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Abstract: The last years have seen tremendous progress in simulations of inspiral and coalescence of binary black holes. | will present recent results
of the Caltech/Cornell collaboration simulating inspiral and collision of two black holes. Furthermore, while currently no talk on numerical relativity
seems to be complete without a discussion of binary black hole coalescence, there are many more aspects of Einstein\'s equations that can be probed
numerically. | will discuss some of these unexpected and intriguing features, among them black holes with five horizons and super-extremal black
holes.
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Gravitational Waves

» Einstein’s equations admit wave-solutions

» Efforts are underway to detect these gravitational waves
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Gravitational wave detectors LISA (planned)

LIGQ (2 sites)




Gravitational Wave Sources

» Generated by changing quadrupole moments
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» Compact object binaries ‘
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Matched Filtering Simulated detector output
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» Tiny signal, h= 2=~ 107
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Stages of binary black hole evolution

Inspiral Ringdown
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Tools for computing the waveform

Inspiral Merger
— v < ¢: perturbative expansionin v/ ¢ o :
(post-Newtonian expansion) | Inspiral g |
— v, clarge: Numerical relativity l"‘_ E | | | Ringdown |
0f | IA—

» Merger
— Numerical relativity

» Ringdown y ‘ | *
. ' -4 I
— BH perturbation theory
— Numerical relativity 200 -100 . 100

/m




Tools for computing the waveform

» Inspiral ' Merger
— v < ¢: perturbative expansion in v/ ¢
(post-Newtonian expansion)

[nspiral .
— v/ c large: Numerical relativity | IR Ringdown |

» Merger } g3 |1V
— Numerical relativity '

» Ringdown
— BH perturbation theory

— Numerical relativity 200  -100 ) 100
/m

» Tasks for Numerical relativity:
— simulate “late” inspiral and merger
— determine what “late” means




BBH Simulations — Overview

Problem characterstics

» Multiple length scales

» Size of BH's ~ 1 & @
» Separation ~ 10

» Wavelength \ ~ 100

» Wave exiraction at several |

» Grawitational wave flux smal

-_ :

» [ drives inspiral
) HIgh accuracy required
Absolute phase error o

» Solutions are smooth




Tools for computing the waveform

Inspiral Merger
— v < c: perturbative expansion in v/ ¢ e | .
(post-Newtonian expansion) | Inspiral |
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» Tasks for Numerical relativity:
— simulate “late” inspiral and merger
— determine what “late” means




Gravitational Waves

» Einstein’'s equations aamit wave-solutions
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» Efforts are underway to detect these gravitational waves
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Gravitational wave detectors LISA (planned)

LIGO (2 sites)




Tools for computing the waveform

» Inspiral ' Merger
— v < c: perturbative expansion in v/ ¢ o il
(post-Newtonian expansion) Inspiral .
— v/ ¢ large: Numerical relativity N Ringdown|
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BBH Simulations — Overview

Problem characteristics

» Multiple length scales
Size of BH's ~ 1
Separation ~ 10
Wawelength A\ ~ 100

Wave axiraction at several |

v
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» Gravitational wave flux smal
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» L drives inspiral

» High accuracy reguired
» Absolute phase error o

» Solutions are smooth




BBH Simulations — Overview

Problem characteristics

» Multiple length scales
» Size of BH's ~ 1
» Separation ~ 10
» Wavelength \ ~ 100
» \Wave exiraction at several .\

Gravitational wave flux smal
» E/E~ 103
» £ drives inspiral

» High accuracy required
» Absolute phase errar o«

» Solutions are smooth

Computational approaches

y Finite difference AMR
» Albert-Einstein Institut (Berlin),
Goddard, Jena (Germany), LSU, Penn
State, Princeton, Rochester
» Impressive short inspirals with
mergers (BH-kicks)
» Accurate long inspirals difficult

» Multi-domain spectral methods
» Cornell/Caltech collaboration

> |Impressive long inspirals
» Merger difficult, but possibie




Computational Framework |
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» Evaluate derivatives in spectral space,
non-linear terms in physical space

» Elliptic problems

Solve large set of algebraic equations for L.

