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Abstract: For quantum gravity, the requirement of metric positivity suggests the use of noncanonical, affine kinematical field operators. In view of
gravity\'s set of open classical first class constraints, quantization before reduction is appropriate, leading to affine commutation relations and affine
coherent states. The anomaly in the quantized constraints may be accommodated within the projection operator approach, which treats first and
second class quantum constraints in an equal fashion. Functional integral representations are derived for expressions both with and without
constraint imposition. As with all coherent state formulations, close contact between the classical and quantum theories is maintained throughout.
Perturbative nonrenormalizability is understood as a partial hard-core behavior of the interaction, which as soluble models suggest, leads to a

perturbative formulation, not about the traditional free theory, but rather about a suitable pseudofree theory that properly incorporates the essence of
the hard core.
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i Horrible Hurdles

= Signature of metric
= Irregular constraints

= Anomalies

= Nonrenormalizability

s Absence of time

= Your favorite choice ...
Go for it!
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i Affine Quantum Gravity

= Kinematical variables
« Metric positivity
= Initial representation
« Without constraints
=  Quantum constraints
= Projection operator method
= Imposition of constraints
Functional integral representation
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| Kinemaktal variables
i
v Affine commulation relations

et v 2 \\
SR | i Kinematical variables

= Affine commutation relations

ug (o’ >0 . 7T, (x) =7 (x)g_,(x)

M _ (x) ={exp[y(x)
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i Initial representation (1)

= Affine coherent states

r.g)=expli| 7°g.; d°v] exp[—i| 2%, d°v]|n

2. =8.4(x) , |7y, (x)|n)=0

f ’ ‘ (* 3
r',g')=exp\—2|b(x) d’x

’ 111(;L1t3[:[ g
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Initial representation (2)

w Reproducing kernel Hilbert space

orireous Tibe oo of prosiive b (TS0, (e

S
Lli'a.ﬂal-'h'm:l,.};‘o S A T [

nA
L LS o b1 TAcL Y ecinre

Initial representation (2)

s Reproducing kernel Hilbert space

Elements of a dense set of abstract vectors

=3

1=l
S

a.ll.y . N<ao : ($=2
Functional representatives
W
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Quantum constraints (1)

= Enforcing the constraints

c:r_(p_q):l] ; E (;.?_{;)_cf);:{_)

* Dirac: O (PO vw,.>)=0. (limited use)
. POM:  E=EE @ <d6(h)) . H,_ =EH
E(J>+J2 +J2 <h?/2) .
E(P-+0 <h)
E(Q <0 )=E(-0 <0<09)
NSTITUTE lim, ,(p".q"Eip".q")/(nEn)=(p".q"| p'.q))
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L. Quantum constraints (2)

» Non-standard constraints
0 WO O ) L O =

130

S L Quantum constraints (2)

= Non-standard constraints
E(Q° +0O° <5°)=E(Q° +0° < %)
m, (p".q"Elp.q" )/ (nEn =(p".q"| p'.q4
E(O"<0) . Q>1

im_ (p".q"|E|p’.q" )/ {nE\n)=(p".q

n

p.q")
E(Q(QO-1)"<0)=E (O <0)+E ((Q-1D)" <9")

A =("E Y [(q,E n)+I"E|/ /(7 E |7,
lim,  [A@":DUAE A D) didi =" | 1)

INSTITUTE
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bl Quantum constraints (3)

= More nen-standard constraints

) RO o g 1!
7 ]
(B RIOE A e o s,

o r AL, Quantum constraints (3)

L Nos e fieing 4131
Ses s it el bied oy

= More non-standard constraints

. gauge fixing, F - P determinants, Gribov problems. ghosts, etc.

