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Abstract: It is well-known that if a graph G_1 can be obtained from another graph G_2 by removing a degree-2 vertex and combing i
neighbors, the graph state |G_1> can be obtained from |G_2> through LOCC. In this talk, | will describe how to construct a graph G\' from &
graph G so that (a) The maximum degree of G\, Delta(G\'), is no more than 3. (b) G can be obtained from G\' by a sequence of con
operations described above. (c) The treewidth of G\, tw(G\"), is no more than tw(G)+1. (d) The construction takes exp(O(tw(G))) time. -
properties imply that a one-way quantum computation on the graph state |G> can be simulated by a randomized algorithm in time exp(O(t
Previously, it was known that such a computation can be simulated in time exp(O(tw(G) Delta(G))) [Markov and Shi, to appear in SICOMP], \
is substantially more expensive than our bound when Delta(G) is large. Joint work with Igor Markov, based on arXiv:0707.3622.
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Graph expansions and simulating
one-way quantum computation

Yaovun Shi

University of Michigan

Joint work with l[gor Markowv

hased on arXiv:O)707.3622
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Motivation

[s quantum computation indeed much more

powerful than classical computation”

An incrementalist's program: identify largest

sers of efficiently simulatable gquantum

COMPITATION.

e [f the answer is "No . we are on the righr

rrack:

e Otherwise. we know hetter anv
non-simularable gquantum compuration

mist be like.
Simulatable classes of quantum compitation
e (Quantium circuits using a restricted gare
set [Gottesman and Knill "9s:...

e Reduetion to the

, Fisher-Kastelevn-Temperley aleorithm
Pirsa: 08040052 ¥ ) v Page 3/121
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COMPUTATION.

e If the answer i3 “No . we are on the righrt

rrack:

e Otherwise, we know better anv
non-simulatable quantum compuration

mist be like.
Simulatable classes of quantum ecomputarion
e (Quantum circuits using a restricted gate
set [Gottesman and Knill "9%:...
e Reduction to the
Fisher-Kastelevn-Temperley algorithm

Valiant "02. Terhal and DiVincenzo "02:
Bravvi and Raussendorf "06:...

April 30. 2008

Yaovun Shi

2
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Quantum circuit

A gquantum circuit describes a quantum

algorithim

e Start with a fixed initial state in the

computational basis,

e Sequentially apply quantum gates. some on

multiple qubits.

e \easure on the computarional basis.
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(Quantum circuit

A quantum circuit describes a quantum

algorithin

e Start with a fixed initial state in the

computational basis.

o Sequentially apply quantum gates. some on

multiple qubits.

e \easure on the computarional basis.
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(Quantum circuit

A gquantum circuit describes a quantum

algorithim Sy
e Start with a fixed initial state in the ' -

computational basis,

e Sequentially apply quantum gates. some on

multiple qubits.

e \easure on the computarional basis.
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One-way guantum computation |Raussendort and Briegel 01

One-way quantiin computation

1. Start with a fixed state | S)

Adaprtively apply stngle qubir

mMeasurelnenrs.

Pirsa: 08040052
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One-way quantum computation |[Raussendorf and Briegel "01

One-way guantum computation
1. Start with a fixed state |5).

2. Adaptivelv applyv single qubit

MeasiIrements.

Pirsa: 08040052 Page 9/121




-

: Edit View Insert Actons Tools Help

2P [BUHRE 9 e =

P-2-7-Pa™- EEEEEEEE T BN N

One-way quantum computation |[Ranssendorf and Briegel "01

One-way quantum computation
1. Start with a fixed state | 5).

2. Adaptively apply single qubit

mMeasiremaents.
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Graph states [Briegel and Raussendorf 01

]

Given an undirected simple graph G = (V. E),

the graph state G) is

1) L ELRN ] (1o
[_T_:' = T Y‘ (—1) | Y

2 P
Vo

=2

T
E

where E(V') C E are edges connecting vertices

in ¥,

Pirsa: 0 052 . 5 . 3 . :
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Graph states [Briegel and Raussendorf '01

Given an undirected simple graph G = (V. E),
the graph state &)

1 .
- ECV| (10
B — z = )
: 1 I V] 2 (—1) } ;
AW
where E(17) € E arc edges connecting vertices
in V.

Theorem |Raussendort and Briegel 01 For any

quantum circuit. there exists a one-wayv
Pirsa: 08040052
quantum computation on the grid state of
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Graph states [Briegel and Raussendorf "01

Given an undirected simple graph G = (V. E),

the graph state (G) is _ - e -
1 " -
- T @ - A
G)i— == Y _(=1EI,
' 21V 2 \ “ '
R iy
where E(V') T E are edges connecting vertices _
in V. )
—————,

Theorem |Raussendort and Briegel '01 For any
quantum circuit. there exists a one-wav
quantum computation on the grid state of

Pirsa: 08040052 ! s : Lt . Page 13/121 P
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quantum circuit, there exists a one-way
quantum computation on the grid state of
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Given an undirected simple graph G = (V. E),
the graph state |G is . R
g e > (=1 EGI >
) 2T AT 2 \ i3
- TR
where E(V') C E are edges connecting vertices
in V7, .
—— .-d-r - h
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Given an undirected simple graph G = (V. E),

the graph state @) is

— it ]. ‘ '] -'II. - -
Th e — ST — — :'l'li' -Il l|ll"l,
(+) : 2'1-| 5 E { 1) | g

VICY

where E(17) © E are edges connecting vertices

in V'’

Theorem |Raussendort and Briegel '01 For any
quantium circuit. there exists a one-way
quantum computation on the zrid state of
abour the same size that outputs the same final

Pirsa: 08040052
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Given an undirected simple graph G = (V. E),

the graph state |G) is = w b b
1 - { LA,
£} g =y ELE ) ) 24 -
(+) : V] 2 E (—1) ! R
— i 7 _:'E' —rh-- .
where E(V) T E are edges connecting vertices
in 1 o
Theorem |Raussendort and Briegel 01 For anyv
quanfiun circuit. there exists a one-wav
quantum computation on the grid state of
about the same size that ourputs the same final
state.
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Given an undirected simple graph G = (V. E),

the graph state |G) is

e L EV| 1170
f_.‘r:' H _}_'-FT__-‘; Z I:—]J ]l- Ja

VISV

where E(V) T E are edges connecting vertices

in V.