» Hyperbolic problems
Evolve U, ( ) with method of lines

» Principal code developers Larry Kidder, Mark Scheel, HP; 250,000 lines




Computational Framework ||

» Domain-decompaosition
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» Domain-decomposition
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» Domain-decomposition
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» Domain-decomposition




Why spectral methods?

Smooth solutions
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Computational Framework |l|

» Domain-decompaosition using simple topologies (DUST)
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Computational Framework ||

» Domain-decomposition




Why spectral methods?

Smooth solutions = exponential convergence
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Computational Framework |l

» Domain-decompasition using simple topologies (DUST)

™ . | .
Gomposite topologies

Building blocks

- » n-dim Block /4

» |; interval Tensor-produc N

0 ot » Cylinder B; = | S;
» S: circle

- . » Sphere B-, I = S
» S; sphere ‘-8) P : 2

Y i - :
» B, disk qucoinpactmedﬂdlm

S1B, S2he S

) B, ball

==




Computational Framework |l

» Domain-decomposition using simple topologies (DUST)
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Evolution equations

» Einstein’s equations
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Boundary conditions

» Black hole singularity excision

— Place artificial inner boundary just inside horizon
— Causality = pure outflow condition, no BC applied

— Technical details require dual coordinate frames -

» Quter boundary

— Constraint preserving
— Transparent to outgoing gravitational waves .
— No incoming gravitational waves _

— No reflections of gauge-modes

time

vV
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Evolution equations

» Einstein’s equations
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Boundary conditions

» Black hole singularity excision

— Place artificial inner boundary just inside horizon
— Causality = pure outflow condition, no BC applied

— Technical details require dual coordinate frames -

Outer boundary

— Constraint preserving

— Transparent to cutgoing gravitational waves .
— No incoming gravitational waves .

— No reflections of gauge-modes -
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lteratively control eccentricity
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lteratively control eccentricity
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lteratively control eccentricity
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Orbital trajectory
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At last — a waveform!

2l 10+10M_ ., non-spinning, 100Mpc ]
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» Energy-balance gives time-evolution:
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» Slow convergence
» Unconirolled higher-order terms seizable!
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Comparing Waveforms
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In the pipeline
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.-:/l/ ///—'—\
J — o
rird
s a5,
#

K-"f.rf',"’_fl__ .-rf_ g //—-_-_‘-‘-\-\""xhh‘“
"..'j"’-fﬂ)g F _-H"“‘*-\.\H ,
'_-'lf'r,.' FiF, .-’r J_.—’ ’.- —-.._\_\_\_H“ " % 1

I J s '3 ! i
Erryy T
I F I # e

it rr f 3 My
(rif !

[ | [ F
T ! [
Wil ]
[ | I| | ] |

| 11} |
11 |
1418
III ! I|I L
1 N

Page 1




Numerical relativity vs. post-Newtonian

GW-cycles to merger

26 18 10 2
03F e 1
PN order 2.5
>
= —
T
v =05 -
Z
__5:- — TavlorT1
-+ TavlorT2
TavlorT3
06 TavlorT4 1
1200 2400 3600
t/m

Page 1




PN-approximants

Different treatiment of uncontrolied higher-order terms, e.g.

» Use of energy-balance equation
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» Pade-resummation of F(v)
» Effective-One-Body formalism
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Post-Newtonian theory

» Expansioninvelocity v =v/c

» For a binary in a circular orbit
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PN-approximants

» Different treatment of uncontrolled higher-orger terms. e.q.

» Use of energy-balance equation
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PN-approximants

» Different treatment of uncantrolled higher-order terms, e.g.

