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Abstract: For quantum gravity, the requirement of metric positivity suggests the use of noncanonical, affine kinematical field operators. In view of
gravity\'s set of open classical first class constraints, quantization before reduction is appropriate, leading to affine commutation relations and affine
coherent states. The anomaly in the quantized constraints may be accommodated within the projection operator approach, which treats first and
second class quantum constraints in an equal fashion. Functional integra representations are derived for expressions both with and without
constraint imposition. As with all coherent state formulations, close contact between the classical and quantum theories is maintained throughout.
Perturbative nonrenormalizability is understood as a partial hard-core behavior of the interaction, which as soluble models suggest, leads to a

perturbative formulation, not about the traditional free theory, but rather about a suitable pseudofree theory that properly incorporates the essence of
the hard core.
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i Horrible Hurdles

= Signature of metric
= Irregular constraints

= Anomalies
= Nonrenormalizability
= Absence of time
= = Your favorite choice ...
Go for it!
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fine Quantum Gravity

Kinematical variables
Metric positivity

Initial representation
Without constraints

Quantum constraints
Projection operator method
Imposition of constraints
Functional integral representation

PERIMETER
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irsa: 08050003 Page 3/27



;4 | 1 . .
| Kinemaktal variables

v Affine commutation relations
il AT R 1T " T, i

i Kinematical variables

= Affine commutation relations

ga(x >0 . () =7a" (x)g_.(x)

2)[0; 7, (x)— 0,25 (x)]0(x, ¥)

> (X). ;W] =/ 2)[0:8p3(x)+ 052 ,:,(x)]0(x. V)

g.5(x), €.4(1N]=0

N=exp[—i|72A48d’y] . MS(x)={exp[r(x)/2]}
PERIMETER o
INSTITUTE

)7 8 (DU(7) = M5(x) & q(x)M (x)
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i Initial representation (1)

= Affine coherent states

T, |"9: d’v] exp[— | b7 d*y]|n

g0\ =g.4(x) . |7, (x)n)=0

"

x g |\x 2 =cxp --{—Z[bu} d’ x

S T Vi TR 05
[det{g"**} det{g'®}1"?

PERIMETER

INSTITUTE r 5(X)=M_ (x)g.;(x)M, '(x)

-
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sk Initial representation (2)

u Reproducing kernel Hilbert space
('utnin'.wl T tiom of pesitive ppe K151, o8
;Elnw.l-'{F,.:l,,Jro. G C e T (T

Hiletrnds (i derice set of ntistacL vect s

Initial representation (2)

AT )

s Reproducing kernel Hilbert space

Continuous function of positive type K(/":]").

¥y ma kil l)=0

Elements of a dense set of abstract vectors
. M 1
=X g U v . N & = =5 1

n=i="n|"n m=1

Functional representatives
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Quantum constraints (1)

s Enforcing the constraints

o.(p.q)=0 , E o (p.q)" =0

> Dirac: ® (PO v, =0, (limited use)
» POM: | E=EC ® <d(h)’) . H_ =EH
E(J +J. +J;<h*/2) E
E(P-+0Q° <h)
E(O" <6°)=E(-0 <0<09)
pre lim, (p".q"|E\p’.q")/(nE\n)=(p".q"| P'.q")
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ol Quantum constraints (2)

» Nons-standard constraints
LG L0 O = 38w B(O 4 07 = 5
N s Lot = s | oY
3 BOP<s . i )

0) KOO 250 =1

g 3 i Quantum constraints (2)

= Non-standard constraints
(4) E(O°+0° <6°)=E(0 +0° <90?)

lim, (p".q"E\p'.q")/[(nEn) =(pr".q9"| p'.q"))
E(O" <) . Q>1

lim, (p".q"E\p,q"Y/ (nE\n)=(p".q9"| p'.q9"
E(Q(Q-1)"<0)=E (O <0)+E ((Q-D" <09")

PI AT = (T E ) (1, [Eq|13,) + (" [E|T') (72, [E |,
PERIMETER lim J“-IU":]} [[ETVA(L 1Y didl =" | I

il

Pirsa: 08050003

Page 8/27



bl Quantum constraints (3)
= More non-standard constraints
(G T T e 2

)
(O ol

e 1 i Quantum constraints (3)

ess fleet clnss (chied, ofien), s

= More non-standard constraints

-

E(Q] +[0; + Oy (PE + O3

-_— L -

-

E{Q'i_ —B_{P:_ —Q:_ —h)”- EL;L:.?}_ )

