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Abstract: In an effort to better understand the class of operations on a bipartite system which preserve positivity of partia transpose (PPT
operations), we have investigated the (non-asymptotic) transformation of pure states to pure states by operations in this class. Under local operations
and classical communication (LOCC) Nielsen\'s mgjorization criterion provides a necessary and sufficient condition for such atransformation. This
can be used to show that under LOCC a phenomenon called catalysis can occur, where an otherwise impossible transformation can be made possible
by the provision of an entangled catalyst state, which must be recovered unchanged after the transformation (hence the name). | will present some
recent work where we have found a necessary condition for obtaining a given pure state from a maximally entangled state via PPT operations. This
condition is conjectured to be sufficient also, and we can prove this for the case where the goal state has Schmidt rank three. We have also shown
that catalysis occurs under PPT operations, and have derived a necessary and sufficient condition for PPT pure state transformations where both the
initial state and the catalyst are maximally entangled.
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Outline

» The partial transpose map, PPT states and PPT
operations.

» Bipartite pure state transformations and LOCC catalysis.
» Bipartite pure state transformations by PPT operations.
» Catalysis under PPT operations.
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Partial Transpose

» Let |ij) = |i) 4 ® |j) g denote an element of a orthonormal
product basis for a bipartite Hilbert space.

» We define the (linear) partial transpose map by

T(lig)kt|) = [igXkL" = [il)ki].

» Basis dependent, but the eigenvalues (and hence the
positivity) of the partial transpose of an operator don’t
depend on this basis choice.

» Positive Partial Transpose (PPT) states are simply those
density operators satisfying pf' > 0.

» Separable states are all PPT. (For 2 x 2 and 2 x 3
dimensional systems, PPT states = Separable states.)

» Converse not true. 3 x 3 dimensional systems can have
entangled PPT states: Bound entanglement.
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PPT Operations

» A general quantum operation W corresponds to a CPTP
map.

» ¥ is PPT ! iff [ c ¥ oI is also completely positive.
» If p is PPT, then (¥ ® 1)p is also PPT.
» LOCC C PPT

Pt E. M. Rains, “A semidefinite program for distillable entanglement” ™"
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PPT Operations C PPT preserving operations

Swap operation preserves PPT. Swap ® Identity does not.
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PPT Operations

» A general quantum operation W corresponds to a CPTP
map.

» ¥ is PPT ! iff [ o ¥ oI is also completely positive.
» If p is PPT, then (¥ ® 1)p is also PPT.
» LOCC Cc PPT

Pt E. M. Rains, “A semidefinite program for distillable entanglement” ™"
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PPT Operations C PPT preserving operations

Swap operation preserves PPT. Swap ® Identity does not.
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PPT Operations C PPT preserving operations

Swap operation preserves PPT. Swap ® Identity does not.
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PPT Operations

» A general quantum operation W corresponds to a CPTP
map.

» ¥ is PPT ! iff T o ¥ oT is also completely positive.
» If p is PPT, then (¥ ® 1)p is also PPT.
» LOCC C PPT

Pt E. M. Rains, “A semidefinite program for distillable entanglement™: """
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PPT Operations - Why?

irsa: 08050040

Practical use: Determining whether a given CPTP map
can be performed by LOCC is generally very hard. It is

much simpler to determine whether the map is PPT.

Can often use this to rule out an LOCC procedure to do a
certain task.

If PPT bound entanglement is the only type of bound
entanglement then PPT = class of operations which cannot
create distillable entanglement.
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PPT Operations

PPT is strictly more powerful than LOCC. E.g.:

» Can create PPT bound entangled states from separable
states.

» Can increase Schmidt rank of a pure state.

Still, not much is known about the relative power of PPT vs.
LOCC.
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Bipartite Pure State Transformations

In a given class of operations, can we deterministically
transform |¢) into |¢)?