» Use of energy-balance equation
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Comparing Waveforms
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Properties of Einstein’s Equations
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In the pipeline
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Distorted Kerr black holes

» With Tony Chu & Mike Cohen
(Caltech grad students)

» Initial data: Kerr black hole with incoming spherical gravitational wave

A = -5 ADM E
— v -2 BH
. v
T ,
- . a,. ;
= | 2 2
E 1 h rd
N =) P
— rs &
: ¢ ra
0 = &
- & -
x : &
.'ﬁ_ | E P =
= - o - N
~ g &
______-_-_..‘.-' ¥ o o TN 0000 fRESE et




Apparent Horizon Area vs. Time
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Apparent Horizon Area vs. Time

» Apparent horizon: Surface w/ zero expansion of outgoing null-geodesics
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Apparent Horizon Area vs. Time

» Apparent horizon: Surface w/ zero expansion of outgoing null-geodesics

.
i

Apparent Honzon Mass vs Time Apparent Honzon Mass vs Time

Single BH. moeome wave =15 w=125 m=0 even Smeie BH. meoine wave. il=13. w=123_ A=05, m=] even

Ly
[ ]
I.JI

i 4 -
42 i = — £ 2F —_
- -
A A
g | — A=04 c | ]
~ T ~
—:" s _LL_:_lu:I,l'E{u A ‘l_'lez.ﬂﬁ'
= LI 15 135 !
0 O
> <
: — A2 £
! A Vo i 7-.'_’h
i .l“ﬁ:‘:-::-E'EEiIE :ﬂ

Page 2




Apparent Horizon Area vs. Time
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Apparent Horizon Area vs. Time

Apparent horizon: Surface w/ zero expansion of outgoing null-geodesics
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Black holes with near-extremal spins

» GRS 1915+105: S/M? > 0.98

» Constraints non-linear. cannot just superpose
analytical Kerr metrics to get high spin BBH.

» With Geoffrey Lovelace, Rob Owen (Caltech grads.
now Cornell post-docs) & Tony Chu (Caltech grad)
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First attempt: Puncture initial data

» Most widely used BBH initial data: Just one elliptic PDE

Spin at initial time (C Relaxation during evolution
— e—— o Mass
SIM

- s SpiIn B
. r:l .x-\-\-\-\-\'
“.[]:-_ ¥ i Nl i
001 0.l i 10 100 1000 10000
) a Nan et 2l 7008
Tunable parameter S/m_ Dain et al. 2008

» Maximal relaxed spin ~ 0.93 — not large enough.
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But intriguing properties of initial data geometry

Numerical solution
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'I».:ln [
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i 0 10 10

Four spherical shells
cover radii 10" < r

BCs: ¥ (r=x)=1, V- _— 2% F—-0

Area of coordinate spheres
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But intriguing properties of initial data geometry

g =V's VW12 0y 70 BCs:W(r=2x)=1, 'U—}as:—j-

) e Embedding diagram of egquatorial plane
Numerical solution g Giag a
'EH_’HIE : 2)
w-1r _%
i E 1:';\
i3 :._' S5=100 3 E N
N

'uJ~.E-+E' X
bl :
r 1 -20 -1 0 2
[ 0 10 1 1
Ir/m =r/R__ RM
| e = L engthening cylindrical throat
Four spherical shells A S ; .
g Analytic approximation of throat region
cover radi 10 r 0° .
matches well
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Second attempt: Quasi-equilibrium initial data

» Based on:
1) time-indepenceance = Five coupled elliptic PDE's
2) BH's in equilibrium - on| = BCs at excision surfaces
3) Simplicity
|
).8- &= -
SM
0.6- 1
04- 1
0.2
()= = —
() (.05 0.1 0.135 0.2

Parameter controlling spin 9_1_,

Page 2




Second attempt: Quasi-equilibrium initial data

(D

) Based on:
1) time-independence = Five coupled elliptic PDE’s
2) BH's in equilibrium ] on| = BCs at excision surfaces

3) Simplicity

|
0.8 e ol
S'M
;J_".
0.6- [=
04- =
7 4
J g |
0= = =
0 (.05 (0.1 0.15 0.2
Parameter controlling spimn D_.l_._
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Second attempt: Quasi-equilibrium initial data

» Based on:
1) time-independeance = Five coupled elliptic PDE’s
2) BH's in equilibrium : — BCs at excision surfaces

3) Simplicity

|
_ h\ » Two solutions for same (-,

0.8- a2z e .
SM » Novel discovery, previously always

z unigue solution of constraints.