E(P~ —Q" <d(h)")

il

F I 0 : gauge fixing. F - P determinants, Gribov problems. ghosts, etc.
PERIMETER - ~ . .
INSTITUTE . first class (closed. open). second class. reducible, irregular. etc.
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Ohservalles O O] =)
Observable part: 0 = LOK

Classioal - quantium comicetion (without eonstrai
Glp.a)=(p.g|GP.0)| p.g) |

Gelpag) =i, (. g1, 00, )
Classical = i o

fi
G )= (p.g G, 0)1T i
=i, (g E P 03 gy

il

Pl

PERIMETER
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i Quantum constraints (4)

= Observables

Observable : O . [O . E]=0
Observable part: O = EOE

Classical - quantum connection (without constraints) :
G(p.q)=(p.q G(P.0O) p.q
G.(p.q)=lm, _ (p.q G(P.O) p.q

Classical - quantum connection (with constraints):
G*(p.q)=_p.qEG(P.O)E|p.q)/ p.qE| p.q

G (p.q)=lim,  (p.q EG(P.Q)E|p.q)/ p.qE|p.q
14
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i Quantum constraints (5)

= Infinitely many constraints
o (p.9)=p.=0 , m=123,.... , E=EQ> 2"P ' <£6)
(p",q" | p,q))=lm, (p".q"E|p'.q )/ {nKE|n

o, (p.9)=p,=0 ., ¢ (p.9=q,=0 . m=123,...
“

E=EC:_2"(P. +Q)<h)=II_|0_XO0

H(x)=0 , Hx) . H =J.H,(I)H(_1‘)d':l‘

PERIMETER
INSTITUTE

E=E .21 <5(h))
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i Imposition of Constraints

= Path integral

EC ®: <6*)=| Te™* DR(A) universal!

¢"[Ee ™ E|g\ =M | HFEro e rld  DByRaDR(A)

p"_{]" Ee_- EHE __E p'_{]’ - ]-]__[_:[1 B _1[ ." t)-.__:'_'—,'—_' p.a)y-~o.( p.g)ldt

xexp{—(1/2v)[[p° +¢°1dt} DpDgDR(A)

D -

7 4 By )b, 2 o] ST e
PERIMETER X LIJ‘H_.{ p. Cj]DR':/.)

INSTITUTE
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

"Elx.g)=lim __ M | expi{—if 9:_,'.""—L\"'H__—‘\'H]c.r’f'a.v”.ri

x exp {—(1 21')‘ [67(x)g, g A ™ g“¢, ¢ ldid x]

PERIMETER

INSTITUTE x[I1. . I1_., dx*(t.x)dg_,(t.x)] DR(N*.N
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i Further Issues

= Nonrenormalizability?
« Hard-core interpretation

= Appearance of Time?
« Soluble examples
= Removal of Cutoffs?

« Choose proper representation
=« Reduce ¢ as necessary

PERIMETER
INSTITUTE
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

"IE|x —

xexp{—(1/2v)[[p7(x)g g t 1™

PERIMETER

NSTITUTE x[I1. . I1_,, dx®(t.x)dg_(t.x)] DR(N®.N)
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AP

sy 247 (258N E

i Perturbation Theory 101

= Quantum mechanics

- -

| exp{— |[(x~ +x7)/2+ AV (x)]dr} Dx

lim,_, |exp{—|[(+* +x%)/2+ AV (x)]d}Dx

exp{—{(x"" +x"")cosh(T) -2

—¢ x"x"]/ 2smh(T)]
2xsmh(7)

Examples of continuous perturbations

Fi(x)=x i a. +Aa, +A"a, +...
PERIMETER
™ INSTITUTE g i - .
P Y . T ) E

e \ \ £
-4 Al A 3 L

Lo
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2tion Theory 102

= Quantum mechanics

o, fenpe J14% 12 4 g D

KTty <, o Fexn IS 12 A Gl = L expf (e

Ja

w e i Perturbation Theory 102

= Quantum mechanics

-

= |exp{—I[¥" /2 + AV (x)]dr} Dx

& |

= lim , lexp{—[[x~ /2 + AV (x)]dr}Dx
AU - = :

Examples of continuous perturbations
. i 5 =5
= |exp{—||x~ /2+ Ax" /2]dt} Dx

il

-
a4
I l —exp{—VA[(x"