If the class contains local unitaries, the answer will only depend
on the Schmidt coefficients of the initial and final state.

p)\—-zzq,/z\,,\ 14eXj7|, A = 0, Z,\{—-l

=1 j=1

For LOCC, a necessary and sufficient condition was given by
Nielsen ? - the majorization criterion:

LoOCC
Pr = Pu = A<

k k
A<p <> Y A<D pforke{l,..d}
=1 =1
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LOCC Pure State Transformations

(0,1.0)

(1/3.1/3,1/3)

(1.0.0) (1/2,1/2,0) (0,1.0)
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LOCC Catalysis

Using the majorization criterion, it can be shown that a

phenomenon analogous to chemical catalysis can occur for pure

state transformations®:

A = (0.4,0.4,0.1,0.1) £ Ap = (0.5,0.25,0.25) = px, < pi,

x = (0.6, 0.4)

(M ®x) = (024, 024, 0.16, 0.16, 0.06, 0.06, 0.04, 0.04)
(0.24, 048, 0.64, 0.80, 0.86, 0.92, 0.96, 1.00)

(A2 ® x)* = (0.30, 0.20, 0.15, 0.15, 0.10, 0.10, 0.00, 0.00)
(0.30, 0.50, 0.65, 0.80, 0.90, 1.00, 1.00, 1.00)
AL @ X < A2 @ X;Px, @ Px — Pr, @ Py

A maximally entangled state cannot act as a catalyst.

P o=@D. Jonathan, M. B. Plenio, “Entanglement-Assisted Local Manipulatidh
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LOCC Catalysis

Given two pure bipartite states p) and p,, where AT # u! and A
and p don’t both have components equal to zero, there exists a
pure state pe such that p) ® pe¢ e Pu ® pe if and only if the
following conditions are satisfied

Si (A) > S () for t € (0,00), 1)
Zlog)\.,- >Zlogm, (2)
ft (A) > fe (p) for t € (—o0,0), (3)
where
bs t—-_l——log Efz AL when )\; #0 for all i € {1,...,d},
fe () = { —;c ( l ) otherwise.

(4)
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LOCC Pure State Transformations

(0,1.0)

(1/3,1/3,1/3)

(1,0,0) (1/2,1/2,0) (0.1,0)
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LOCC Catalysis

Using the majorization criterion, it can be shown that a
phenomenon analogous to chemical catalysis can occur for pure

state transformations®:

= (0.4,0.4,0.1,0.1) £ Ay =

(A ® x)* = (0.24,
(0.24,
(A2 ® x)* = (0.30,
(0.30,

3

0.24,
0.48,

0.20,
0.50,

= (0.6, 0.4)

0.16, 0.16,
0.64, 0.80,

0.15, 0.15,
0.65, 0.80,

0.06, 0.06,
0.86, 0.92,
0.10, 0.10,
0.90, 1.00,

A1 @ X < A2 @ X, Pr, @ Py — Pr, @ Py

A maximally entangled state cannot act as a catalyst.
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0.04,
0.96,
0.00,
1.00,
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(0.5,0.25,0.25) = py, < P,

0.04)
1.00)

0.00)
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LOCC Catalysis

Turgut*, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, c| the Rényi entropy at t is defined by

L log (Z;-=1 Ag) for ¢ € (0,1) U (1, 00),

S () = log( | Al fort =0,
H(A) fxrt=1,
— log A% for £ = oq,

where |A| denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — . A;ilog A; is the Shannon
entropy of A.

4G, Turgut, “Necessary and sufficient conditions for the trumping ™"
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LOCC Catalysis

Given two pure bipartite states p) and p,, where AT # u! and A
and g don’t both have components equal to zero, there exists a

pure state pe such that p) ® p¢ e pu ® pe if and only if the
following conditions are satisfied

St (A) > S; (u) for t € (0,00), (1)
Zlog/\i >Zlogm, (2)
fi(A) > fi(p) for t € (—o0,0), (3)
where
d t . : -
fr(A) = { _mlog (Z Al ) :;}11: A 7».90 for all i € {1,...,d},

(4)
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LOCC Catalysis

Turgut?, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, 00| the Rényi entropy at t is defined by

