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Abstract: Quantum computers provide new resources to solve combinatorial optimization problems (COPs). Using techniques borrowed from
guantum information theory, | will present a quantum algorithm that simulates classical annealing processes, where the (quantum) annealing rate
greatly outperforms other classical methods like Markov chain Monte-Carlo based algorithms. Our quantum algorithm provides quadratic speedups
to find both, the solution to particular instances of COPs, and the preparation of (quantum) Gibbs\' states.
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

The solution to the COP is
determined by the state that
minimizes E (cost function)

Ezxlo...0,]>R

Example: Finding the ground state (energy) of the Ising spin glass (NP hard)

Elo]= EJ o0, +EBO'

<, >

he& oSt function is the energy of the configuration
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

The idea is to find the ground state
(solution) by decreasing T slowly

T(t) is the annealing schedule

~
i

"t
The final state is in A,
91(8) <<1=> _in high probability

Ground state space

A, ={lo]/Elo] 1s minimum }

1
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

In equilibrium:
B=1/T

7 B) = i ( o~ PE[00..00] - BE[00..01] 6-55[11__.11]) i ke

’ ge v iy

- BE
Z = € aalld Partition function



Simulated Annealing and Markov Chain Monte Carlo (MCMC)

In equilibrium:

— ]- —~BE[00...00 —-BET00..01 -BET11...11
ﬂ:(ﬁ)=_(€ﬁ[ ]eﬁ[ ] eﬁ[ ])
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

1- Need to choose a transition rule

probability of transition:

Poo.oooo Pooooo.1 ~°° Poo. o111

Pogii ™" S(f)’) - pUOlDO{J

P11..100..0 : A O

Transition matrix

x(B)S(B) = x(B), Example: Metropolis rule

. 2 g = = min{lge—ﬁ{EiU'l—E[U I)} for ;Ur_ <1
lim,__ @SB =7(B) |P o
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Simulated Annealing and Markov Chain Monte Carlo (MCMCQC)

Some properties of the transition matrix:

S b -1

o]

Detailed balance: p_x =p, 7
Eigenvalues: A =1>A, =2..24, 20

Mixing time : _2 A(B)=1-A,(B) spectral gap

AB)
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

In equilibrium:

2 - et |
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

1- Need to choose a transition rule

probability of transition:

Poo.oooo Pooooo.1 - Poo.oirr.

Poo: e S(B) = pmlm{]

P11..100..0 : AL R

Transition matrix

(B)S(B) = (), Example: Metropolis rule

- - g _ = . =min{le?* Y for o'-0s1
lim,__ @SB =7#(B) |P o
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

Detailed balance: p & =p, 7
Eigenvalues: A =1>A, =2..24, 20

Mixing time : 2 A(B)=1-A,(B) spectral gap

AB)
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Simulated Annealing and Markov Chain Monte Carlo (MCMC)

- Need to choose an annealing schedule

 1,S(0)S(SB)...S(POP) = ti,
Iniform distribution *Final distribution
B, =PoB>>1| = _
lu, —g, k<1
op <<1 } T80 =S

The implementation complexity of the SA is given by P

Convergence rates for Simulated Annealing
op = 1111'1_1js A(B)=A

-1 2
B, =v log(d/e) State space dimension

Pl

Pr([0] & A,) se= P = 1108(2/8‘)

n 14
_ - Spectral gap of E |




Simulated Annealing and Markov Chain Monte Carlo (MCMC)

2
P A) <6 p - LOBUIE)

>

(B) =1
LA

m

>p

or hard instances, A is exponentially small in N (log(state space dimension))
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To solve combinatorial optimization problems, simulated annealing
performs much more efficiently than exhaustive search!

|

The main implementation complexity is dominated by
the inverse of the spectral gap of the stochastic matrix

|

Can quantum computers improve the dependence of Pin A ?

