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Abstract: A recent breakthrough in quantum computing has been the realization that quantum computation can proceed solely through single-qubit
measurements on an appropriate quantum state - for example, the ground state of an interacting many-body system. It would be unfortunate,
however, if the usefulness of a ground state for quantum computation was critically dependent on the details of the system\'s Hamiltonian; a much
more powerful result would be the existence of arobust ordered phase which is characterized by the ability to perform measurement-based quantum
computation (MBQC). To identify such phases, we propose to use nonlocal correlation functions that quantify the fidelity of quantum gates
performed between distant qubits. We investigate a ssmple spin-lattice system based on the cluster-state model for MBQC, and demonstrate that it

possesses a zero temperature phase transition between a disordered phase and an ordered \'cluster phase\' in which it is possible to perform a
universal set of quantum gates.
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Quantum computing with a
cluster state
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Quantum computing with a
cluster state

PEYSITAL REVIEW LETTERS
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than unitary evolution
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Q: What makes the cluster state work?

& What properties of a state are necessary? o«



So what is a cluster state?

0 Describe via the eigenvalues @« —@«—@0« 0«00
F Y 'y 'Y i rY +
of a complete set of | | |
d v v v v v v
commuting observables E ® ! E » E

X‘F S— O 1 Z e 1 O v v v v v v

Z_ X_Z O Cluster state is the +1
é eigenstate of all stabilizers

Stabilizer
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Quantum gates in cluster state QC

O With a cluster state, you can teleport a qubit (identity gate)
between any two points on the lattice using local
measurements on the qubits in between

A A A A A A

v v v v v v
A A A A A A

v v v k4 v v
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Quantum gates in cluster state QC

OO0 With a cluster state, you can teleport a qubit (identity gate)
between any two points on the lattice using local
measurements on the qubits in between
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Quantum gates in cluster state QC

O With a cluster state, you can teleport a qubit (identity gate)
between any two points on the lattice using local
measurements on the qubits in between
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Quantum gates in cluster state QC

0 With a cluster state, you can teleport a qubit (identity gate)
between any two points on the lattice using local
measurements on the qubits in between

1 Measurement outcomes

,*—*?*—*Z*—*X*—*X‘—@ determine a Pauli

correction to gate

Z“_’Z*_"g"—'X*_'Z*—'E O Other gates are given

by different

@XHXHXH - > ® measurement patterns

OO0 Performance of a gate is

Z Z Z Z g v guantified by the fidelity
PEEENY (= o -8 -8 -@ ’
of the resulting
entangled state
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Universal resources for MBQC

Questions:
B What states are universal resources for MBQC?

B How do we characterise the usefulness and
universality of a state for a given MBQC scheme?
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Quantum gates in cluster state QC

O With a cluster state, you can teleport a qubit (identity gate)
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measurements on the qubits in between

1 Measurement outcomes
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Universal resources for MBQC

Questions:
B What states are universal resources for MBQC?

B How do we characterise the usefulness and
universality of a state for a given MBQC scheme?

B Gates < entangled states < correlation functions
Approach:

B Quantum many-body physics: order parameters

B Correlation functions as quantum gates

— order parameters to characterise phases which
are universal for MBQC
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Making cluster states:
Can Nature do the work?

0 Is the cluster state the ground state of some system?

O If it was (and system is gapped), we could cool the system to
the ground state and get the cluster state for free!

A A A A A A
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Making cluster states:
Can Nature do the work?

0 Is the cluster state the ground state of some system?

O If it was (and system is gapped), we could cool the system to
the ground state and get the cluster state for free! Z

e e 0 T H= — Z Z_)I(_Z

v Y v L 4 k4 v -
51._.54—..51_..'.._..54_>6 O Nielsen 2005 - gives proof:
t i t t T T no 2-body nearest-neighbour H
v v v v v v has the cluster state as its exact
*—0—0——0-——0-—9 ground state

O Bartiett & Rudolph 2006 - can

obtain an encoded cluster state
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Ground states of a cluster phase?

0 What if our Hamiltonian was only "close” to the desired
cluster Hamiltonian?

0 Example: add a local .\ field to the cluster Hamiltonian

Z
H=-Y 22Xz -BY X
sites é sites



Ground states of a cluster phase?