Theorem |Raussendort and Briegel 01 For anyv
quantum circnit. there exists a one-wav
quantum computation on the grid state of
about the same size that ourputs the same final

state.
Pirsa: 08040052
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Which states are universal?

Definition. Let |S,,). n = 0. 1..... be a (familyv
of ) n-qubit quantum state. We sav that |5, is
simulatable if it for any one-wayv quantum
computation on S, ). there exists a poly(n)
rime randomized algorithm that outpurs an
identical distribution of the measurement
OUtcomes.

Main Theorem (Informallv): If a graph G is

close to a tree then ) is simulatable.

Pirsa: 08040052 Page 18/121
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Tensor and tensor network

A rank-f fensor in an m-dimension space

g Lﬂxl T TR b et SRR 5
is a m"-dimensional array of complex numbers.

Variants inelude Matrir Produet States and

Projected Entangled Paired States.

Tensor contraction: generalizes matrix
mulriplication.

Contracting ¢ = (9.0 g, e, ond

h=1[hi .o ..o givesa rank-k — ¢ tensor
T = st e rs: W HSHe

_;Fu_.. LTI L Oy = E L4 I ST X 1 ei_g.'hal ..... [ AL I &=
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Tensor and tensor network

A rank-£ fensor in an m-dimension space

& = Wandie | BT R
is a m”-dimensional array of complex numbers,

Variantes include Matrir Product States and

Projected Entangled Paired States.

Tensor contraction: generalizes matrix

mulriplication,

Contracting g = (gi;. i .0y and
H= [k

J = iy ontin vy ...t |« WHETE

ju_......'.;..-'l ..... fiy = E H!l.....'_..'L_.....rf._:.'hrl ..... Eio a2l s NS

.I;| I 1=

Loty BIVes & rank-k — £ tensor

Pirsa: 08040052

Page 20/121

b2l

ZE‘.



ansion_taik-a - Windows Journal

¢ Edit View Insert Actons Tools Help

£

I F

> [HeREA 9 = e

P2 7-oat

EEEEEEET EMH

Tensor and tensor network

A rank-k tensor in an m-dimension space

_'{,: - _g.’_L ....i.;_]_':}l ,,,,, f;\":.',r.”‘

is a m”-dimensional array of complex numbers,

Variantes include Matrir Product States and

Projected Entangled Paired States.

Tensor contraction: generalizes matrix
mulriplication.

Contracting g = |gi, .i.uy...0p| and

gives a rank-k — ¢ tensor

JF = [.J'Ir:ul.._..u.l_..!.'l.....e'. " ".-‘L'l___I_'[__']_"r‘

Pirsa: 08040052

Page 21/121



expansion_talk-a - Windows Journal =

- Edit View Insert Actions Tools Help

7 2

;o |BlHY A~ )

||F‘Ege Yifidih ‘-'1

P-2-2-PEAW-

EEEEEEET =M.

Tensor and tensor network

A rank-£ tensor in an m-dimension space

& = (S e Ly

is a m™-dimensional array of complex numbers.

—

Variants include Matrir Product States and

Projected Entangled Paired States.

Tensor contraction: generalizes matrix

mulriplication.

Contracting g = [@i.. .0 ...z and
h=lhi.. ... gives a rank-k — ¢ tensor

JF = [f-u Mgy o UL aregadly 18 where

Jllu_.. I 1 1 =" E H.-:;......'....'._.....u_g.'hfl......'.. - -

.I;|_..._-'.._

Pirsa: 08040052
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Tensor and tensor network

A rank-£ tensor in an m-dimension space

g = hﬂxL s PESSE TR A

is a mY-dimensional array of complex numbers,

_—

Variants include Matrir Product States and

Projected Entangled Paired Startes.

Tensor contraction: generalizes matrix

mulriplication.

Contracting g = [g, i .is.....4:] and

ho= R, .60 gives.a rank-k — & tensor

JF = :Jrul ..... Mg o T wrwnaddp 1™ “'-h-{?]-‘{-.

JILJL_ ..... e B s e E U:il.....'...'._.....-'.n'_t.-'hrl ..... "I

N
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Tensor and tensor network

¥ 1;; -'_-_-___-_________.--—-——-—._
d H_'_,___.-—-o-""" . - o
A rank-k tensor in an m-dimension space S e = :
8 = Wi BStyans e . e =
is a m”-dimensional array of complex numbers. —

—

Variants include Matrir Product States and

Projected Entangled Paired States.

Tensor contraction: generalizes matrix
mulriplication.

Contracting 9 = |gi,._..i..u
h=lhi, .i.e...0. gives a rank-k — ¢ tensor

JF o :f'u.._..u.;._e.'L.....e'. :r “'h'['.'l'{"

JILJL_ ..... (1 I L P flir == E .rjfi'._.....'_..'a_.....r.n'-:.-'hrl ..... PP L e L

.I;| I 1

i B0
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Tensor and tensor network

A rank-£ tensor in an m-dimension space

{_3: = h-(JrIL ...x.r,-__]_"-_-:.rl ..... B ’E.HJ*

is a m”-dimensional array of complex numbers.

