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Abstract: We consider the gravity in the system consisting of the BPS D3-brane embedded in the flat background geometry, produced by the
solutions of the supergravity. The effective action for this system is represented by the sum of the Hilbert-Einstein and DBI actions. We derive the
Wheeler-De Witt equation for this system and obtain analytical solutions in some special cases. We aso calculate tunneling probability from
Planckian size of D3-brane to the classical regime. This paper appeared in Phys. Rev. D 77, 066017 (2008)
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DBI action for a D3-brane

S3 = —13 / dtre™? \/— det(y s + 2na' Pap + Bag)

Equivalent form:

AT3

Sy = 5 -/(34‘1‘6—” \/— det (ha3) []1“'3 Yol — 22-\.]
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Gravity on the D3-brane

This leads to (k=1):

S = 6r*mi
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ADMconstructon: R x © 3
. 5 5 5 s dr- P R
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The low-energy solution in type |l B with the Poincare symmetry group:

disgy = gundXYAXY =BV oy dXRdXY L H d X d X

e20 = H3-P)/2,

C=(H;'-1)dX°A..NdXP.

p

Ngs

r7—p’

H,=1- (r = (X:X1)'* )

The embedding field:

X (z) = (t, 2", ...e”, X* (1), ..., X7 (£))
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. / [—m},aa <+ -\Tgfzaﬂf L (a. r:}
R?
Ula.r)=a’\T; (H;”‘E” - :1\) —a ( % ATy Hf‘*"”-'*) T O - e

Equations of motion:

2| =2 (H;P‘“*—-z.\) —%(1— — H{— )— 15 g2
a meg ; a- m“P a ??‘“P :

a ??EE,
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iz o | R
The energy density: O (H;p_a /4 2_\) e _J_H;,_p, 4

a®
(p—5)/4 3 (5—p)/
The pressure p=—-3\1; (H — ‘2-\) - a—ﬁ] i 4
: \-TS _1,
The curvature parameter: L =1 — H p—>3)
3?1::,
The state equation:
D ‘)JEHE_E) p)/ 4
i == = | ] -
o \T; (HP™>/* —27) a8 = J2HPTS
|f a — o¢ | then:
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The Wheeler-De Witt equation:

R 1 —
[_ e (v"—GGe”Bn) LU Q:] Q) =0
— \'.-"— T

where:()) = (()q.....() ) and (Goqr is @ metricon the superspace.

- -

In the considered system Q=(a.r), so we get:

1 r;'-l': -~ 3 y |
N AN
| ¢ a2 a da a? |
m3 Ks il =pi-dS5 8 wilp=1) fp+3H, ¥ Im .
_ T B "p 9 ¥ . 2 _H Y| WP (e ) ¥ =0
_\ITQEH;,-.:- V4| A2 i | H,_, o —1H5 4 HD a?d 2 ¥

The effective potential:

- I _— "'i L | | _— | 1 3 A | i
U.icla.r) =a*\T3 (H?'f Al -3-\)—&* (ﬂ:::. + \I3- H}»™ ")—J'*f: S 7 e

P
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In the fixed possition r of the D3-brane we get:

12 Lo 7 £ _l i i 2
d % n 2Mak o . 2Nt EA
_L—,,——,{— = — _f a~ - .if34 Vv =0.
da* ada a° < 3h*
where: A\ =3\T; (H;?"":” g 2-\) |
By the change of variables W (>} = = F ( z)we have:
=(1+~)/4
™ o " b
d<F | dF n<
3 —T;,__ + (1 —"_—z_m.-_-)F=0 (S.E)
o TS (& o — RN 2
ST s Vo - 3mikVE
n =mn(r) n?=nd—(-=11°/16
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The Wheeler-De Witt equation:

Br 1 —— ]
[— 7 C_C)e (V"—GGenf.‘]n) L Q] s :Q: =0

where: Q — (01 . (D) and Gen is a metric on the superspace.

- -

In the considered system Q=(a.r), so we get:

I P
| Oa? a da w_'r_'j_|
- m a0 ) ' A W ) - " - -
_ et [0 wu(l-pH, 8 wvip-—1 (:J*.;- Hp_Hrf) 1[.»'_3.-1;?[' Y =0
11-3(;31'{;?-1' i L{ﬂrf 4 H, or 1H, 1 H, ) | 32 eff . .

The effective potential:

o i

= Gy -t P ) (0—5)/4 o B—p)/d
Uess (a.7) = a* \T3 (H{f . 4—3-‘1)—&* (??:::.—_KT;;‘H;? 2 )—J*a PN
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In the fixed possition r of the D3-brane we get:

d? il n Pk o Jmg
g P R ol R ) )
da“ a da a* h* 3h*
where: 3AT; (H‘“-D' = .9 \)
By the change of variables W (>} = = F ( z )we have:
s=(147~)/4
d?F | dF 22
LA _(—",,—m.-_-)F=0 (S.E)
adz< l -
,m2 [k e — RN 2
- R \y 2 o J??**L\ k-
n =g (9 nP=n/4—(-=17/16

Pirsa: 08060178 Page 13/36



Solutions

1. Comological constant A=0 (m=0)

\ /2 [ a” 2 1
v (a: o) = @ (14~)/2 :EI ( L V h-« ) —-—I:Ixn (:,_,—V-hi‘;f 2)]
L 'P.. p " Pl

Physical interpretation: instantons and the decay of a fallse vacuum. In the world-volumr
of D3 —brane there exists a matter with the state equation: w=+17 .