Yes! They can provide a quadratic speedup
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Quantum Algorithms for Computation of Properties

of Classical Systems in Equilibrium

0) — .
Y e Ul U:z L U X
Measurement

'0> — - l computational basis
U>=}01..ﬂy>; :w(ﬁ)>=2‘\jﬂu(ﬁ)‘a>
O;= 0.1 o
mplicit mapping) [0] —|0)
Projective measurements in the computational basis g FElo]
allow us to sample with the Boltzmann distribution: Pr(o)=x_(B) = =




Juantum %‘UUI’L hms for Computation of Pramerties in Equilibrium

0) — - 4
1O U, [ .. U
Measurement
‘0) S e - computational basis
" i
e ad

X:= Implementation complexity

B, ""1=”‘Wf > ﬂ 2|a> equal superposition of ground states (solutions

A possible strategy we will consider next is to
prepare the desired state by "adiabatic evolution™ | ...




Juantum Algorithms for Computation of Properties in Equilibrium

The quantum state [y(B)) = 2 V7, (B)|0) can be shown to be the ground state of

eﬁE,fzS(ﬁ)e-ﬁEfz =HB)=

Poo..000.01 \fpm..,0,00...1:’-’00...1,00...0 \/Pao..m1...1P11...1,ou..n

\/ Poo..000..1P00..100.0

] \/ Poo.011..1P11..100..0 2o .. Priaa1.a

‘E[1] 0. 0O |
A :

0 0.. E[d]|
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Juantum %lgumrhms for Computation of ?m*ﬁt}r:n—:rs in Equilibrium

0) — S

- QU [JU, [ .. ] Uy

0) — . A
N ~ A

X:= Implementation complexity

B, >>-1==~‘w(ﬁf ) H 2|g) equal superposition of ground states (solutions

A possible strategy we will consider next is to
prepare the desired state by "adiabatic evolution™ | ...




Quantum Algorithms for Computation of Properties
of Classical Systems in Equilibrium

0) — L
A ARRUAREZ A

Measurement
‘ O> e = computational basis

!

)= 10y vB) =27, B)o)
o,=0,1 e
mplicit mapping) [0] —|0O)

Projective measurements in the computational basis e FElo]
allow us to sample with the Boltzmann distribution: Pr(o)=x_(B) = ~




Juantum klﬂmfum:.s for Cf“rrmu ation of ?*‘U*‘*t rties in Equilibriu

0) — — -

1O U, [ .. U

0) — = e
L —~ L

X:= Implementation complexity

ﬁf }bl:‘tp(ﬁf > F E|g equal superposition of ground states (solutions

A possible strategy we will consider next is to
prepare the desired state by “adiabatic evolution™ | ...




Juantum Algorithms for Computation of Properties in Equilibrium

The quantum state [y(8)) = E V7, (B)|0) can be shown to be the ground state of

eﬁﬁxzs(ﬁ)e-ﬁfxz - H(ﬁ) _

Poo..0.00.01 \me...0,00...1:’-700...1,00...0 \/Pm...on...1P11...1,00..ﬂ

‘\/ Poo..000..1P00..100.0

_W/ Poo.011..1P11..100..0 22 .o Pri a1

‘E[1] 0. 0O |
E=|: :

0 0.. E[d]|
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Juantum Algorithms for Computation of Properties in Equilibrium

he quantum state y(B)) = 2 \7,(B) o) can be shown to be the ground state of H(S’

HP)\¢,)=2|¢,); A=1>4,>.>4,>0

)= Y\, (B)o)

Same spectra and gap of S:

An adiabatic quantum algorithm built to remain in the GS
of H(B(tr)) will not provide a quantum speed up

T = 0(1/A%)

!

Next: Build H(B) with larger spectral gap!
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Bipartite quantum walks: Quantization of Markov Processes

¥i0) =10, S ), = Url0),0),
20)-3\rm o) Jo), - -U00) ),

sometries <

Each use of these is equivalent to one step in MCMC
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Bipartite quantum walks: Quantization of Markov Processes

HB)=Y'Z
A, =cosa, --(q)j Y'*Zf(bj) E’L‘ <¢j |B<0\U;JUZ|O>A‘¢.;>B
l - Y 7% Y /o
A=1=aq =0 (v | uz)

d=1-A =(a,) /2

R, =2|u, )(uy|-1
Rﬂz =2 “ZX“‘ZQL_ 1
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Bipartite quantum walks: Quantization of Markov Processes
W