Variants include Matrir Product States and

Projected Entangled Paired Startes.

Tensor contraction: generalizes matrix
mulriplication.

Contracting g = ¢y, i .uy....us and

h=[Ri. ..., Sives a rank-k — € tensor

f o :f'il ..... T R L &, :. where

JLJ.'._.. PR | T S £y = E H.-il......'...'a._.....r.f-_:-'hrl ..... | AT o | YR

|;|____‘.'\_
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Tensor and tensor network

¥ ..___- e ——— —
4 | L e
A rank-£ fensor in an m-dimension space by O Y g
8 = My TSt T ~) _r—_h_._ 7 =2
is a m”-dimensional array of complex numbers. —
Variants include Matrir Product States and
.
i u Voo —— —
Projected Entangled Paired Startes. ~
Y
___-..—-—""'_--_-ﬂ - ""'-—u.,._'___‘_-_-_‘_\--
Tensor contraction: generalizes matrix

mulriplication.

C‘uutractiug.z [ 0 i) @i
I =W u gy ] gives a rank-~k — § tensor

v‘llll o !_»J'Lr'll.....u.l_._i.']_.....-!'.:r 1"“[1'[..1[‘{‘

jl_'_......'..{-.-'l ..... iy = E .rjfe'l......'_..'.._......'.H-"'I['Irl ..... T LYy =

1
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Simulation through tensor contraction [Vidal '03: Verstracte
ct al. "04. Markov and Shi "05]

Given & quantim cireuit. an initial ( product)

state. and a (product) measurement operator

e Attach the tensors for the input state o

the input wires.

e Attach the tensors tfor the measurement

operator to the output wires.

e Conrract the whole tensor according to a

sequence of wires ™ : eq. €. ... €.

== FUI‘ ff‘::l{fi'.l {'.’{}Lllfétt*l_ii_}[l.- ‘pK’I'iL{." {j_t}'h.ﬁ.'[]_ 1}:1{,‘
entries of the new tensor.

— Resulting in a degree sequence dy . ds.
veen @ = [,

— Time (and space used):
Pirsa: 08040052 ' Page 27/121
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Simulation through tensor contraction [Vidal '03: Verstraete

et al. "04. Markov and Shi "05]

Given a quantum circuit. an initial (produet)

state, and a (product) measurement operator
e Attach the tensors for the input state to
the input wires.
e Artach the tensors tor the measurement
operator to the ourput wires.
e Conrract the whole tensor according to a
sequence of wires m: €. €2. ... €.
— For cach contraction. write down the
entries of the new tensor.
— Resulring in a degree sequence dy. do.
r..f';' —fk
— Time (and space used):
T exp(O({A(7))). where

Pirsa: 08040052

N7} -—max {tf; o IITL
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Simulation through tensor contraction [Vidal '03: Verstraete
et al. "04. Markov and Shi "05]

Given a quantum circuit. an initil (produet) ’-‘-

&

state, and a (product) measurement operator — Y e

e Attach the tensors tor the input state to

the input wires. ——

e Atrtach the tensors for the measurement

operator to the ourtputr wires.

e Contract the whole tensor according to a

sequence Of wires @ :eq. €2. ... €.

— For each contraction. write down the
entries of the new tensor.

— Resulring in a degree sequence dy. do.
ol =Bk

— Time {and space used):
Texp(O(A(7))). where
A{m)—max {dy: § = LT

Pirsa: 08040052 Page 29/121
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Simulation through tensor contraction [Vidal '03: Verstraete
et al. "04. Markov and Shi "05]
nidB) - - -
. — —— — i » ”
Given a quantum circuit. an initial ( product ) " 4 « 97 yr ¢
state, and a (produet) measurement operator ey
e Attach the tensors for the inpnut state to L BN
x » "
the input wires. | —perdt 7
___'_,_...-l—'"_"\ _,.-h.-""u
e Artach the tensors for the measurement —
operator to the ourput wires.
. L
e Conrract the whole tensor according to a
sequence of wWires @ : eq. €2. ... €7
— For each contraction. write down the
entries of the new tensor. > S o ’
— Resulring in a degree sequence dy. ds.
. o
— Time {and space used):
T exp(O(A(7))). where
Pirsa: 08040052 Page 30/121 o
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Simulation through tensor contraction [Vidal '03: Verstraecte
et al. "04. Markov and Shi "05]

wioldd) - - -4
. 2 ; § g — : 3 F
Given a quantum circuit. an initial ( produet ) ¥ €« "% 2 P
state, and a (product) measurement operator — 1 |" ¥
e Attach the tensors for the inpnt state to =
x 3 ———
the input wires. — 7,
— g
e Artach the tensors tor the measurement "
operator to the output wires.
e Conrract the whole tensor according to a
sequence of wires @ : €. €2. ... €7
— For ecach coutraction. write down the
entries of the new tensor. & = © ’
- ) ‘ 'q.-l = __..—-—'—"1';-1
— Resulring in a degree sequence dy. do. TYALE N, [~

e tﬁf*;' =L
— Time (and space used):
T exp(O(A(m))). where

Pirsa: 08040052 Page 31/121
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- A d -
Given a quantum circuit. an initial ( product) —p— 1
state, and a (product) measurement operator —
e Attach the tensors for the input state to L
the input wires. — (7
e Attach the tensors for the measurement b =l
operator to the ourput wires.
- ) 5 =
e Contract the whole tensor according to a
sequence of wires T : ey. €3. ... €7 P
z —— =
For each coutraction. write down the _ |
entries of the new tensor. & 3 o d
Resulring in a degree sequence dy. dy. TYA L, I
sl == F¥ '
Time {(and space used):
T exp(O(A(7))). where 2 -
-\_\_‘______-_._'_._-I—'_