NSTITUTE /27 sinh(~/ AT)

d 4 1
VYix)=x L F(x) =expl(x
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‘bation Theory 499

» Quantumimechanics

(WD) “"u-.ujl'ml--ﬂk’m AN Dy

i S
—.@ J?ﬂﬂlllu.- :’j:"zl"i

ey \ i Perturbation Theory 499

Jim {“‘-DI 0T 02 g

= Quantum mechanics

2+ AV (x)]dt} Dx

-
¥ s & Bl |
T A

exp[(x"—x')

Examples of discontinuous perturbations

1

oo =lm;_ .4 |.e_\'p-:— ' (% /2+4/x* )dt| Dx

A x"x") | e 2 5
— oY | —{ ¥ i |
o JICXP] X X )
PERIMETER 27l
INSTITUTE
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i Hard-core interpretation (1)

s Free and pseudo-free theories

Theory

DISCONTINUOQUS

il

PERIMETER
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i Hard-core interpretation (2)

s Free and pseudo-free theories

Theory

NONRENORMALIZABLE
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2 & 5
IJ\'E"I?"N!] ]L‘h’l]!rllf man !
o

i Central Limit Theorem

K

K
-(h)=N| exp{ S [morA—miei A/ 2— Jgor Al | | do;

K
()= '\_l | | explhu —mgu-A"/2—4

> 0 requires

= O(A™)

PERIMETER I = oy
INSTITUTE / =0O(A) . leadsto Sth) =
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i Hard-core interaction (3)

= Unconventional model analysis

S(h) = N|exp{[[ho—mip* /2 - i,0*]d"x} Do

S(h) = N|exp(| {hp—[@" +mz0° ]/ 2— iy |dtd™ x) Do
=exp{b|d" x| c(v)T[cosh( [ n(r)dr) —1] c(v)adv]

v(r) =exp(hr)vexp(-=h7) .  he(y)=0 .
NSTITUTE

h=[-8%/&v +b°m™* + y(y +1)/v?]/ 2b+ ib*v* —k
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%‘- Hard-core interpretation (4)

= Scalar field theory
St N [enpl. [ (V0 4 et 2 A1 )
S R S (R e v
Wha hath 8, (0= 5,00)
{120 Hitn sy 8,00y = Syl

i Hard-core interpretation (4)

Iin=d | c=arg (¥es g

= Scalar field theory

.S';_iz’s'):_\*;ll‘:‘xp{ [{ho—[(Vo)’ +m*@*]/2—ip*}d"x )Dg

S,(h =N, [exp( [{ho-[(Vo)*+m*0*]/2}d"x )Do
When 72=0 . §,;(0)=5,(0)=1
Does lm; ,S;(h)=S,(h) forallh?

P[ 1"0465;:1‘1: - | [( Vo)’ —n;':f,:':]d".\'i(_'
PERIMETER Hn<4 . C=4/3 (Yes — Renormalizable)
C =

INSTITUTE
Ifn=>5 ( No— Nonrenormalizable)
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A Summay: AQG

. Preseive meltic positivity
Affine kinematical variables

»  Gravitational anomaly
Projection operator method

v Functional infegral formalism I’ ]‘ I I I l
Continueus-time regularization u a '
s Nomenormalizable theory : :

rd-core interaction

Preserve metric positivity
Affine kinematical variables

Gravitational anomaly
Projection operator method

Functional integral formalism
Continuous-time regularization

PI Nonrenormalizable theory

PERIMETER Hard-core interaction

INSTITUTE

i
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i Imposition of Constraints (2)

= Functional integral

The Heart of the Matter

7. g"El7.g)=lim __M | exp{-i|[g .#” +N°H_ + NH]did x)

-

xexp{—(1/2v)|[67(x)g g A" #“ +b(x)g“g“ ¢, ¢ |dtd’x}

PERIMETER

INSTITUTE x[II. 11, dre*(t.x)dg _(t.x)] DR(N°.N)
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I a, )= VE(d, — ) d"* 1 im! S e’
Sl DS

i SRR i Proposed Lattice Action

AR s seales as Kinetic torm |

I(9,a,h)=12(9. — @) a +imZEga’
+AZIpla +\RFIg a

F=1a“(3—-N"Y1-N") ; N=L

No new parameters; scales as kinetic term
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Y\-":F’f}"’ m'F ; g:l' Ny = e
o i
¢ d ¥ = e iy

o
X £ ™

[ s 3
L) =¥
= WY

o)

H
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