Quantum walk:

W =R, R, =U;R, UUR, U,

N L

|”Z> The implementatlon complexity of W
is equivalent to 4 steps of MCMC

R’{,}A =20)&(0 -1
&U}H =20>3(O =]
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Bipartite quantum walks: Quantization of Markov Processes

HPB)®,) =29, W=R,R,

9)= 27 (B)lo); wig,) == |c,);

A=l>A>..>A4,>0 ‘CI “1’1 |O Zrlo’ ,O
194 r 3

&

A(B) =1 ' W

| A==(a2)2/2 [ A= 25 >> 8

| -0
D N R N
>
P /-a—g(ﬁ)\__

\ 4
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Quantum Simulated Annealing

0>3 of W at all 8

The idea is to remain in the O-eigenphase state itp(ﬁ))ﬂ

!

To follow the desired state we make use of the Quantum Zeno effect

WP Y(B+8P)) =1-c(6B)’
Jgorithm:

'‘erform measurements in the (instantaneous) eigenbasis of

W(B=0)W(B=95B),.. WP, = g@ﬁ)
———* (complexity of QSA)

leasurements in the instantaneous eigenbasis implies that after Q steps,
1e probability of remaining in the 0-eigenphase state is (ideally):

Pr(w(B)))) = (1-86%)° =1~ B3P \ — 6ﬁ=ﬁi<¢1

f
E
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Quantum Simulated Annealing: Implementation via randomization

Al —] e— L
k T N, 2l - NE Jr—
) |W@Bl™ [weaplT ... | [We)[* | ~L®B))
B {] = = l
1 - 2\ 8)0),[0)
—=2=N,20 )
5(_12 \_ Chosen with the uniform distribution
(This choice allows us to “simulate” the Quantum
; Zeno effect)
werse of the spectral gap of W 1

Dephasing of the 0-eigenphase state with the others
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Quantum Simulated Annealing

0>3 of W at all B

The idea is to remain in the 0-eigenphase state iw(ﬁ»,l

!

To follow the desired state we make use of the Quantum Zeno effect

WP W(B+0B)) =1-c(8B)°

dgorithm:

'erform measurements in the (instantaneous) eigenbasis of

W(B=0),W(B=95p),..W(B, =00p)
T— (complexity of QSA)

leasurements in the instantaneous eigenbasis implies that after Q steps,
1e probability of remaining in the 0-eigenphase state is (ideally):

Pr(w(B,))) = 1-88°)° = 1-B,5P ‘ — 6ﬁ=ﬁi<-¢1

3
E
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Quantum Simulated Annealing: Implementation via randomization

Al
L) (W@l |wessl™ | Wepl* [ ~66))

B {

11|
i

RN
[ 11|
{11
e

1 - Y\ B)),)0)
—— =N, 20 ’
Eaz \ » . . ' .
_ . Chosen with the uniform distribution
\ (This choice allows us to "simulate” the Quantum
\ Zeno effect)
-
werse of the spectral gap of W l

Dephasing of the 0-eigenphase state with the others
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Quantum Simulated Annealing

>
| [

i

L) (W@l |wassl™ .| Wepl* [ ~&6))

W
| |
L
L1
11
—

= E‘V'nu(ﬁf)|g>4 0)
nvergence rates and resour a
# of operations: N, +N, +...=~ Q
- Ea,
o
VA

1 log3(disz)

Pr(lc& S )<e=>0= -
0 Q y3 e> _\/ A Page 30/45
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Quantum Simulated Annealing: Concluding Remarks

1 log(d /€
Jlassical simulated annealing: Pr(c&S)<e=>P= y g(z )
1 log’(d/€”
Jlassical simulated annealing: Prlo& S,))<e=>Q0-= v = (-\/A .
£

-For NP-complete, one can argue that y<1/poly(N)

-The dependence in £ can be made logarithmic by repetition of the QSA

:> The QSA greatly outperforms SA for hard instances
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