A(w) = {d;z 8= L. T}

Pirsa: 08040052 Page 32/121 o
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Given a quantium circuit. an initial { product) —
state, and a (product ) measurement operator o ’
e Attach the tensors for the input state to 1\
rhe input wires. — (7
——— S
e Artach the tensors for the measurement =4
operator to the ourput wires.
- : - =
e Contract the whole tensor according to a
sequence of wires T ey. €2. ... €. e
; o .
— For each contraction. write down the >
entries of the new tensor. & 2 2 4
— Resulting In a degree sequence dy. . TYA e, I
oy lhe— B '
— Time (and space used):
Texp({OQ(A(m))). where R i
-\—\_\_\_\_____,_,_,—F""

A7) =max {d; : i = 1...T}

Pirsa: 08040052 Page 33/121 &
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Given a quantum circuit, an initial { product)

state, and a (product ) measurement operator

e Arttach the tensors for the input state to

the input wires.

e Attach the tensors for the measurement

operator to the ourput wires,

e Contract the whole tensor according to a

sequence of wires m: €. €2. ... €7.

——
S ——

For cach contraction. write down the
entries of the new tensor.

Resulring in a degree sequence . .
collpe—1%

Time (and space used):

T exp(O(A(7))). where

A(r) =max {d; : 1 =1.. T}
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Given & quantum circuit. an initial { product)

state, and a (product) measurement operator

e Attach the tensors for the input state to

the input wires.

e Attach the tensors for the measurement

operator to the output wires,

e Contract the whole tensor according to a
sequence of wires = : ep. €. ... €1
J___-_\_-“_"-_"———-—._-.-

— For each contraction. write down the
entries of the new tensor.

— Resulting in a degree sequence dy. .
bl —

— Time (and space used):
T explO(A(7))). where
A7) =max {diz: i = 1.1}
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Given a quantum circuit, an initial { product)

state, and a (product) measurement operator

e Artach the tensors for the input state to

the inpur wires.

e Attach the tensors for the measurement

operator to rthe output wires,

e Contract the whole tensor according to a

sequence of wires 7

s BomssaeTT

e —

— For ¢éach contraction. write down the

entries of the new tensor.

Pirsa: 08040052

— Resulring in a degree sequence dy. dy.
5 = { R

slbpe-—i1k

— Time (and space used):
T exp(O(A(7))). where
A(w) =max {d;z i = 1.1}

023 7
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Y et
m—_
s
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Given a quantium cireuit. an initial { product)

state, and a (product) measurement operator

e Arttach the tensors for the input state to

rhe input wires.

e Atrtach the tensors for the measurement

operator to the ourput wires,

e Contract the whole tensor according to a

sequence of wires T : €. €2. ... €.

—

— For each contraction. write down the

entries of the new tensor.

— Resulring in a degree sequence dy. ds.

syl — 1k

— Time (and space used):
T oxp(Q(A(7))). where
Olr) =ama 4dis 6= L..15}.

Pirsa: 08040052
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Given a quantum circuit, an initial ( product) 4
state, and a (product) measurement operator s X ¥
e Attach the tensors for the input state to 1
the input wires. — 17
.-"'_'_-_\- _.,.1.--""'"
e Artach the tensors for the measurement g T
operator to the ourput wires. e
e Contract the whole tensor according to a )
sequence of wires T €. €2. ... €. > it =
e -
For each contraction. write down the _ 5
entries of the new tensor. & 2 D 4
g - 5 .i-_-_._ .:—-'_'_';H
Resulring in a degree sequence d;. dby. TYALgn, -
ssgitle— 1 '
Time (and space used): &
Texp(O(A(7))). where 3 o -
—h\_._\_\_‘_______'_._,_,.:—-""

Alx) =max §diz i = 1..T}.
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Given a quantum cireuit. an initial { product)

state, and a (product) measurement operator e \
e Attach the tensors for the input state to LS
the input wires. — 7,
—— g
e Attach the tensors for the measurement { 0%
- *_.-.-F._._-
operator to the ourput wires. | {e
1 . . | - ' I
e Contract the whole tensor according to a -
sequence of wires 7 : ey. €2. ... €. e N moc
e
— For each coutraction. write down the : "
entries of the new tensor. P > o J
= s 2 . -1-‘_‘_ . L "'-._'_'_F;F-‘
— Resulring in a degree sequence dy. ds. . TYA e, I
e e 1 o
— Time (and space used):
T exp(O(A(7))). where o o
el

fs b= 1.7}

AlT) = max
Page 39/121 5 /78
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Given a gquantum circuit, an initial (product) —— o
state, and a (product) measurement operator penmnty g B @
e Arttach the tensors for the input state to 1
the input wires. - 17
—— g
e Attach the tensors for the measurement . S
- L.-.'_.-‘-
operator to the output wires. | Lo
e Contract the whole tensor according to a -~/ [
sequence of wires m: . €2. ... €71 B i
| —
For each contraction. write down the _ S
entries of the new tensor. -~ D O 4
Resulring in a degree sequence dy . dy. : TYR g, I
segfp—TTk '
Time {and space used):
F._._u___.__,um.--ﬂl' - 7
T“J:xp ()[AL 7))). where - _—
B - _"-\—\___________,_,_,-r'_'"

A7) =max {d; ¢ = L. 1T},
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Contraction complexity and treewidch

Definition Markov and Shi 053], The

contraction complerity of a graph G is

CClG) : = min Afm).