PERIMETER - o~ cq 1 s
INSTITUTE . first class (closed. open). second class. reducible. rregular. etc.
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Obsevable: O, [0,1]=0
Observiible parts OF = LOK
Classical - quanium coneelion (wiliolt eonsirai
) = (g B0 0) pag)
Gelp=tin, (p g G0N p.g) p

i Quantum constraints (4)

= Observables

Observable : O . [O.E]=0
Observable part: O = EOE

Classical - quantum connection (without constraints) :
G(p.q)=_p.q G(P.0O) p.q
G.(p.g)=lm, _(p.q G(P.O) p.q

P[ Classical - quantum connection (with constraints):

i G (p.q)=_p.qEG(P.O)E|p.q)/ p.qE p.q
METINIE

G (p.q)=lim,  (p.q EG(P.Q)E|p.q)/(p.qE|p.q
14
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Quantum constraints (5)

= Infinitely many constraints
¢.(p.9)=p. =0 , m=123,... , E=EQ_27"P <0°)

" L

(p,q9" | p,q))=lm, (p".q"[E|p.q )/ {nKEln

o (p.g)=p,=0 . @, (p.qg)=q,=0 . m=123,
E=EC>_2"(P.+0Q.)<h)=IL_|0_)0

H(x)=0 ., H(x) . H, =[|u_(x) H(x)d'x
E=EQ:_2"H<5(h)*)
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i Imposition of Constraints

= Path integral

EC ®:<6)=| Te""* DR(A) universal!

¢ [Ee”" ™™ E|g\=M | '#Fre-rerdlE DpDaDR(A)

p"-{f” EC)_. - -PE p'_(j’ = ]jﬂl-_ . J[ .. E;’. [ po—H( p.a)-7"a.( p.a)ld

-

xexp{—(1/2V)|[p° +¢°]dt} DpDgDR(/)

N -

}'}'H.(j’” EE_—. EHE __E }),.(}, =lln]_-h 27 E’.__ ;’ e [pdo—-E(pg)di—£Fo (p.ag)d]

PERIMETER X {j‘{!_'. (P.qg) DR( A )

INSTITUTE
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

7" g"[Elx.g)=lim __M_| exp{—i[[g % +N°H, + NH]dtd x)

x exp{—(1 21')([?’1'1 X)g. g A"

PERIMETER

i <[IL _I1_, dx*(t.x)dg_.(t.x)] DR(N*,N)
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i Further Issues

= Nonrenormalizability?
« Hard-core interpretation

= Appearance of Time?
« Soluble examples
= Removal of Cutoffs?

« Choose proper representation
« Reduce ¢ as necessary

PERIMETER
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

7. g"[Elx.g)=lim __M_| exp{—i[[g ¥ +N°H, +NH]did x)

‘g, ¢ ldid x)

PERIMETER

i <[IL _I1_, dx*(t.x)dg_.(t.x)] DR(N*,N)
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i) - i Perturbation Theory 101

= Quantum mechanics

2smh(7)]

i

Examples of continuous perturbations
I I Fix)=x" : a,+Aa, + ia, + ...

PERIMETER =
INSTITUTE P P . 4 - i
F(x)=¢exp(x') . a, + A +...
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® Quantum mechanics

o Jo 1 2 (oo D

0 i ot 1% 12 A D =
= o

Tnsinglcs o counflimns perturbatios

ﬂm*n i Perturbation Theo ry 102

= Quantum mechanics

-

xpi—|[x~ /2 + AV (x)]dt} Dx
X~ /2+ AV (x)]dr}Dx

Examples of continuous perturbations
. -

= jexp{—|[x~ /2 + Ax~ /2]dr} Dx

a5
A > ~

£ A B R = s
— L1 x + X Jcosh{ /Al )— 2X X

NSTITUTE /27 sinh(~/ AT)

i |

(X)=X
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#lion Theory 499

= Quantum mechanics

OO TS ]'Hr'l-- [ 2 g a3

_‘® Jr!-li:'lﬂmlll:-'éf ':’j] 2ry

e M. Perturbation Theory 499

= Quantum mechanics

- - -

x".0)g =lim ;_,o | exp{—|[*

L o
3 ]
4

ﬁ' #c“i |__[ =
T L

Examples of discontinuous perturbations

e . =lim ;_,o | exp[— | (x*/2+4/x? \dt| Dx

r‘“ -ﬂ'-‘ "'.I'*l r ) ) I w r - .| r " »
I I ———\=xp|—(x" —x)" /2l |-exp| {(x"+x)"
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i Hard-core interpretation (1)

s Free and pseudo-free theories

Theory
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i Hard-core interpretation (2)