113 log (Zle /\:) for t € (0,1) U (1, 00),

_ ) log|A| fort=0
M= & ,
Se (Y H(A) fort =1,

—log/\{ for t = oq,

where |A| denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — ). A;log \; is the Shannon
entropy of A.
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LOCC Catalysis

Pi

IIIII

Given two pure bipartite states p) and p,, where AT # u! and A
and g don’t both have components equal to zero, there exists a

pure state pg such that p) ® p¢ e Pu ® pe if and only if the
following conditions are satisfied

S;(A) > S;(p) fort € (0,00), (1)
Zlog/\i >Zlogp,i, (2)
ft(A) > fi (p) for t € (—o0,0), (3)
where
d t - : =
fr (A) = { _mlog (E Al ) zii;xme 7£ 0 for all i € {1,...,d},

(4)
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LOCC Catalysis

Turgut?, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, c| the Rényi entropy at t is defined by

11: log (Zle Az) fort € (0,1) U (1, 00),

_ ) log|A| fort=0

S (\) = og y

) H(X) foxrt—1,
— log A% I £ =00,

where |A| denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — . A;ilog A; is the Shannon
entropy of A.
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LOCC Catalysis

Given two pure bipartite states p) and p,, where AT # u! and A
and g don’t both have components equal to zero, there exists a
pure state pe such that p) ® p¢ e Pu @ pe if and only if the
following conditions are satisfied

S (\) > St (u) for t € (0,00), )
> _loghi >} log i, (2)
ft (’\) > ft (p) for ¢ € (—00, 0) ’ (3)
where
- LelyT X when \; # 0 for all i € {1, ...,d},
ft (A) == { t_; ( 1 ) otherwise.

(4)

irsa: 08050040 Page 24/70



PPT Pure State Transformations - General necessary
conditions

» The entanglement cost E-* ' (py) and distillable
entanglement E5 T (p,) of py are both equal to S1()), the
entropy of entanglement of the state.

The exact distillable EX} T(py) of py is given by S ()).
The exact entanglement cost EXX T(py) of py is S1/2(A).

Non-increasing under PPT operations:

P v pu = S¢(A) > Si(p) for t =1/2, 1 and oc.

vy v v v%
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LOCC Catalysis

Turgut?, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, 0| the Rényi entropy at t is defined by

L log (Z;-=1 Ag) for ¢ € (0,1) U (1, 00),

S (\) = log( |Al fort =0,
H(A) fxt=1,
— log /\]{ for t = oo,

where |A| denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — ). A;log \; is the Shannon
entropy of A.
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LOCC Catalysis

Using the majorization criterion, it can be shown that a
phenomenon analogous to chemical catalysis can occur for pure
state transformations®:

A1 = (0.4,0.4,0.1,0.1) £ A2 = (0.5,0.25,0.25) => py, < pa,

x = (0.6,0.4)

(A ®x)' = (024, 024, 0.16, 0.16, 0.06, 0.06, 0.04, 0.04)
(0.24, 0.48, 0.64, 0.80, 0.86, 0.92, 0.96, 1.00)
(A2 ® x)* = (0.30, 0.20, 0.15, 0.15, 0.10, 0.10, 0.00, 0.00)
(0.30, 0.50, 0.65, 0.80, 0.90, 1.00, 1.00, 1.00)

MO <X, 0 @ oy — Pr, D Py

A maximally entangled state cannot act as a catalyst.
P 8D, Jonathan, M. B. Plenio, “Entanglement-Assisted Local Manipulatioh
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LOCC Catalysis

Turgut?, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, o] the Rényi entropy at t is defined by

11? log (Zle Az) fort € (0,1) U (1, 00),

_ ) log|A| for t =0
A) = s ’
do H(X) fext—1,

—log).]{ for t = oq,

where |A| denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — ). A;ilog )A; is the Shannon
entropy of A.
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LOCC Catalysis

Turgut*, Klimesh: Necessary and sufficient conditions for a
catalyzed LOCC transformation to exist between two pure
states, in terms of the Rényi entropies of the Schmidt
coefficients (and related functions).