Definition. The line graph of G = (V" E} is the

sraph ™ whose vertex set is E and e;es is an

edge it they are incident to a common vertex in
(5.

pisa: ob8oosposition | Markov and Shi "05 . The

i e sreesiamTaeddea el BT S arlscenieisiecl mesn il
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Contraction complexity and treewidch

Definition Markov and Shi 051, The
contraction complerity of a graph G is

CC(G) :— min Al).
Definition. The line graph of G = (V" E} is the
graph T whose vertex set is E and ee0 is an
edge it thev are incident to a common vertex in

G-

pisa: o82oospOsition | Markov and Shi 05 . The
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Contraction complexity and treewidch

Definition [Markov and Shi 03/, The

contraction complerity of a graph G is

CC(G) :— min A(7).

Definition. The line graph of G = (V. E} is the

graph © whose vertex set is £ and ¢;e3 is an

edge if thev are incident to a common vertex in
(.

pisa: od2oospOsition | Markov and Shi 05 . The
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Contraction complexity and treewidch

Definition Markov and Shi 05/, The

contraction complerity of a graph G is

CC(G) :— min A(m).

Definition. The line graph of G = (V" E} is the
sraph ¢7 whose vertex set is E and eye0 is an
edge if theyv are incident to a common vertex in

(5.

pisa: odaoosposition | Markov and Shi 05 . The

e e e el dsee el BT Sa aidseevktsieslmesn sl
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Contraction complexity and treewidch

Definition Markov and Shi "05]. The e o

contraction complerity of a graph G is

CC(G) :— min A(). g @

Definition. The line graph of G = (V" E} is the
graph &¢© whose vertex set is E and ¢¢e9 is an
edge if they are incident to a common vertex in

(5.

pisa; of8aoosposition | Markov and Shi 05 . The Page 45/121
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Contraction complexity and treewidch

Definition [Markov and Shi 05/, The

contraction complerity of a graph G is

CC(G) :— min A(7).

i

Definition. The line graph of G = (V" E} is the
sraph G whose vertex set is E and ¢y¢e9 is an
edge it thev are incident to a common vertex in

(5.

pisa: o8zoospisition [Markov and Shi 05 . The

B R Ty ¥y T = PR ooy TN/ e U Lol ) gt ey TSI iy | DR 5 B

Page 46/121



expansion_talk-a - Windows Jowrnal —
¢ Edit View Insert Actions Tools Help

P2 _BlUHS 9 o

- Z-o-P=%- | mAEAAEEEER T ERE N Em

Contraction complexity and treewidch

Definition Markov and Shi 05, The

contraction complerity of a graph G is

CC(G) :— min A().

Definition. The line graph of G = (V. E) is the
sraph G whose vertex set is E and ee0 1s an
edge it thev are incident to a common vertex in

25

pisa: odzoospOsition | Markov and Shi "05 . The
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Definition Markov and Shi "05]. The

contraction complerity of a graph G is

CC(G) : = min A(w).

Definition. The line graph of G = (V. E} is the
graph 7 whose vertex set is E and ¢,e5 is an
edge if thev are incident to a common vertex in

(+.

Proposition |Markov and Shi '05. The
contraction complexity of G is identical to the

treewidth of G*.

e B,

Pirsa: 08040052
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Treewidth

The treewidth of a graph G. tw((G), describes

how close G 1s to a tree.
e [f G is a (nonemprty) tree. tw(G) — 1.
e [f (7 is a series parallel graph, tw(G) < 2.
e [f (¢ is fullv connected, tw(&) = VI(G)| — 1.

e [f G 1s a minorof G. 1.e.. G' can be
obtained from a subgraph of & through

edge contractions. then tw{G') < tw{G).

Pirsa: 08040052 Page 49/121
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Treewidth

The treewidth of a eraph G. tw(G), describes

how close G is 1o a Lree.
o If G is a (nonemptyv) tree. tw(G) — 1.
e [f & is a series parallel graph. twi(G) < 2.
e [f & is fully connected, tw(G) = V(G| — 1.

e If G' is a minorof G. 1.e.. G' can be
obtained from a subgraph of & through

Wy P

edge contractions. then tw(G’) < tw( ().

Pirsa: 08040052
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Treewidch

The treewidth of a graph G. tw{ (&), describes

how close (G 1s to a tree.
o If G is a (nonempty) tree. tw(G) — 1.

o If & is a series parallel graph. tw((G) < 2.

o If ¢ is fullv connected. tw(G) = V(G| — 1.

e If ' is a minorof G. 1.e.. G’ can be
obtained from a subgraph of & through

edge contractions. then tw(G') < tw(G).

Pirsa: 08040052 Page 51/121 11498
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Treewidth

The treewidth of a graph G. tw{ &), describes

how close GG 1s Lo a tree.
o If G is a (nonempty) tree. tw(G) — 1.

e [f (7 is a series parallel graph. tw(G) < 2.

e If (¢ is fully connected, tw(G) = VI(G)| — 1.

e If ¢ is a minorof G. 1.e.. G' can be
obtained from a sulgraph of ¢ through

edge contractions. then tw(G') < tw(G).

Pirsa: 08040052 Page 52/121 11
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Treewidth

The treewidth of a graph G. tw(G), describes

how close (7 15 to a tree.
e [f & is a (nonempty) tree. tw(G) — 1.

o [f G is a series parallel graph. tw(G) < 2.

e [f ¢ is fullv connected, tw(&) = V(G| — 1.

e If G' is a minorof GG. i.e.. G' can be
obtained from a subgraph of & through

edge contractions. then tw(G/) < f‘«1[ G).