= Free and pseudo-free theories

NONRENORMALIZABLE
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qi Central Limit Theorem

¥
o A—maoz A/ 2— ,z".{.r_";__‘\l‘. | I

> o requires (u~)=0O(A). which can be done in TWO basic ways :

= O(A™) . leadsto Sth)=exp[ A|d"x h(x)~] (CET)

INSTITUTE ) (u”™)=0(2) . leadsto Sth)=exp( |d"x| {cosh[uh(x)] —1} W(u) du)

- -
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i Hard-core interaction (3)

= Unconventional model analysis

S(h) = N|exp{[[hp—mp* |2 4,0*]d"x} Do

= exp(b| d"x[[cosh(hu) -1 exp[—bm u~ —b" judu /| u))

S(h)= N|exp(| {hp—[@" +m;0°]/ 2y’ |dtd™ x) Do
=exp{b[d"x f c(v)T[cosh( [ In(t)dr) —1] e(v)dv}
v(r) =exp(hr)vexp(=h7) .  he(v)=0 . 05<y<l.5

h=[-8%/&v +b°m™* + y(y +1)/v?]/ 2b+ Jb*v* —k

PERIMETER
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¢ interpretation (4)
n Scalar: field theory

R O T S TP s L
Satl o 8 fean( i Va1 4 o i

Whe L0, 5,00 =500/ 48

{Dines i -5';_l|0-j=.-\'c-|_(_ﬂ:,_i“ T B, :

) i Hard-core interpretation (4)
= Scalar field theory

S,(h)=N,[exp( [{ho-[(Vo) +m 0*]/2—/ip*}d"x )Do

S,(h) =N, |exp( [{ho-[(V)* +m’9*]/2}d"x )D¢
—== b i P
Does lm; ,S§;(h) =S5,(h) forallh?

il -

H (o*d" s}V /| (Vo) +m*e*ld"x<C

R METES Ifn<<d4 . C 3 (Yes — Renormalizable)

INSTITUTE

Ifn=>5 . C ( No— Nonrenormalizable)
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% Summavy: AQG :

s Preseive meltic positivity
Affine kinematical variables

s Gravitational anofmaly
Projection operator method

" Funma.r.'ra! nreg:af fa.rmaﬁsm ¢ r'r I I I' I ' Ef' 3
- rm 5-time regularizatio u a
i mrenmma! :
o izable thaofy ; :

vd-core interaction

Preserve metric positivity
Affine kinematical variables

Gravitational anomaly
Projection operator method

Functional integral formalism
Continuous-time regularization

PI Nonrenormalizable theory

PERIMETER Hard'co re interadion
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

7" ¢"Elx.g)=lim__M_| exp{—i[[g " +N°H_ +NH]dtd x)

<exp{—(1/2v)[[67(x)g g 1" +b(x)g*g“ g, ¢ |dtd’x]

PERIMETER

e <[I1 _II ., dx*(t.x)dg .(t.x)] DR(N°.N)
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Propoged Lattice Action

Ugsa ) =120, gy Limizgia’
L A2 R

s i Proposed Lattice Action

A/ 0105, scales as Kinefi t{‘:,]j!l

[(p,a,h)=12(4. —@,)a +imZp.a

+AXpa + W FXg a’

F={a”@-N")(1-N") ; N'=L

No new parameters; scales as kinetic term
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