2. When the parameter n=0 the function

f:-: -'-.
‘I.IJ|..-*---* I |
«.\-.fﬂ. o P i
o (c , ¥
2

oscillates for: 352k / (,\3%5) < a?

A physical interpretation: the Hartle-Hawking wave function for empty universe with th
cosmological constant.
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In the fixed possition r of the D3-brane we get:

d? y d ¥ 2mnk . 2 4 e}
— — —— - = — ———a" + ——a = 0.
da* ada a* = 3h*
where: A\ =3\T; (H;-‘"E’ s 2-\) |
By the change of variables W () = 2 F (2 )we have:
s=(1+~)/4
"'!I' 1' P
d<F | dF n-
;,,,——’* —( — ,,—m.-_-)F=0 (SEE))
122 d .
o T [k AA {2
= f —. m = —1i , | —
n V2 3Impk V%
n =n(r) n2=n/1+-(~+1%/16
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The Wheeler-De Witt equation:

hz 1 : 7 ~OII - . . ,
[_ 7 \,f-f—Gae(V_GG '9”) - O'] =N

where: Q = 01 .. (D) and Gen is a metric on the superspace.

- -

In the considered system Q=(a,r), so we get:

I r".i'E f_:l -"';
- — | =
| da?  a da F.JJ
B 13? '_-r'_’-.}?_‘ (1 =p H; A N == 1) (F}——::)’H; H;,)q W_‘EE-wa.ECT; : g
_\T_gr_::fH;p-ll + | Ire 1 H., 0 1, 1 Hi | k-

The effective potential:

— —_1p
a2 H SR,

P

ra

Ev-ff_f (a.r) = c‘:'i"_"'af3 (H};“’_‘a’ n j_\_)_ﬂ? (n::‘; + ATy H;;J—E}} "')_,]
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Solutions

1. Comological constant A=0 (m=0)

SNy [ ﬁz e - '!2 o
U (a rg) = allt7)/2 iEL; (;E—V"h*ﬂ" ?) — FR, ({— / Rk 2)]

1

Physical interpretation: instantons and the decay of a fallse vacuum. In the world-volurr
of D3 —brane there exists a matter with the state equation: w=+17 .

2. When the parameter n=0 the function

oscillates for: k) (M%) < a?

A physical interpretation: the Hartle-Hawking wave function for empty universe with th
cosmological constant.
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The probability of tunneling

The Schrodinger equation (S.E.) takes the form:

d*F

- —V (z)F = 0.

where the potential V for real variable y reads:

‘ 2 (2 3/2
I [y;:—l—y—z—i‘?l (hz},{) 9‘
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V has the form:

-SoT
I
It
1060
where
o 72\2/3 9
P = —1 — 3In° (—) .
for e 2 A2k

2\ Rk
Pirsa: 08060178 h £ -

This value corresponds to
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oy
(]

I

<)

(x<2)

Page 19/36



The probability of tunneling

The Schrodinger equation (S.E.) takes the form:

d*F

T3 —V(z2)EF = 0.
dz4

where the potential V for real variable y reads:

n2 : 9 N A2
I'ny|:—l———rr12 - Y
92 B2

and y= _fi_r_: \/h2}1;} <0 ,Tr= IJPL:,\_"' (6?12)
‘Pi
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V has the form:

B
"\.\
F

-5oT
I
[
|
1060
where
_ 2 5 23 2
for: Visix =—1—2n (5) h2k’

This value corresponds to

Ymax =— — (
Pirsa: 08060178 Y

a

[ =J

i

2
“P!

(2

2

)

3

(x<2)
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The tunneling probability in the quasiclassical approximation is given by :

2 5%
[ >~ exp [*——/ v—E -1 :_y:ff_y]
h ¥2

The limits of the integration are solutions of: E—1(y)=0.
Yz < Yo < 0

The bottom limit corresponding to the Planck length, is:

ypr = —h\/k/2 .