Pirsa: 08040052 Page 53/121
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Definition Robertson and Sevmour "84[. A tree

H .r'. £ r-
decomposition of (¢ is a tree T . together with a e ° o o
. 5 - i, iy E
funection that maps cach vertex w < V(7 ) to a ® s e
subset B, € VI(G). called bags. In addition. the H, ®r
: - = G :‘I . .',._ ...
tollowing conditions must hold. A ® - ’
- ® i

= R

(T1) U‘_T-TL-[.?-: B, =VI{G). 1.e.. each vertex .
must appear in at least one bag.

(T2) ¥ {43 € E{G). Jie eV (T). =

t
L. v © B,.. Le.. for cach edge. at least | .
1 . I =— (7 ] - - ¥ [ = = . J '-.. | -'/x
one bag must contain both of its end - £ E
. € W |
vertices., " —
| 3 — .

(T3) ¥V u e V{G). the set of vertices w € V(7T o £ 1__ L_ﬂ e
(T3) ¥ u € V{G). the set of vertices w € V(T) NG B ; D
with u £ B,, form a connected subtree. o m | @ £
i.e.. all bags containing a given vertex e _ L o =
must be connected in 7T W‘ R -
The width of a tree decomposition is T 3 u

max,, =17 | B.| — 1. The trecwidith of G is the o

Pirsa: 08040052
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Definition Robertson and Seymour ‘84]. A [}

H @Y g R
— of G is a tree 7. together with a e © o o
®

; A - H, R A
function that maps ecach vertex w € V(7)) to a ® P [
11bse = TEEENY. aalldd F .. T I 65 H o
:-flll}t-ni t By © 't'-_G_l. called bu.y.?. In addition. the . ° °
tollowing condirions must hold. A o2~ '
38
X ) 1 X PR .f-"_-_'
(T UjerryBe = VI{G) 1.8, caeh vertex
must appear in at least one bag.
¢ c L i 1 — o Y — — el y _i‘ | iy
(I2) ¥ fu.ep € Bl{G), Jwe V(T). — A

{u. v} € B,.. i.e.. for each edge, at least

E.:
one bag must contain both of its end 0 E
. fr 3 \
VErtices. I | S
E O - —

(T3 vV ue Vi{G). the set of vertices w e V(T) . Qi_; . D
with u = 13, form a connected subtree. . ._\% R F
i.e.. all bags containing a given vertex . ¥ s - s
must be connected in 7. Hn”‘ “hy -
The wedth of a tree decomposition is =3 3 n
max,, =y 7 | By — 1. The trecuwidth of G is the o
Pirsa: 08040052 -
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— of & is a tree 7. together with a
funetion that maps cach vertex w € V(7T ) to a
subset B, © V(G called bags. In addition. the

following conditions must hold.

(T1) U e Be = V(G) i each vertex
must appear in at least one bag.

(T2) ¥ {u.v} € E(G). Jw e VI(T).
{u. v}t C B,.. i.e., for cach edge. at least
one bag must eontain both of its end
vertices,

(T3) ¥V uc Vi{G). the set of vertices uw < V(7))
with u = B, form a connected subtree.
e, all bags containing a given vertex

must be connecred in 7.

The weidth of a tree decomposition is
max,.cv 7 [ Bw| — 1. The treeundih ol G is the

minimnum width over its tree decompositions.
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— of GG is a tree 7. together with a o ® o o

function that maps each vertex w € V(7 ) to a
subset B, © VIG). called bags. In addition. the

tollowing conditions must hold.

(F1) UJ__:TL-,._T: B, = VI(G). i.e.. each vertex

must appear in at least one bag.

(T2) ¥ {u. v} € E(G). Jw e VI(T).
{u. v}t C B,.. i.e.. for each edge. at least
one bag must contain both of its end
vertices,

(T3) ¥ uec V{G). the set of yertices w-c V{(7T)
with v = 5, form a connected subtree.

i.e.. all bags containing a given vertex
must be connected in 7.
The wedth of a tree decomposition is

max,.=v 7 | Bw| — 1. The treewdih of G is the

minimum width over its tree decompositions.
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Denote the maximnm degree of G by A(G).

Proposition.

(tw(lr)—1)

Pirsa: 08040052

2

<tw{G*) < AIG)(tw{G)+1)—1).

Page 58/121




ffﬁ p= Fl 2 s i) - e ian <]

WA E?f *- o  HEEEEEEN T EEE N O Em o

The treewidths of the graph and its line eraph

Denote the maximum degree of G by A(G).

Proposition.

(tw(G)—1) 2 < twlG™) ‘E-TW[G': L=

O

{

Pirsa: 08040052
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The treewidths of the graph and its line eraph

Denote the maximum degree of G by A(G).

Proposition.

(tw({G)—1) 2 < tw(G™) *5 rﬁ,l(}.—— l)—1).

Pirsa: 08040052
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The treewidths of the graph and its line graph

Denote the maximnm degree of G by A(G).

Proposition. v

(tw(G)-1) 2 <yw(G) <[~ G +1)-1).