For t € [0, 00] the Rényi entropy at t is defined by

117:: log (Zle AE) fort € (0,1) U (1, 00),

S (X) = log | Al fort =20,
H(X) fort=1,
— log /\]{ for t = oo,

where || denotes the number of non-zero components of A (i.e.
the Schmidt rank) and H(A) = — > . A;log A; is the Shannon
entropy of A.
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LOCC Catalysis

Given two pure bipartite states p) and p,, where AT # u! and A
and p don’t both have components equal to zero, there exists a

pure state pe such that p) ® p¢ i o Pu @ pe if and only if the
following conditions are satisfied

S; (A) > S;(u) fort € (0,00), (1)
fi(A) > fi(p) for t € (—o0,0), (3)
where
d 1yt _ :
fg (/\) e { _mlog (z: A ) :tii?“i\i;‘z.é 0 forallie {1. - d},

(4)
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PPT Pure State Transformations - General necessary
conditions

» The entanglement cost E-* T (py) and distillable
entanglement E5 T (p)) of p) are both equal to S1()), the
entropy of entanglement of the state.

The exact distillable EX} T (py) of py is given by So()).
The exact entanglement cost EL7 " (py) of py is S /2(A).
Non-increasing under PPT operations:

ox P p, = Si(A) > Si(u) for t =1/2, 1 and oc.

vy v v V%
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PPT Pure State Transformations - Maximally
Entangled Initial State

The existence of a PPT map taking |¢) to |¢/) can be

formulated as a semidefinite program.
It is rather complicated but it simplifies greatly if we restrict to
the case initial state is maximally entangled state.

For any (pure or mixed) final state p, ®x ' p if and only if
the solution to the semidefinite program

min{Tr (P)|P>0,-(K-1)P' <p <(K+1)P'}, (5)

where P is an hermitian operator on the same Hilbert space as
p, is less than or equal to one.
For pure p we can make further simplifications...
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Primal Semidefinite Program

S = py = TN <1

where
T(K;\) —mmz.s,_;, +Za,_.,
T>]
subject to
VA 1/)\ j A
3*3—}{—1—1’ = ;313 +§mja >0
with

e NP { (Ii3) + 158))((ij] + (4il) /2 when i # j,
= [z 2] when i = 7,

aig = (lig) — 39)) (Gig| — (i) /2.
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PPT Pure State Transformations - Maximally
Entangled Initial State

The existence of a PPT map taking |¢) to |¢)) can be

formulated as a semidefinite program.
It is rather complicated but it simplifies greatly if we restrict to

the case initial state is maximally entangled state.

For any (pure or mixed) final state p, ®x s p if and only if

the solution to the semidefinite program
min{Tr (P)|P>0,—(K—-1)P' < ' <(K+1)P"}, (5

where P is an hermitian operator on the same Hilbert space as
p, is less than or equal to one.
For pure p we can make further simplifications...
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Primal Semidefinite Program

S — py = T(K:XN) <1

where
T (K; ) _mmz.sij +Za,ﬁ.
T>]
subject to
N2 1/). A
SEJ_K—{—I’ i = éstj +§aua >0
with

LAt { (I83) + |78)) ((ij| + (4il)/2  when i # j,
- |12 (1] when i = j,

aij = (l23) — |39)) (Gig| — (Gl /2.
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PPT Pure State Transformations - Maximally
Entangled Initial State

The existence of a PPT map taking |¢) to |¢/) can be
formulated as a semidefinite program.
It is rather complicated but it simplifies greatly if we restrict to

the case initial state is maximally entangled state.

