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Abstract: Calculating universal properties of quantum phase transitions in microscopic Hamiltonians is a challenging task, made possible through
large-scale numerical simulations coupled with finite-size scaling analyses. The continuing advancement of quantum Monte Carlo technologies,
together with modern high-performance computing infrastructure, has made amenable a new class of quantum Hesenberg Hamiltonian with
four-spin exchange, which may harbor a continuous NA©el-to-Vaence Bond Solid quantum phase transition. Such an exotic quantum critical point
would necessarily lie outside of the standard Landau-Ginzburg-Wilson paradigm, and may contain novel physical phenomena such as emergent
topological order and quantum number fractionalization. | will discuss efforts to calculate universal critical exponents using large-scale quantum
Monte Carlo ssmulations, and compare them to theoretical predictions, in particular from the recent theory of deconfined quantum criticality.
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Computing Unconventional Quantum Phase Transitions

Roger Melko, University of Waterloo %
Ribhu Kaul, Harvard University $

- Quantum Monte Carlo: Phys. Rev. Lett. 100, 017203 (2008)

- Large-N: arXiv:0804.2279

SUPPORT: DOE DE-ACO5-000R22725 NSF DMR-013287 1. DMR-0541988. DMR-0132874
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outline

<+
® Heisenberg models with four-spin exchange u D

® Quantum Monte Carlo and the sign problem

¢ Simulations of the J-() model H=JY %-%-0Y (8- %)% %

® Universal critical exponents and numbers < UV T)
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outline |

<+
® Heisenberg models with four-spin exchange m D

¢ Quantum Monte Carlo and the sign problem

¢ Simulations of the J-Q model #-,5"s,.s, - @ Y (s.-5,)(8. -8/

® Universal critical exponents and numbers < V1
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microscopic models: 2D spin 1/2

goal: destabilize conventional Néel order, and realize interesting quantum
phases and phase transitions...

BV h Nk

(2.7)
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microscopic models: 2D spin 1/2

goal: destabilize conventional Néel order, and realize interesting quantum
phases and phase transitions...

H=J) S;-S;+--

(2,7)

in models without the sign problem: quantum monte carlo

* allows for exact (unbiased) solutions

* very large systems sizes < 107

irsa: 08040036 Page 6/70



microscopic models: 2D spin 1/2

goal: destabilize conventional Néel order, and realize interesting quantum
phases and phase transitions...

H=J) S:i-S;+---

(2.7)

in models without the sign problem: quantum monte carlo

* allows for exact (unbiased) solutions

* very large systems sizes < 107

- l|l.IilIlli_Iﬂ‘.l Illl:l:ﬂ_'h'

* quantum phase transitions
Page 7/70
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CUPRATES: low-energy effective theory of Hubbard model

H'=JIZS.5*SJ*+J2£:S§*S§1+JSZSi'lsja

(3.3) (2.32) (i,33)
+Je Y [(Si-S;)(Sk-St) + (Si- Si)(S; - Sk) — (Si- Sa)(S; - S1)]
(t.g.k.0)
/
! /
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Heisenberg “ring exchange™ models

CUPRATES: low-energy effective theory of Hubbard model

H=h) S:-Si+h Y S:i-Sp+Js ¥ Si-S;

{2.7) (2,72) (2.73)
+2 ¥ i i)(Sk-Sp) + (Si - Si)(S; - Sk) — (Si - Sk)(S; - Sy).
(i,5.k.0)

L]

TOY MODEL: . JZ S;-S; +Q Z (Si-S;)(Sk - Si)
(ij) (i7kl)
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SaﬂdVik,S J-Q mOdCI | Sandvik, Phys. Rev. Lett. 98. 227202 (2007
/ k
D szzsi'sj_QZ(S;"S;—*};)(S;('S;—%)
: / i) (ijki)

Valence Bond Basis
Sandvik

Phys. Rev. Lett 95, 207203 (2005)
IS | Sg> <SglSp>

T=0 projector Quantum Monte Carlo up 1o L=32
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Sa[ld'\fik,S J—Q mOdel Sandvik, Phys. Rev. Lett. 98. 227202 (2007

/ k

D H=JZSE'SJ;—QZ(S;"SJ;_'L_;,)(SI:'SI—:D
' J

’ (ij) (2jkI)

=

Valence Bond Basis
Sandvik

Phiys. Rev. Lett. 95, 207203 (2005)

1S > | Sg> <SulSp>

T=0 projector Quantum Monte Carlo up 1o L=32

ALENGE BOND SOLID

(1T = 111) {H}%{ {"{—‘L—H}

Rt
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SandV'ik,S J_Q mOdel i Sandvik, Phys. Rev. Lett. 98. 227202 (2007

~

/
I:] H=JYS;-S,— 03 (S-S, - HS; -8, -
/

(i) (ijkl)

=

Valence Bond Basis
Sandvik

Phys. Rev. Lett. 95, 207203 (2005)

15> | Sg> <SglSg>
T=0 projector Quantum Monte Carlo up 1o L=32

0.04
ALENGE BOND SOLID

1
SN e T
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Good numernical evidence lor a direct (!)
continuous quantum critical point




Sandvik’s J-Q model

can we study via a finite-T QMC formalism in the .5 basis?

i'
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Sandvik’s J-Q model

can we study via a finite-T QMC formalism in the .5 basis?