\ o
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Fix a circuit Cg creating ). A simulation
algorithm:
e Sclect the next qubit to be measured
according to the one-wayv algorithm.
e Attach the corresponding measurement
element ro the eireuit.
e Compurte the probability p; of outputting ()
rthrough rensor contraction.
e Toss a coin with identical distribution.
e Attach the measurement element
corresponding to the coin outcome b to
the circuit.
e Repeart till the end of the one-way
algorithm.
— The t'th contraction computes the
probability of outputting b1 bo - - - b0,
Pirsa: 08040052 Page 62/121 4./ 739
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Back to the simulation of one-way computation

&

Fix a cireuit Cg creating ). A simulation
| ——

algorithm:

e Sclect the next qubit to be measured

according to the one-wayv algorithim.

e Attach rhe corresponding measurement

element to the cireuit.

e Compurte the probabilitv py; of outpurting ()
rhrough rensor contraction.

e Toss a coin with identical distribution.

e Attach the measurement element
corresponding to the coln outcome b to

rhe circuit.

e Repear till the end of the one-wav

algorithm.
Pirsa: 08040052 x i
— The +'th contraction computes the

o

Page 63/121

14/ 25



expansion_talk-a - Windows Jowrnal

Edit View Insert Actons Tools Help

T,

PP _[HCHBI s B Erw

P-2-2-?72%- ||B

EREEEEEET EFEF m -

Back to the simulation of one-way computation

Fix a cireuit C' creating ). A simulation
mmm—

algorithim:

e Sclect the next qubir to be measured

according to the one-wav algorithm.

e Attach the corresponding measurement

element to the cireuit.

e Compurte the probabilitv p; of outpurting 0
rhrough rensor contraction.

e Toss a coin with identical distribution.

e Attach the measurement element
corresponding to the coin outcome by to

the circuit.

e Repeat till the end of the one-wawv

algorithm.
Pirsa: 08040052 x i
— The t'th contraction computes the

""“xr

o
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Fix a circuit Cg creating G). A simulation 1% \

Back to the simulation of one-way computation

- #
algorithim:

e Select the next qubit to be measured

according to the one-wav algorithm.

e Attach the corresponding measurement u,") /" f

element to the cirenit.

e Compurte the probabilitv p; of outpurting () \. (
rhrongh rensor contraction.

e Toss a coin with identical distribution.

e Attach the measurement element
corresponding to the coin outcome b, to

rhe circuit.

e Repear till the end of the one-way

algorithm.
Pirsa: 08040052 x i Page 65/121
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Back to the simulation of one-wav compnutation

&

Fix a cireuit Cg creating G). A simulation
b

algorithm:

e Sclect the next qubir to be measured

according to the one-wav algorithm.

e Attach rhe corresponding measurement

eclement to the eiremit.

e Compurte the probabilitv py of outputting

throngh rensor contraction.
e Toss a coin with identical distribution.

e Attach the measurement element
corresponding to the coin outecome b to

rhe circuit.

e Repear till the end of the one-way

algorithm.
Pirsa: 08040052 x: ;
— The t'th contraction computes the

T

>

o

|

|

o
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Back to the simulation of one-way computation

&

Fix a cireuit C ereating G). A simulation
m——

algorithm:

e Sclect the next qubit to be measured

according to the one-wav algorithm.

e Attach the corresponding measurement

element to the cirenit.

e Compurte the probabilitv p; of outputting 0
rhrough rensor contraction.

e Toss a coin with identical distribution.

e Attach the measurement element
corresponding to the coin outecome b, to

rhe circuit.

e Repear till the end of the one-wav

algorithm.
Pirsa: 08040052 _ i
— The +'th contraction computes the

7
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Back to the simulation of one-way computation

Fix a cirenit C'g creating G). A simulation
- #
algorithm:

e Sclect the next qubir to be measured

according to the one-way algorithm.

e Attach rhe corresponding measurement Q g/ f
element to the circuit. \/ / (

e Compute the probabilitv py of outputting ()

rhrough rensor contraction.
e Toss a coin with identical distribution.

e Attach the measurement element HL,

corresponding to the coin uutmmu

the ecirenit.

e Repear till the end of the one-way

algorithm.
Pirsa: 08040052 % ; Page 68/121
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Back to the simulation of one-way computation

o
Fix a cirenit C'g creating G). A simulation
—-ll‘

algorithm:
e Sclect the next qubit to be measured

according to the one-wav algorithm.

e Attach the corresponding measurement "\ ?

element to the cirenit.

e Compute the probability p; of outputting
e —
through rensor contraction.
e Toss a coin with identical distribution.

e Attach the measurement element HL'

corresponding to the coin uuttmnu

rhe circuit.

e Repear till the end of the one-wayv \/)
o

algorithm
Pirsa: 08040052 % ;
— The tth contraction computes the
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Back to the simulation of one-way computation 6!
; e G o
Fix a cireuit C'g creating ). A simulation 1%
" e
algorithm:

e Seclect the next qubit to be measured

according to the one-way algorithm.

e Attach the corresponding measurement ™ /" f

clement to the circuit. \/_ /

e Compurte the probabilitv py of outputting 0 \.
T —
rhrough tensor contraction.
e Toss a coin with identical distribution.

e Attach the measurement element HH

corresponding to the coin uutq:mnu h O

rhe circuit.

e Repear till the end of the one-way w
o

algorithm.
Pirsa: 08040052

x ; Page 70/121
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Back to the simulation of one-wayv computation

\ >
Fix a cirenit C'q creating ). A simulation 1%
; e
algorithm:

e Sclect the next qubit to be measured

according to the one-wayv algorithm.

e Attach the corresponding measurement - /" ?

element to the circuit. \/_ /

e Compute the probability p; of outputting () l
"
through rensor contraction.
e Toss a coin with identical distribution.

e Attach the measurement element HL'

corresponding to the coin uutq::_nmu h O

rhe circuit.

e Repear till the end of the one-wav \j)
[ /]

algorithm.
Pirsa: 08040052 x ; Page 71/121
— The t'th contraction computes the
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Fix a circuit C creating G). A simulation

algorithm:

Pirsa: 08040052

TP T
\

 —

Select the next qubit to be measured

according to the one-wav algorithin.

Attach the corresponding measuremert

element to the eireuit.