For any (pure or mixed) final state p, ®x i p if and only if

the solution to the semidefinite program
min{Tr (P) [P >0,— (K -1)P' <p <(K+1)P'}, (5)

where P is an hermitian operator on the same Hilbert space as
p, is less than or equal to one.
For pure p we can make further simplifications...
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LOCC Pure State Transformations

(0.1.0)

(1/3,1/3,1/3)

/_,

{1,0,0) (172,1/2,0) (0,1,0)
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LOCC Catalysis

Using the majorization criterion, it can be shown that a
phenomenon analogous to chemical catalysis can occur for pure
state transformations®:

A = (0.4,0.4,0.1,0.1) £ Ay = (0.5,0.25,0.25) => py, < p,

x = (0.6,0.4)

(A ®@x)" =(0.24, 024, 0.16, 0.16, 0.06, 0.06, 0.04, 0.04)
(0.24, 0.48, 0.64, 0.80, 0.86, 0.92, 0.96, 1.00)
(A2 ® x)* = (0.30, 0.20, 0.15, 0.15, 0.10, 0.10, 0.00, 0.00)
(0.30, 0.50, 0.65, 0.80, 0.90, 1.00, 1.00, 1.00)

MBOX =< ARX, P, oy — Pr, D Py

A maximally entangled state cannot act as a catalyst.
P 0=°@D. Jonathan, M. B. Plenio, “Entanglement-Assisted Local Manipulation
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LOCC Pure State Transformations

(0.1.0)

(1/3,1/3,1/3)

(1,0,0) (172,1/2.0) {0,1,0)
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Bipartite Pure State Transformations

In a given class of operations, can we deterministically
transform |¢) into |¢)?

If the class contains local unitaries, the answer will only depend
on the Schmidt coefficients of the initial and final state.

PA——ZZ\//\V\ [42)(33 ], A: 2 0, Z’\t"‘l

=1 =1

For LOCC, a necessary and sufficient condition was given by
Nielsen 2 - the majorization criterion:

LoccC
Pr = Pu = A

k k
A<p <> Y N <D pforke{l,..,d}
i=1 i=1
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LOCC Catalysis

Pi

IIIII

Given two pure bipartite states p) and p,, where AT # u! and A
and p don’t both have components equal to zero, there exists a

pure state pe such that p) ® p¢ o ok pu ® pe if and only if the
following conditions are satisfied

S:(A) > S () for t € (0,00) (1)
2 _loghi > ) logu, (2)
ft (A) > fi (p) for t € (—o0,0), (3)
where
K00 = { _mlog (Ed At) :::;WA-;; 0 for all ¢ € {1,...,d},

(4)
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PPT Pure State Transformations - General necessary
conditions

» The entanglement cost E-* T (py) and distillable
entanglement E5"T(py) of py are both equal to S1()), the
entropy of entanglement of the state.

The exact distillable EX} T (py) of py is given by So()).
The exact entanglement cost EL- I (p,) of py is S1/2(A).

Non-increasing under PPT operations:

ox P p, = Si(A) > Si(u) for t =1/2, 1 and oc.

vy v. v v
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Primal Semidefinite Program

S — gy = TN <1

where
T(K;\) —mmz.sij —}-Zaﬂ.
>]
subject to
VA 1/)1 A
stJ—K—l—l’ i = ;313 +§“ua =0
with

Sl { (i3} + 159))((ij] + (Gil) /2 when i # j,
- l12 )i when i = j,

aij = (I23) — |33)) ((ig| — (Gl) /2.
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Dual Semidefinite Program

Pi

IIIII

The semidefinite program dual to the above is

T (K; \) = max K251/2(A) _ 1_ Z Kij+/ AiAj Z Vij /%A

K?2 -1 —~ K +1
127 i>7

subject to

pij < 1Ly <1 Zy,,ja'tj+2tva > 0.
127 >3

The dual objective at any dual feasible point is a lower bound
on T (K;\).
Additional constraint:

rank Z}Lﬁd{i + Zt;‘jag,-) =1

i>9 i>]
: 08050040 _‘? J Page 44/70



Primal Semidefinite Program

S — gy = TN <1

where

FK:2) — Imnz:.ﬁrﬂl —}-Za,j

T>]
subject to
\/ Ai 1/,\ A
8i5 = K—{—l atj_ Eswazj+z:aﬂa >0
127 i>7

with

G :{ (I27) + [59))((#3] + (#il)/2  when i # j,
b 2 )(i1| when 7 = 7,

aij = (I23) — |39)) (i3] — (i) /2.
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Dual Semidefinite Program

