping channel and
closest generalized Pauli channel (N,) we obtained an
upper of C(N,) < 1+0(s) p

Corollary 1: If || N; - N5 |]. < &, the
|C(N,)-C(N,)| log d + 4 H(=).

Corollary 2: If || N; - N5 || < &, then
|Q(N;)-Q(N,)| < 8 zlog d + 4 H(s).

, then

Corollary 3: If || N, g
(N,)] <16 £ log d + 8 H(e).

-N; |, <
Icp(Nl -(:*p

private classical capacity
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Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8slogd + 4 H(s).

Corollary 2: If || N; - N5 ||, < ¢, then
|Q(N,)-Q(N,)| < 8glogd + 7 H(e).

Corollary 3: If || N; - N5 ||, < &, then
ICD(Nl)'CP(Nz” < 16 = log d + 8 H(g).

private classical capacity
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If d is unbounded, there are
(a) families Nk, N,k s.t.
as k—oc, || N;k - N,k || =0, but |C(N,k)-C(N-,k)|=1
(b) families N;k, Nk s.t.
as k—oc, || N;k - N,k || =0, but |Q(N,k)-Q(N,k)|=1

Corollary 1: If || N; - N5 ||. < &, then
|C(N,)-C(N,)| < 8slogd + 4 H(s).

Corollary 2: If || N, - N, ||, £ ¢, then
|Q(N,)-Q(N,)| < 8glogd + "( H(e).

Corollary 3: If || N, -
IC

|
)-C.(N,)| < 16 £ log d + 8 H(s).

private classical capacity
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The chat @IBM continued ...

Do you believe the proof?
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The chat @IBM continued ...
Do you believe the proof?

Yeah, ...
but now it's too simple to be not proved before.

The Alicki-Fannes inequality is 4 years old.
Are you sure it's not done already?
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The chat @IBM continued ...
Do you believe the proof?

Yeah, ...
but now it's too simple to be not proved before.

The Alicki-Fannes inequality is 4 years old.
Are you sure it's not done already?

At least not according to Werner's homepage on
open problems ...
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Prior work we found on the web:

Keyl & Werner 2002: Q(N) lower semicontinuous

Shirokov 2006: 1-shot Holevo information continuous
for finite output dimension, lower semicontinuous in

general.
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Prior work we found on the web:

Keyl & Werner 2002: Q(N) lower semicontinuous

Shirokov 2006: 1-shot Holevo information continuous
for finite output dimension, lower semicontinuous in

general.

Incidentally, Alicki and Fannes 2004 proved their nice ineq to
show continuity of squash entanglement.

Subsequently, Harrow, L, Shor used it to prove continuity of the
one-way-[entanglement-assisted-classical-capacity] of quantum
two-way channels.
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The chat @IBM continued ...

Now what about Q, [quantum capacity assisted by free
2-way classical communication]?
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The chat @IBM continued ...

Now what about Q, [quantum capacity assisted by free
2-way classical communication]?

Nothing is known ... there's no capacity expression.
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The chat @IBM continued ...

Now what about Q, [quantum capacity assisted by free
2-way classical communication]?

Nothing is known ... there's no capacity expression.
Except Q, is the entanglement capacity of the channel.

Guifre [Vidal] proved distillable entanglement
Is continuous ... but doesn't mean anything here.
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The chat @IBM continued ...

Now what about Q, [quantum capacity assisted by free
2-way classical communication]?

Nothing is known ... there's no capacity expression.
Except Q, is the entanglement capacity of the channel.

Guifre [Vidal] proved distillable entanglement
Is continuous ... but doesn't mean anything here.

So, Guifre Vidal's proof idea for continuity of distillable
entanglement adapts wholesale!!
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Guifre's idea: if two distillable states p,, p, are similar,
n copies of one can be converted into -- n copies of

the other with free LOCC.

If p; has much higher distillation entanglement than p,,
we can distill p, by first converting into p, leading to a
contradiction.

Such conversion works for channels too!
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M, M, . d=min(d;,,d, )
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M,, M, . d=min(d, ,d_,.)
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M, M, . d=min(d;,,d, )

irsa: 08060204 Page 80/89
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:
M=p, M, + (1-p,) N
for some channels M;, M, . d=min(d, ,d_ )

(1) take - np, uses M, and n(1-p,) uses of N
to simulate n uses of M

[receiver tosses n coins with bias p, and tells sender
with free CC decides whether M, or N is used.]
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:
M=p, M, + (1-p,) N
for some channels M,, M, . d=min(d,,,d_)

(1) take - np, uses M, and n(1-p,) uses of N

to simulate n uses of M
[receiver tosses n coins with bias p, and tells sender
with free CC decides whether M, or N is used.]

(2) take n log d p;/Q-(N) uses of N to simulate np,
noiseless channels, which trivially simulate np, uses of M,
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:
M=p, M, + (1-p,) N
for some channels M;, M, . d=min(d,,,d_)

(1) take - np, uses M, and n(1-p,) uses of N

to simulate n uses of M
[receiver tosses n coins with bias p, and tells sender
with free CC decides whether M, or N is used.]

(2) take n log d p;/Q-(N) uses of N to simulate np,
noiseless channels, which trivially simulate np, uses of M,
Compose (1)&(2):

n[log d p,/Q,(N)+(1-p,)] uses of N simulate n uses of M.
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irsa:

Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:
M=p, M, + (1-p,) N
for some channels M;, M, . d=min(d,,,d_ )

(1) take - np, uses M, and n(1-p,) uses of N

to simulate n uses of M
[receiver tosses n coins with bias p, and tells sender
with free CC decides whether M, or N is used.]

(2) take n log d p;/Q-(N) uses of N to simulate np,
noiseless channels, which trivially simulate np, uses of M,
Compose (1)&(2):

n[log d p,/Q-(N)+(1-p,)] uses of N simulate n uses of M.

hus: [log d p;/Q,(N)+(1-py)] Qu(N) = Q,(M).|  reesws




Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M;, M, .
Thus: [log d p,/Q;(N)+(1-p)] Qx(N) = Q;(M). |

Rearranging: p, (log d-Q,(N)) > Q,(M)-Q-(N)
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M;, M, .

Thus: [log d p,/Q;(N)+(1-p;)] Qu(N) = Qu(M). |

Rearranging: p, (log d-Q,(N)) > Q,(M)-Q-(N)
Applying the same argument to the blue equation:

p, (log d-Q,(M)) > Q,(N)-Q,(M)
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Continuity of Q, in the interior of {Q,(N)>0}

Given channels M, N with Q,>0, such that:

M=p, M, + (1-p,) N

for some channels M;, M, .

Thus: [log d p,;/Q,(N)+(1-p;)] Q5(N) > Q,(M). |

Rearranging: p, (log d-Q,(N)) > Q,(M)-Q,(N)
Applying the same argument to the blue equation:
p, (log d-Q,(M)) = Q,(N)-Q,(M)

Replace M by N'=(1-g)N + gM forgq — O
P;, P> — q in the above argument:
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Same argument holds for Qg(N).

In particular, Qg of the erasure channel is continuous
in the erasure probability.

Note: continuity of Q,, Qg independent of the
distance measure used.
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Same argument holds for Qg(N).

In particular, Qg of the erasure channel is continuous
In the erasure probability.

Note: continuity of Q,, Qg independent of the
distance measure used.

Open question: is Q5(N) continuous on the boundary?
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