Compute the probabilitv py of outputtyng ()
T —

rhrough rensor conrraction.
Toss a coin with identical distribution.

Attach the measurement element

corresponding to the coin outcomg 0

rhe cireuit.

Repedar till the end of the one-way

algorithm.

— The t'th contraction computes the
probability of outpurting bybs - - - by (),

— Should remember the prob. of
Page 72/121 439
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Back to the simulation of one-way computation
outputting bibs...bs | to compute the
conditional probability of outputting ()
for the current measurement.
Complexitv: O(T ) exp(CC(Ce)).
But CC(Cz) — O(A(G)ew(G) ).
When A(G) is large this bound is bad.
Example: a star
Pirsa: 08040052 Page 73/121 15 /99
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Back to the simulation of one-wayv computation

outputting bybo...b: | to compute the
conditional probability of outrputting ()
for the current measurement. -

Complexitv: O(T ) exp(CC(Ce)).

But CC(Cx) t‘}_‘)—*{_\_[ Gitw(G) ).

When A((G) is large this bound is bad.

Example: a star

Pirsa: 08040052
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Back to the simulation of one-wayv computation

outputting bibo...b: | to compute the
conditional probability of ourputting ()

for the current measurement.

Complexityv: t’)lT‘u-*{p{CL([ = ] -{:w(lé*) .‘:—_ écé‘) ib'éﬁ)

ey, N

But CC{C ) —(_)I_\lf} twi{G)).

—

When A(G) is large t ]‘.11*-1 bound is bad.

Excample: a star &GP ( A ( 5) tu

Pirsa: 08040052 Page 75/121 15
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Back to the simulation of one-way computation

outputting bibo...bs | to compute the
conditional probability of outputting ()

for the current measurement.

Complexity: t’)rTn xplCC(Ce)). '{:W(Ié*) .E-_ é&) 'b‘ré;?)

ey,

But CC(Cg) = = O(A(G)tw(G)).

—

When A(G) is large this bound is bad.

Example: a star @ép ( A ( & ) tw é = )

Pirsa: 08040052 Page 76/121
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Back to the simulation of one-wayv computation

outputting bybs...b: | to compute the
conditional probability of ourputting ()

for the current measurement.

Complexityv: t’)r T)exp(CC(C ”"-_} '{:Ldf(/é'() .E-_ écé .) 'hd'é ;?)

Buai CO(Ce) = (J A(G) W:[Cr

sl

When A(G) is large this bound is bad.

s oy ( A6 40 ()
\

Pirsa: 08040052
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Back to the simulation of one-way computation

outputting bibs...b; | to compute the
conditional probability of outpurting ()

for the current measurement.

Complexity: t’)l T)exp(CC H; &) ‘{:Ldf(/é'() < A&) 'bd'é é’)

But CO(Ce) = UI._\l,f_}_. twi()).

When A(&) is large this hmmd is bad.

s s ooy ( ALB)- 40 ()

Pirsa: 08040052 Page 78/121
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Back to the simulation of one-wayv computation

outputting bibs...b: | to compute the
condirional probability of outputting 0

for the current measurement.
Complexitv: t’)lTrm{p{( (i m -{:L,‘/(,éu() .‘:—_ ACAD héh)
But U = OI._\[G_:W-'{G} .
When A(() is large this hound is bad. {/

s o ( ALB)- 40 ()

Pirsa: 08040052 Page 79/121 1535
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Back to the simulation of one-way computation

outputting bibs...b; | to compute the
conditional probability of ourputting (

for the current measurement.
Complexityv: UFTH xplCC(Ce)).
But CC(Cg) —UI_‘UG tw : 7)).
When A(() is large this hmlﬁi is bad. {/

Example: a star ‘e)z‘P ( A ( 5) b (&)

>~ T11 T

i) & Db Wit )

Pirsa: 08040052 Page 80/121 1599
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Back to the simulation of one-wayv computation

outputting bbo...b; 1 to compute the
conditional probability of outputting ()

for the current measurement.

Complexitv: t’)rTh xp(CC(C _}- -{:Ld(/;}*) E—_ ACAD 'b‘ré;?)

Bat CU(Ce) = C)I,_\l,G.-tu iGt I.
When A(() is large this bound is bad. {/

Example: a star ‘e)L‘P ( A ( é) '!}‘W é 57)

Pirsa: 08040052
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Back to the simulation of one-wav computation

outputting bib-...b; _; to compute the
conditional probability of ourputting ()

for the current measurement.

Complexityv: t’)rT‘r expl CC(Ce)). -{:w(léﬂ() E—_ ACAD 'bd'é é’)

i
But CC(Ce) — OIA(G)tw(G)).
When A(() is large this bound is bad. {/

e e ( AL b) b l&)

Pirsa: 08040052 Page 82/121
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Back to the simulation of one-way computation

outputting bibo...by | to compute the
conditional probability of outputting

for the current measurement.

Complexity: (_JIT}E{P[(_"C[[};J ] -{:u/(,é*) &_ é&) 'b‘ré ;—')

i

But CC(Cx) — OIA(GItw(G))
When A(() is large this bound is bad. J/

Example: a star &P ( A ( 5) Lw (&)

Pirsa: 08040052 Page 83/121 4z /ng
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Back to the simulation of one-way computation

outputting bibs...b:_; to compute the
conditional probability of ourputting ()

for the current measurement.

Complexityv: f)[TH_JJ (CC(Ce '{:b\/(,ﬁ;() E—_ A&) .bd'ééy)

-h.-_'
But OO = UI.J.[G':tw{G )).
When A(G) is large this bound is bad. {/

Example: a star ‘e)pp ( A(ﬁ) ‘b‘!d éé;)

Pirsa: 08040052
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