Pi

IIIII

The semidefinite program dual to the above is

LS O et S ) 2 +2 o x y”m

K2 -1 K+1

127 i>]

subject to

i <Lu <1,Y o+ ¥ tiol; > 0.
i=>7 i>7

The dual objective at any dual feasible point is a lower bound
on T (K; ).
Additional constraint:

rank Z”ﬁjaff + Ztijag) =1

i>9 i>]
: 08050040 _J J Page 46/70



Primal Semidefinite Program

By — py = TK:)) <1

where
T(K;)\) —mmz.stj —i—Zaq
T>]
subject to
V AiA; 1/,\A
3*3—}{—1—1’ i = ;313 "‘;‘313‘1 2> 0
with

oy ={ (DN G/ vt
- 12 )41 when i = 7,

oy = (lig) — 39)) (Gg| — (i) /2.
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Dual Semidefinite Program
The semidefinite program dual to the above is

PO L Py +2 . x %m

K?2 -1 e— K +1
127 1>7

subject to

di; < 1,145 < 1, Z[h} +thja > 0.
i>7 i>7

The dual objective at any dual feasible point is a lower bound
on T (K; ).
Additional constraint:

rank Z”‘ijaff + Zt,;jag) =1

i>9 i>]
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Primal Semidefinite Program

S = g = TGN <1

where
T (K; ) —-mmz.stj +Za,3
T>]
subject to
v/ A 1/}\ g
333—K+1’ i = ;3&! +§a1_.,a >0
with

L8 3. { (i3} + 59))((ij] + (4il) /2~ when i # j,
- 112 )i when i = 7,

aij = (|23) — |39)) (Gig| — (Gdl) /2.
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Dual Semidefinite Program

Pi

IIIII

The semidefinite program dual to the above is

S TR s B s Z v”m

K?2 -1 K+1

127

subject to

pii < 1,p <1 Zpﬁa‘w-‘]—Ztgja > 0.
127 1>7

The dual objective at any dual feasible point is a lower bound
on T (K; ).
Additional constraint:

rank Z#ijaff =+ Z tija.f-}) =1

=9 i>]
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Primal Semidefinite Program

Sy — py = TK:A) <1

where

T (K:;)) —mmz.s,j +Za,_,,

1>]

subject to

A A V AiA;

Sij = K_{_;:aij}_"_f{%i_ Estj +Eaua >0
with

(i) + )G+ Gi/2  wheni £

3 ] when 2 = j,

aij = (I23) — |33)) ((ig| — (Gl) /2.
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PPT Pure State Transformations - Maximally
Entangled Initial State

The existence of a PPT map taking |¢) to |¢)) can be

formulated as a semidefinite program.
It is rather complicated but it simplifies greatly if we restrict to

the case initial state is maximally entangled state.
For any (pure or mixed) final state p, ®x i p if and only if
the solution to the semidefinite program

min{Tr (P) [P >0,—(K-1)P <p <(K+1)P'}, (3)

where P is an hermitian operator on the same Hilbert space as
p, is less than or equal to one.
For pure p we can make further simplifications...
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Primal Semidefinite Program

S — py = TK:X) <1

where
T(K;A) —mmz.s,j —{-Zaw
T>]
subject to
VA 1/,\.,)
stJ—K—I—l’ i ;313 -I-;a,”a >0
with

o :{ (Ii7) + [54))((33] + (5i]) /2  when i # j,

113 (i3] when i = j,

aij = (I23) — |39)) ((ig] — (Gl /2.
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Dual Semidefinite Program
The semidefinite program dual to the above is

T (K;\) = max i - Z Hij / Xid; Z VIJV )1,\

K2 -1 K+1

123

subject to

i < 1Ly <1, Zp,,j +Zt,j.a > 0.
i=>7 i>7

The dual objective at any dual feasible point is a lower bound
on T (K; ).
Additional constraint:

Z p,jdij + Z t,,j.atj) —

i>]
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Rank Constrained Dual Optimum

Pi

IIIII

Let d be the Schmidt rank of the goal state.