0 What if our Hamiltonian was only "close” to the desired
cluster Hamiltonian?

0 Example: add a local .\ field to the cluster Hamiltonian

/
H=-Y z2x-7 -BY X
sites é sites

O Investigate order and correlation functions in the ground
state as a function of B
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1-D cluster state

ol e8! NUsiBES >

PEYSECAL REEVIEW LETTERS i}

O Pachos & Plenio 2004

O Ground state of cluster
Hamiltonian with local field

H=-Y ZXZ—BY X

exhibits a quantum phase
transition at B=1

Localizable entanglement
'ength in the ground state
remains infinite for all
values of B<1
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1-D cluster state redux

Outline:

B map the cluster Hamiltonian with local field to a
(pair of) known models

B relate the correlation functions and critical
behaviour of the two models
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Colouring the 1-D system

O Cluster Hamiltonian with local field

H=-% X285 BY X
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Colouring the 1-D system

O Cluster Hamiltonian with local field

f=-% X8 BY X

o —0 90 90 90 0 0 0 0 0 °

H-=-) ZXZ—-B) X
H = H, + H, where

Hy,=-) ZXZ—-B) X
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Colouring the 1-D system

O Cluster Hamiltonian with local field

H=-% 4X%—BY X

90 9o 9o o o o o o o o
H-=-) ZXZ—-B) X
H = H, + Hp where
Hy,=-) ZXZ—-B) X

O These two Hamiltonians commute

O (Note: ignored boundary conditions, but easy to
incorporate)
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A transformation

0 Perform a canonical transformation on the spins:

—90 90 90 90 0 0 0 90 09

irsa: 08050044 Page 30/67



A transformation
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A transformation

O Perform a canonical transformation on the spins:

X X
Z X X
X X X Z
9 —9© 9—0 9 9 90 0 0 ©
e x X X

N NI @<
e
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A transformation

0 Perform a canonical transformation on the spins:

X —X
- X=X
X X X X Z
9 90 90 o 0 0 0 o 0 9o
Z X X X X
Z
H-=->) ZXZ—-B) X

Hy,=-) ZXZ-B) X
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A transformation

0 Perform a canonical transformation on the spins:

X —-X
Z o,
X X X X &
*—o o o o o *—o o °
z X X X X
Z
Hr=-) ZXZ—-BY X—H=-) ZZ—-B) X

Hy,=-> ZXZ—-B) X —H,=-) ZZ-B) X
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Transverse field Ising model

[0 Two copies of the transverse field $ Ak
Ising model
H=-%Y2Z-BY X 5=0 , B=1
Completely solved
| Ordered
Ground state has a single quantum g

O O

hase
phase transition at B=1 P

0 In the "ordered” phase (B<1), the
correlation function

(Z;Z;+-A)

is long-ranged at zero temperature
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Transverse field Ising model

0 Two copies of the transverse field L4 s
Ising model
—— = B
H=- ZZ—-B) X - S
O Completely solved
e 3 U : Ordered
O Ground state has a single quantum
g phase
phase transition at B=1
O In the "ordered” phase (B<1), the —
correlation function A@x:<Z'E7Zi+&}'
(ZiZi+A) = (1 — 82)1/4

is long-ranged at zero temperature
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Correlations on the cluster model

[0 Reverse the canonical transformation:

(ZoiZ2j) — (Zo; (N

(Z2i—1Z2j_1) — (Z2i—1 (

k=j—1
k=i

Ising model

- correlation
Xop41) Z2j)

functions tell
us if we can

k=j7—1 -
ﬂk-;}? ‘\2;;) Z2j-1) | do the identity

gate!
0 Recall: teleportation using the cluster state
Alice Bob
9 —9 909 90 9 0 90 0 90 °
Z X B A X X A A VA
% i P
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1-D cluster state - summary

Summary:

B cluster Hamiltonian with local field maps to a pair of
transverse field Ising models

B all ground state properties, correlation functions,
and critical behaviour are known

B immediately shows the existence of:
0 quantum phase transition at B=1
1 long range “identity gate” for B<1
Key point:

B ground state of the cluster Hamiltonian with local
field behaves like a cluster state for the entire
cluster phase B<1

irsa: 08050044 Page 38/67



2-D cluster Ham on a square lattice

0 Square lattice is also bi-colourable
= Z ] ’ Z
H=—|> Z X, Z+8 ) X;|-|) Z X, Z+B) x|

ad s Z blue s blue
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2-D cluster Ham on a square lattice