J/Q
"HHH B



Sandvik’s J-Q model

can we study via a finite-T QMC formalism in the 5 basis?

T/ Q

L - o
0 -
o
L3
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Sandvik’s J-Q model

can we study via a finite-T QMC formalism in the .5 basis?

d &

® the overcomplete VB-basis has
no sign problem

ethe more powerful finite-T
formalism based on the Sz basis

does (naively)

ALENCE BOND SOLID NEEL 7/Q

*HHH B
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map to higher dimensional classical system

o

£)
999
09
(e

VX
WA
)

AT

A

A
g
i

VLLLLLL

cons:

pros:

-sign problem

-numerically exact (unbiased)

-large system sizes
-no Trotter error

-ergodicity/ freezing problems
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sandivk and kunjarvi, PREB 43, 3950

StochasticSeries Expansion QMC oo s oo

RCM and sandvik, PRE 72, 026702

power series expansion of the partition function:

= Tr{e-JH} = Z (O.“ le"‘jﬂl C}:> trace over standard basis
e ¢
Ly < Z a ) > o=|

i power series expansion
= Z Z 1)’1 gn H{G‘I}H]ﬂﬂ"l) matrix clements = real numbers

{ax;} n=0 1=>0
=1
decompose hamiltonian into basic “types” and “units” (bonds, plaquettes) O k] O ® |an)
- I
-3y A o ..
E f= 1
k O O e e

: =
i O B o-—e o0 e |ag)
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Stochastic Series Expansion QMC

Pi

—3y g =
2=y Y T p e, O &
{a;} n=0 =0 O O 2
f =1  e—
QO O @
= _ZZH’-" —
¢ 0 O. ___.._O._

e construct weights from partition functon
E'V;' oC <ai|Ht_a|ai+l)

® Metropolis algorithm (attempted operator change)

= () < 1
W i

W, need positive definite weights
L
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C (-—1)“[3"’ n =
L = Z Z n! H((l’-,; |H| (‘k;‘+1) O ® O 2 |ﬁn>
{a;} n=0 =" O O e e
=1  —
H=-YY H. e g +
£ a oo o0—e |ag)

e construct weights from partition function
W; x {(ai|Ht o|lit1)
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o an © =2
- = b ('l)' P 11 (i |H| @visr) O ® O e|a,)
R = = O 0O e e
f=1 —
O 0O e e
= _ZZH’-'* T —
£ a oo o0 e |ag)

e construct weights from partition function
W; o (a;| Ht o|l@it1)

if H;, <0 (antuferromagnetic) and...

an EVEN number 1s required to sausfy PBC: D OK
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Stochastic Series Expansion QMC ﬁ

Z = ZZ ‘j 1] (i |H| @isr) O @ O e |ay)
{a;} n=0 =_ O O e e
=1  —
--Y ¥ H. e
£ a oo o0—e |ag)

e construct weights from partition function
IVI' oC <C!'1'|Ht_ﬂ|ﬂi+1)

if H;, <0 (anulerromagnetic) and...

an EVEN number is required to sausfy PBC: D OK

an ODD number can sausty PBC: A sign problem
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Saﬂd'Vik,S J-Q mOdCl .| RCM and Kaul. Phvs. Rev. Lett. 100. 017203

/ A
D H=J5S,S,~ 0 (S-S~ HiSc-S,—
f J (i)} (2jkI)
What about the S~ basis? H=-Y Y H,
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Stochastic Series Expansion QMC

C n =2
Z — Z Z ( -r)g' H((l’,; IHl Ctt‘+1) O ® O @ |a“ﬂ->
{a;} n=0 L - O 0O e e
f =1 —
O O e e
= _ZZH*-"  —
¢ a o-e o0—e |ag)

e construct weights from partition functon
W;: x (ai| H¢ o|@it1)

if H;, <0 (antuferromagnetic)and...

an EVEN number 1s required to sausty PBC: D OK
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Stochastic Series Expansion QMC

n t

= Z Z 3 H(ﬂ |H| a;41) O ® O @ |ay)
{x;} n=0 O Q E] k]
f =1  —
O e e

=22 Hea

e construct weights from partition function
W, x (ai| H¢ o| i)