K252 _1
K?2-1

K ((Zf;l \/ﬁ)2 —(K +c" —d) T, AI)

(K2—-1)(K +c* —d) ’

Ty (K;A) =

+

where c* is the smallest number c€ {1 +d— K, ...,d — 1}

satisfying f
s b=
K -i—lc — d = '\I'"'l

If none of the integers in the range satisfy this relation then
& =d

T(K;\) > T (K;))
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Necessary and sufficient condition for K =2, d =3

In this case we can find a primal solution with primal objective
equal to T7 (K; A).
T=T: ke K —-2d—3

The necessary and sufficient condition for the feasibility of

Qgpirp,\canbesunmlarizedby

2 (\/ag;\g + 1/,\;)‘{) + 4/ XN <1

We conjecture that T (K;A) =71 (K; A) so that

Dy PﬁTﬂA — Ti(K;)) <L
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PPT Pure State Catalysis

Does catalysis occur under PPT operations?

PPT
Px * Pu

but e
It is always possible to find a primal solution (in general not
optimal) giving the upper bound

2S1/2(A) _ 1

: <
T(K!A)— K—l y

and to find a dual solution which gives the lower bound

K92512(0) _ 1
K? -1
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PPT Pure State Catalysis

Since Sy/3 (A® p) = S1/2 (A) + S1/2 (1) and Sy 2 (Uc) =logC
we find that

KC2251/2(2) _ 1 C2512(%) _ 1
S . < .
o1 =TuGlelg)=—Frm——

Taking the limit C' — oo, the upper and lower bound both tend
to

231;*2“)/1{

so a necessary and sufficient condition for the transformation

D RO it px ® ®¢- to be possible for some suffiently large C

1S
Qsifz(l}/K <1

or equivalently
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PPT Pure State Catalysis

Since Sy/3 (A ® p) = S1/2 (A) + S1/2 (1) and Sy 2 (Uc) =logC
we find that

KC292512(2) _1 Cc251/2(8) _ 1
< - = x
ocE_1 =TEGAUc)=—Fr—;

Taking the limit C' — oo, the upper and lower bound both tend
to

231;*2('\) /K

so a necessary and sufficient condition for the transformation

D RO i’ px ® ®¢ to be possible for some suffiently large C

1S
251;‘2(1}/1{ <1

or equivalently
S1/2(A) < log K.
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PPT Pure State Catalysis

Since Sy/3 (A ® p) = S1/2 (A) + S1/2 (1) and Sy 2 (Uc) =logC
we find that

KC292512(%) _ 1 C2512(%) _1
< ; < :
Ty <T(KC;A®Uc) < ®O —1

Taking the limit C' — oo, the upper and lower bound both tend
to

231,@(}«)/1{

so a necessary and sufficient condition for the transformation

D R st px ® @ to be possible for some suffiently large C

1S
251;2(1)/1{ o

or equivalently
S1/2(A) <log K.
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PPT Pure State Catalysis: K =2, d=3
24/ AL + 24/ 2501 + 44/ A1A] < 1 without a catalyst.

2 A;)‘g - 2\{)\;/\1 + 2 )\{AE < 1 when arbitrarily large
maximally entangled catalysts are available.

(1/3,1/3, 1/3)

Accessible via Maximally
Entangled Catalyst

- o
1,0,0) (112, 172,0)
Accessible Without Catalysis Initial State

irsa: 08050040

Maximally entangled states can be catalysts under PPT.
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PPT Pure State Catalysis

Since Sy/3 (A ® p) = S1/2 (A) + S1/2 (1) and Sy 2 (Uc) =logC
we find that

K02231}’2(}‘) —1 CzSUg(A) =g
< : < _
o1 =TEGAale)x—pm—7

Taking the limit C' — oo, the upper and lower bound both tend
to

231}2()‘) /K

so a necessary and sufficient condition for the transformation

D RO i’ px ® ®¢ to be possible for some suffiently large C

1S
231;2(1}/1{ <1

or equivalently
S1/2(A) <log K.
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PPT Pure State Catalysis

Does catalysis occur under PPT operations?