0 Square lattice is also bi-colourable
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2-D cluster Ham on a square lattice

0 Square lattice is also bi-colourable

V4 £

H=-|YZ X, z+B) x| -|) 2 X, Z+BY X
l'?\ Z I‘-Ein hF'.‘ ¥ 4 I;T'\ D) ~
% B IR k. —3"\
0 A new canonical transformation: =~ Ll ] $—_ | g
AT ze s
X g

O Effect on stabilizers:
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Z 2 z & X X X
ZXzZ—-2Z 2Z ZXz-2 2Z M N A A E
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2-D cluster Ham on a square lattice

0 Square lattice is also bi-colourable

_ 4 | 4
H=-[YZ X, z+B ) x| -1y z x, z+B) x|
-'.l'-?.w Z I‘-E.s h‘l;"-' Z r?w 0}

O A new canonical transformation:

O Effect on stabilizers:

Z 3
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z Z
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2-D quantum Xu-Moore model

_BY'X

NN
NI N

A=-%

0 Phase transition
B self-dual, with a single quantum phase transition at B=1
B B<1 phase has long-range "bond order”

O Symmetries
m full symmetry of the lattice (translations, rotations by =/2)

B ot a gauge model - 4-body terms are not plaguettes of the
Ising gauge model or Kitaev's toric code model (spins sit on
the vertices and not on the links)

O Duality with other models
B dual to anisotropic quantum orbital compass model
0 Dimensional reduction
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Correlation functions in 2-D

Cluster
model

Xu-Moore
model

0 Relevant correlation functions are "gauge-like” and their
behaviour is not so obvious
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Correlation functions in 2-D

Cluster Bob
model
Alice XU-MGOFE
model

0 Relevant correlation functions are "gauge-like” and their
behaviour is not so obvious
OO0 Make use of yet another duality transformation

X
X—-X Z-—

- BN\ N
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Correlation functions in 2-D

Cluster
model

Xu-Moore
model

v ] Bt .
0 Relevant correlation functions are "gauge-like” and their
behaviour is not so obvious
OO0 Make use of yet another duality transformation

X
X—-X Z-—

A=-Y22-BY %
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Correlation functions in 2-D

OO0 Anisotropic quantum compass model has long-ranged Ising
order parameters in the ordered B<1 phase

(Z(i. ) Z(Git+n.5)) (Z(i )2 (i j+n))
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Correlation functions in 2-D

0 Anisotropic quantum compass model has long-ranged Ising
order parameters in the ordered B<1 phase

(2. Z(i+n.5)) Z@i.)Z3.j+0))
0 Back on the 2-D cluster model, these (a) 7
long-ranged correlations reveal you = H71
can do a long-ranged “identity gate” UNHY

along “zig-zag” paths in either direction

N
o, i
. w
NH~ H~
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Correlation functions in 2-D

O Anisotropic quantum compass model has long-ranged Ising
order parameters in the ordered B<1 phase

(2.5 Z6+n.5)) 223 +0))

O Back on the 2-D cluster model, these (@) 7
long-ranged correlations reveal you = H71
can do a long-ranged “identity gate” UNUY
along “zig-zag” paths in either direction = _d ‘

_?._I ;1“ HT
beret S S
——ZHZ

O As with the 1-D model, identity gate correlation function
saocos@IVES as an order parameter, labelling the cluster phasgss



Correlation functions in 2-D

O On a 2-D cluster state, measurement-based quantum
computation can be performed with a universal set of gates
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Correlation functions in 2-D

OO0 On a 2-D cluster state, measurement-based quantum
computation can be performed with a universal set of gates

(See Raussendorf, Browne, Briegel 2003)
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Correlation functions in 2-D

0 On a 2-D cluster state, measurement-based quantum
computation can be performed with a universal set of gates

(See Raussendorf, Browne, Briegel 2003)

0 Key question: does the cluster phase possess long range
order for all correlations functions corresponding to a
universal gate set?
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Correlation functions in 2-D

O On a 2-D cluster state, measurement-based quantum
computation can be performed with a universal set of gates

(See Raussendorf, Browne, Briegel 2003)

O Key question: does the cluster phase possess long range
order for all correlations functions corresponding to a

universal gate set? ) \

O Yes! 1- and 2-qubit Clifford gates | a, A
(including CSIGN), plus a 1-qubit XHXHo —
non-Clifford gate 7-1 b X HN T

ol
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Conclusions — A new approach
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Conclusions — A new approach

OO0 In a model with a cluster Hamiltonian and a local X field,
there exists a cluster phase

B What happens in higher dimensions (in particular, 3-D)?
B Does this phase exist at finite temperature?
B Similar results hold for a local Z field

(Situation is very different in this case)
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In a model with a cluster Hamiltonian and a local X field,
there exists a cluster phase

B What happens in higher dimensions (in particular, 3-D)?
B Does this phase exist at finite temperature?