® Metropolis algorithm (attempted operator change)

- () 1
W, g

s W, need positive definite weights
L
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Stochastic Serics Expansion QMC

= (—1)mg" e
2= Y PP [ Hlaw) © © 0 @lan)
{a;} n=0 L e O 0O e e

f= 1  e—
O O e e
HT_ZZH’-"  p—
R oo o0—e |ag)

e construct weights from partition function
Wi o (i Ht alvigr)

if H;, <0 (antuferromagnetic) and...

an EVEN number 1s required to sausfy PBC: D OK

irsa: 08040036 Page 26/70



SaﬂdVik,S J—Q model | RGM and Kaul, Phys. Rev. Lett. 100, 017203

| k
D H=-’Zsf'sj_QZ(Sf'Sj—i)(Sk'Sf_ﬁ)
I J {ij) (ijkl)

What about the .S~ basis? H = — Z Z H, .
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-_2
SandVIk S J—Q m(xlelJ RCM and Kaul, Phys. Rev. Lett. 100, 017203

/ A
l:l H=J3S,-S,- 03 5,8, — HiSc-S, —
i J (£j) (ijkI)
What about the .S basis? H=- Z Z: H; ,
Hia = _J(SizS;IkJ) ijg = wdenury operator
Hyo = —J/2(87S; Ixa)
Hyo. = Q(S7S;—1/4)(SpSi —1/4)
Hia = Q/2(SiS;—1/4)(S{Sy +5ScS)
Hs. = Q/USTS; +S7S7NScS +5:5)

irsa: 08040036 Page 28/70



/ k
D H="Zsi'Sj-QZ(si'sj-%)(sltsl-%)-
J (i) | (ijkD) |
What about the S basis? H=-Y Y B,
Hl,n - ‘“J(st;lk,l)

Hau = ~JSTSTRG) -

Hy. = Q(SiS;—1/4)(SiSi—1/4)

Hio = QUSIS;—1SSIST +S7S)  won

Hso = Q/US}S; +S;SINSESy +5:5P)
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SandVik,S J_Q m(xiel ‘ RGM and Kaul, Phys. Rev. Lett. 100, 017203
_-I"‘ll

/ k

l:l H=~’ZS;"Sj—QZ(Sf'Sj_i)(Sk'Sf_i)
I J (i) (ijkI)
2% - {
What about the .S basis? .
O0—0—0 ‘— e sublattice A
; -9—0 0@ o sublattice B
My, = —J(S;SfIk_g)

Hz o — J/2(SFS; L)
B = QIS I SESE—1jl) T T e

Hyq, — —Q/2(S; 5'; — 1/4)(S.S;, +S.5;)

Hs. = Q/MSTS; +S;STNSEST +5S¢S)
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Sandvik’s J-() model

I

irsa: 08040036

A

8

|'\I'- .a"‘~": 4na }‘\..‘h: il

B=I%8-5-0Y6-S—68:-5—)

(£j) (ijkl)
—
VBS
Neel
- >

0.04 J/Q
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some results....

VBS

Neel
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correlation Neel CZ(r,7)= (8%(r.7)5%(0.0))
functions: VBS Ci(r.7) = ([S%(r,7)S*(r + x.7)][S%(0.0)S*(x.0)])

Snvlal = ) _[exp(—iq - r)Cg v (r, 7 = 0)]/Npin
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Neel

Cx(x, 7) = {(S*(x, 7)S*(0,0))

VBS Cy(r,7) = ([§%(r,7)5%(r + x,.7)][57(0, 0)S*(x,0)])

Sx.vla]l = ) [exp(—iq-r)CF v(r,™ = 0)]/Nepin

B b Nspin
qy = (7, 7)
O — (ﬂ'& 0)
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0.005

my

LS

¢ J/Q=0.01
o J/iQ=0.034
o J/Q=0.036
e J/Q=0.038
o J/Q=0.040
o JiQ=0.042
o J/Q=0.1

0.08




the VBS phase exists in the thermodynamic limit

qy = (m,0)
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the VBS phase exists in the thermodynamic limit

qy = (7,0)

what about the apparent quantum critical point?
(i) ~ 0.04
Q/.
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the VBS phase exists in the thermodynamic limit

qy = (7,0)

what about the apparent quantum critical point?