0.6- = . .
= » With model-problem. behavior can
= be traced to a term which makes
i ; . . e

04- - the linearized operator indefinite
Z _

0.2

% 9005 o1 o5 o2

arameter controlling spin _Ql_.
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Second attempt: Quasi-equilibrium initial data

» Based on:
1) time-independence = Five coupled elliptic PDE's
2) BH's in equilibrium - on| = BCs at excision surfaces
3) Simplicity

|
| h\‘\ » Two solutions for same (),

S, | oA : :
2 0 S'M » Novel discovery, previously always
anu : z unigue solution of constraints.
06 .. = . iooys
W3 06 0.0¢ = » With model-problem. behavior can
= be traced to a term which makes
" i ‘ . . P
04- - the linearized operator indefinite
e
0.2
» Maximal initial spin ~ 0.99, but
>, expect spin to relax to ~ 0.94.
0 005 01 015 02
Parameter controlling spin Q.l_.
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Third attempt

» Same quasi-equilibrium formalism as in 2nd attempt

A At - e llalla -~ _-
Adapied remaining choices:

Wyt
L
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Second attempt: Quasi-equilibrium initial data

» Based on:
1) time-independence = Five coupled elliptic PDE's
2) BH's in equilibrium ] 01| = BCs at excision surfaces
3) Simplicity
— - .
; S » Two solutions for same (2«
0.8- 09~ | oAl w :
e SM » Novel discovery, previously always
= N z unigue solution of constraints.
06 . C , .
097003 006 0 = » With model-problem. behavior can
= be traced to a term which makes
04- - the linearized operator indefinite
2 :
02
» Maximal initial spin ~ 0.99, but
0L expect spin to relax to ~ 0.94.
0 005 0l 0.15 02
Parameter controlling spin _Q.i_.
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Third attempt

» Same quasi-equilibrium formalism as in 2nd attempt

A — * ~ — -~ -~ " e
) Adapied remaining cnoices:

rijll'
|
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Third attempt
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1.96

).94 -

09 037 038 039l

Q
.,
- =
< W bt
W — ¥ T
iB
ANR
id 1 0
YIIT — a 0

Page 2




Third attempt

rd Extremality parameter { = —
0.98 - SM /
).96 ] ' M2~ 142 -

R » Kerr: ¢ < 1 w/ equality for extremal BH

- | - —
- =
= < =
W — ¥ T
i A
4M
] L] 4 ™ = B |
i A. o b
-‘_'. 2 e
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A new horizon outside the excision boundary

Omega =0.380 Omega =0.390




Super-extremal black holes?

0.98 SM™ /
| ; Qutermost -
0.96 - horizon

- /. E
/ T e B ) QL 4
% i .ﬁ_ / 1 ‘_" .-\ A | J L 1 L1 '\[
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| A A / 1,099 / ! 7
."r f
J !
Fd - - .Th
0.9/ 0.3 (.38 e :
gl ) 8- -]
Tk 0.3 04 033 034 035 036 037 038 039

[=
= |

» No super-extremal black holes.

» But nearly-extremal spin, S/ M* ~ 0.9998 !
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Virtually no spin relaxation
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Summary

» GW-detectors require accurate templates

» Spectral Einstein Code SpEC
» Elliptic & hyperbolic
> Efficient & flexible domain-decompostion
» 15 orbits & merger, io < few x 107 radians

» PN-NR comparison

» Large PN-truncation error in last 20 GW-cycles
» Only simulations can find good PN approximants
» Non-equal masses. spins underway

» BHs with multiple apparent horizons

Muiss

» BBH with nearly-extremal spins

» S/M? = 0.9998; plenty surprises

Time

» Collaborators: Mike Boyle. Tony Chu, Lee Lindblom, Oliver Rinne, Mark Scheel
(Caltech); Larry Kidder, Geoffrey Lovelace, Abdul Mroue, Rob Owen. Saul
Teukolsky (Cornell); Duncan Brown (Syracuse), Greg Cook (Wake Forest)
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