PPT
o Pp

but i
P X Px ™ Pu X px?
It is always possible to find a primal solution (in general not
optimal) giving the upper bound
2S1/2(A) _ 1

: <
T(K!A)— K—l b

and to find a dual solution which gives the lower bound

K25:120) _ 1
K2—-1
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PPT Pure State Catalysis

Since Sy/3 (A ® p) = S1/2 (A) + S1/2 (1) and Sy 2 (Uc) =logC
we find that

KC2251/2(2) _ 1 C2512(%) _ 1
< : < :
Kcz—1 ~TEGA®Ue)< —pm—)

Taking the limit C — oo, the upper and lower bound both tend
to

231;*2()‘)/_[{

so a necessary and sufficient condition for the transformation

D R P i px ® ®¢ to be possible for some suffiently large C

1S
251;'2(1)/}'{ <1

or equivalently
S1/2(A) < log K.
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PPT Pure State Catalysis: K =2,d=3
24/ A +24/AI0] + 44/ATA] < 1 without a catalyst.

2 ).;/\; e 21,(}‘;/\1 + 2 )\{A; < 1 when arbitrarily large
maximally entangled catalysts are available.

(1/3, 1/3, 1/3)

Accessible via Maximally
Entangled Catalyst

L = L ]
(1,0,0) \ (1/2, 1/2,0)
Accessible Without Catalysis Initial State

irsa: 08050040

Maximally entangled states can be catalysts under PPT.
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Necessary and sufficient condition for K =2, d =3

In this case we can find a primal solution with primal objective
'BQUB-I to T1 (K; }\).

T=Th ek —=—2d—3

The necessary and sufficient condition for the feasibility of

@QPE}TPA can be summarized by

2 (,/,\;)\; + 1/)%){) +44/aIA <1

We conjecture that T (K;A) = T1 (K; A) so that

O Sy = Ti(K;N) <1
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Rank Constrained Dual Optimum
Let d be the Schmidt rank of the goal state.

K25:12(8) _ 1
K?2-1

K((Zf;lf)z (K+c —d) i, A )

(K2—1) (K + ¢ —d) :

T (K; ) =

+

where c* is the smallest number c€ {1 +d— K, ...,d — 1}

satisfying
%;16\{; == Acsr:

If none of the integers in the range satisfy this relation then
&=y

T(K;)) > T1(K;A)
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PPT Pure State Catalysis

Since S1/3 (A® p) = S1/2 (A) + S1/2 (#) and S5 (Uc) =logC
we find that

KC292512(%) _ 1 C2512(%) _ 1
< : < :
Kicri—1 =TEGAeUc) = —pr—

Taking the limit C' — oo, the upper and lower bound both tend
to

231}2()‘) /K

so a necessary and sufficient condition for the transformation

D RO it px ® ®¢ to be possible for some suffiently large C

1s
25112(/\)/[{ <1

or equivalently
S1/2(A) < log K.
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PPT Pure State Catalysis: K =2, d=3
24/ AIA] +24/A01 + 44/ A1) < 1 without a catalyst.

2 }4;)\; + 24/ )\;/\{ + 2 /\{Ag < 1 when arbitrarily large
maximally entangled catalysts are available.

(1/3, 1/3, 1/3)

Accessible via Maximally
Entangled Catalyst

b =
(1,0,0) \ (1/2,1/2,0)
Accessible Without Catalysis Initial State

irsa: 08050040

Maximally entangled states can be catalysts under PPT.
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Summary

» Necessary and sufficient condition for ®, e P, When p)
has Schmidt rank 3.

» Necessary condition for ®x 2t px, conjectured to be
sufficient.

» PPT Catalysis occurs. Maximally entangled states can be
catalysts.
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