®  Similar results hold for a local Z field IQC seminar
(Situation is very different in this case) Monday

Can MBQC proceed with any state in the cluster phase,
possibly with an increased error rate?
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Conclusions — A new approach
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In a model with a cluster Hamiltonian and a local X field,
there exists a cluster phase

B What happens in higher dimensions (in particular, 3-D)?
B Does this phase exist at finite temperature?

B Similar results hold for a local Z field IQC seminar
(Situation is very different in this case) Monday

Can MBQC proceed with any state in the cluster phase,
possibly with an increased error rate?

Quantum gates, as correlation functions, can serve as order
parameters to identify universal phases for MBQC
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In a model with a cluster Hamiltonian and a local X field,
there exists a cluster phase

B What happens in higher dimensions (in particular, 3-D)?
B Does this phase exist at finite temperature?

B Similar results hold for a local Z field IQC seminar
(Situation is very different in this case) Monday

Can MBQC proceed with any state in the cluster phase,
possibly with an increased error rate?
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2-D quantum Xu-Moore model

- BY A

NI N
NN

0 Phase transition
B self-dual, with a single quantum phase transition at B=1
B B<1 phase has long-range "bond order”

O Symmetries
m full symmetry of the lattice (translations, rotations by =/2)

B ot a gauge model - 4-body terms are not plaquettes of the
Ising gauge model or Kitaev's toric code model (spins sit on
the vertices and not on the links)

OO0 Duality with other models
B dual to anisotropic quantum orbital compass model
0 Dimensional reduction
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1-D cluster state - summary

Summary:

B cluster Hamiltonian with local field maps to a pair of
transverse field Ising models

B all ground state properties, correlation functions,
and critical behaviour are known

B immediately shows the existence of:
J quantum phase transition at B=1
O long range “identity gate” for B<1
Key point:

B ground state of the cluster Hamiltonian with local
field behaves like a cluster state for the entire
cluster phase B<1
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Correlations on the cluster model

[0 Reverse the canonical transformation:

- —i—1
(Z£2iZ2j) — (Z2; (”k:'f X2k+1) Z2;)

o = b=7—1
(Zoi_142j_1) — (Z2i_1 (”;;:}? *\2)%-) Z2j-1)

O Recall: teleportation using the cluster state

Alice

Ising model
correlation
functions tell
us if we can
do the identity
gate!

Bob

o—o—9o—o
Z

-9 2—9
X A X X
X

=
X X
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Transverse field Ising model

0 Two copies of the transverse field L4 e
Ising model
_— = B
H=- ZZ—-B) X s S
0 Completely solved
R y ¥ _ Ordered
O Ground state has a single quantum phase
phase transition at B=1
O In the "ordered” phase (B<1), the
correlation function A@DCKZ'iZE-I—A}
(ZiZivN) — (1_ B2)l/4

is long-ranged at zero temperature
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A transformation

0 Perform a canonical transformation on the spins:

o —9 90 90 90 0 0 90 0 0 9°
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Colouring the 1-D system

0 Cluster Hamiltonian with local field

Be=-%"EX%-8BY% X

o —0 90 909 0 0 0 0 &

H-=-) ZXZ—-B) X
H = Hr + Hp where

Hy,=-) ZXZ-B) X
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1-D cluster state redux

Outline:

B map the cluster Hamiltonian with local field to a
(pair of) known models

B relate the correlation functions and critical
behaviour of the two models
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Ground states of a cluster phase?

0 What if our Hamiltonian was only "close” to the desired
cluster Hamiltonian?

0 Example: add a local \ field to the cluster Hamiltonian

Z
H=-Y 22Xz -BY X
sites é sites

O Investigate order and correlation functions in the ground
state as a function of B

0 Key result: in 1- and 2-D, there is a cluster phase
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