So: \V (ypr) = —1 —'j?l'gl_r : | max > "+:9Pi'-
JP- l - hjk 7 Eind. e
The upper limitis: Yz = ~5, \ 5 (1 —v1—-4zx)
; h: IS _ 1 — \,'";1 SIRREE. %
The barrier width is: i Vi =1 57
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Let / denotes the exponentin [
_ [y3 /_ -
I=[%\/-E+V(y)dy
thus we get by the integration:

14+7x
I{irxn=n

* 6xr (1 <~4x)t?
. 1 — V’;] — 41z

AVT—1zE (k) — (1 = V1T +12) K (K] +

+n 1l(c. K) . 0
(1 —-1.‘{11'4
Where: e ype—ys 1 ('l B 1 —2x )
Y1 — Y3 2 v1—4x ‘

ypr — Yz 1 A
e=—2F"8 _ _(3_T+1z) >0
Y3 2

OD<k?®<landO<c<1forzx e (0 2).
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. - 2
Thus we obtain the probability: T (x.n) = exp [_}‘TI (z. 91)} _ ( n=n(r) )

The plot of the probability for fixed n I1s given :

0.05 |

0.00

0.5 1.9

—72 '
For x=2 I'(2.n) =exp (—i l)
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Conclusions
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Conclusions

« In the calssical regime we get accelerated expansions of the world-volume
for the big scale factor. The state equation corresponds to the dark eneray.
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Conclusions

« In the calssical regime we get accelerated expansions of the world-volume
for the big scale factor. The state equation corresponds to the dark energy.

« Wave function of the gravity on the world-volume depends on the position of
the D3-brane in the 10-dimensional background.
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Conclusions

« In the calssical regime we get accelerated expansions of the world-volume
for the big scale factor. The state equation corresponds to the dark energy.

« Wave function of the gravity on the world-volume depends on the position of
the D3-brane in the 10-dimensional background.

« The explicit forms of the wave function in the two region (I) and (II) in
the10-dimensional spacetime are given. In the region (l) the wave function
corresponds to the decay of the false vacuum with the vanishing
cosmological constant. In the region (Il) the wave function corresponds to
the Hartle-Hawking function with A>0. Moreaver the region (ll) is the
boundary of (1).
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The tunneling probability in the quasiclassical approximation is given by :

2 " 4
[ >~ exp {_,__../ v—£ -1 :_y:ff_y]
h ¥2

-

The limits of the integration are solutions of: E-V(y)=0.
yz < ya < 0.

The bottom limit corresponding to the Planck length, is:

So: \ (yp; =—'[—'j?'321—‘1 - Vmax > | (yps).
ypi! L TR and: A
Trm g 1 h2k )
The upper limitis: ga— =5 \ = (1 —v1—4x)
. 2
}_ I_r: .:}{L‘ ; 1 . "'H'-l T —l*..-l'l
The barrier width is: i V> -1+ or
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Solutions

1. Comological constant A=0 (m=0)

v (a: ?ul—(‘l |'EI ( _ AV h k ?) —-—Fﬂ'n (:,- / h? 2)]
L ‘Pi | ‘Pi

Physical interpretation: instantons and the decay of a fallse vacuum. In the world-volumr
of D3 —brane there exists a matter with the state equation: w=+17 .

2. When the parameter n=0 the function

e ? 1 R2k ) 6 I AL a2
Wia:rg) = - / a1 — o e
=3 (:‘:?_,: V2 ) \\" T 3Rk,
.

oscillates for: Akl (M%) < a°

A physical interpretation: the Hartle-Hawking wave function for empty universe with th
cosmological constant.
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In the fixed possition r of the D3-brane we get:

d? il n  DMmnk s o ImsX
= et e g ws gl & PR N =),
da* ada a* o 3h*
where: A\ =3\T; (Hf'a}"“ = 2-\) |
By the change of variables W () = = F (2 )we have:
s=(14+%~)/4
d<F | dF n>
L _( —T—r?z.:-)F=0 (S.E.)

dz? d 4

,m2 [k e — RN /2
- T TR VY T 3mek V &

n =n(r) n?=pn/d4=(-+1)°/16
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= T S e
The energy density: e T (H;p_g /4 ‘.’M) i _J_H;;,_p, 4

i
p—>)/4 3 (5—»)/
The pressure p=—-3\1; (H — ‘2-\) — a_ﬁJ H -
; .\Tg' 1
The curvature parameter: L =1 — Lt
me
The state equation:
i 2]2H5_5 p) 4
LL‘ - Ii_ - l B - ;A
o ‘\Tj' (_}'{“’j_:"t . 2\) JnHl 5—p)/=
If a — o¢ |, then:
w = - -1.
P
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The low-energy solution in type |l B with the Poincare symmetry group:

dogy = gupndXPAXY = H Yoy, dRAdXYHH SdXd XY,

6'2-_,: _ HLS_E”' 2.
.

C=(H;'-1)dX°A..ANdXP,

p

i}

-_gf = (_Y;.YI)I )

ri—p’

H,=1+

The embedding field:
X (z) = (t, 2%, ....2°, X* (1), ... X7 (2))
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DBI action for a D3-brane

S3 = —13 / d*re™° \/— det(v,5 + 27’ Fog + Bag)

Equivalent form:

AT J )
Sey = - : /d*re—” \/— det (ha3) [h“"" Y — 2-\]
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