W .
— ~ (.04
(Q)c

look at scaling and universal quantities: < U /| ..
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Sxlql = d—mm)g= x(r.m=0)
al sme
1 q = ('JT, ?r)
x| e(_"‘ ) / CN(r T)dT
10— T PR vy
s Sy Y { Sy o L' "™ Xs(L°T/c
3 - e ---—a-t-..h s = : L :
l0"¢ 3 xn ot EX "X (L*T/ec
e L=i?
« L=16
« L=24
107°E - assume z=1
» L=64
« L=80
- L=128
o | L nN = 0.35
10 1 .0
- s J/Q = 0.038
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N | 2 Yu =a+de/z—l

P : Chubukov et al. PRB 49, 11919 (1994)

.
+ J/Q=0.042
J/Q=0.040

s J/Q=0038
a  J/Q=0.036
=]

0.006 |~

J/Q=0.034
J/Q=0.032

= 0.004

0.002

0032 0036 0.04 7
1Q

0

T 7/Q = 38



1 L*T
Xu(T,L,J) = mz ( ,QLUF)
- T L*T W2+ W2
sl L. 2} = Ld_zy( ’ng./u) et ( - y
A= | e ; gx (J—Je)/Je
10° - Py T L*x. - ' .
| T o z ——
L S '..'.,.’" 1 \.
10" “*--.._.__n! _ 1 Y J/Q =0.038
0" F '__.,:,'ii"'"‘"h;;; E
b T |
10° F 2 e L=24 g 3
) - L=32 - 3
10 . » [ =48
10° F . g LI;% N E
10° | « L=128 i i
t
10" - ‘
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Landau-forbidden (requires fine-tunming)

(my) (my)

. >
Néel (‘UQ)C Valence Bond Solid
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Landau-forbidden (requires fine-tuning)
® Theory for a generic Néel-VBS transitions proposed by Senthil et al. Science 303. 1190 (2004

*“Deconfined” quantum criticality
* Dynamical scaling exponemt 2z =
* Anomalous dimension “large™ 77 > 0.033

* Emergent global U(1) symmetry
* Deconfined [racnonalized exciations (spinons)

(T, )

: >
Néel (JIQ)c Valence Bond Solhid
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Landau-forbidden (requires fine-tuning)
® Theory for a generic Neel-mmmmpmpnscdby&uhiieti Science 303. 1490 (2004):

*“Deconfined”™ cpnmmcrnt:hw
* Dynamical scaling exponemt  z =1 e
* Anomalous dimension “large™ 77 > 0.033 il

= Emergent global U(1) symmertry
* Deconfined [racuonalized excitations (spinons)

: >
Néed (J/Q)e valence Bond Solid

¢ non-compact CP! field theory of two complex bosonic spinons

® look at large-N limit: ncCP™' (Ribhu K. Kaul. RCM. arXiv:-0804.2279)

(a) large—N _ (b) QMC

Pirsa: 08040036 o h; . ' il | . v L= ! Page 44/70




this work Sandvik  DQCP / ncCPN

<
77 - | _ “large” (>0.038)
|74

4./A,

J
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# We have the QMC technology to solve the general “class™ ol the
JQ Hamiltonian without the sign problem H=JY S:-8;,-Q ¥ (5:-8;)(Sk-Si)

sy

# Neel-VBS quantum phase appears continuous (up to L=128) hﬁ“ f

* scaling “well behaved™ and consistent with predictions from
deconfined quantum criticality AP V AX

¢ Current/ future work: search for emergent U(1) symmetry,
deconfined spinons
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_ Discussion

= We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem F=JY %-% -0V (8

# Neel-VBS quantum phase appears continuous (up to L=128)

de

¥ C

de
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Discussion

* We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=1Y8:-8;—-Q ¥ (5:-S;)(Si

* Neel-VBS quantum phase appears continuous (up to L=128)
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Discussion

# We have the QMC technology to solve the general “class™ of the
JQQ Hamiltonian without the sign problem H=J%"S.-S.—0 Y (S.-S,)(S,

e el

5
i

Neel-VBS quantum phase appears contunuous (up to L=128)

L
ik
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_ Discussion

# We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=J5"S-S;—Q ¥ (S, -S:)(S,

5
%

Neel-VBS quantum phase appears continuous (up to L=128)

L1
%

o
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_ Discussion

* We have the QMC technology to solve the general “class™ of the
JQQ Hamiltonian without the sign problem H=JY"S:-S,—Q ¥ (5:-S:)(Si

= Neel-VBS quantum phase appears continuous (up to L=128)

o

Pirsa: 08040036 Page 51/7



Discussion

# We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=J%"S.-S.—Q Y (S, -S,)(S,

* Neel-VBS quantum phase appears continuous (up to L=128)

o
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_ Discussion

# We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=J5"S:-S;,—Q Y (S;-S.)(S

* Neel-VBS quantum phase appears continuous (up to L=128)

o
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_ Discussion

# We have the QMC technology to solve the general “class™ of the

JQ Hamiltonian without the sign problem H=JY 'S;-8;,—-Q ¥ (5:-S,)(Si

P e

i

Neel-VBS quantum phase appears continuous (up to L=128)

-~ S
de

LT

(]
—
L
|-

o
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_ Discussion

* We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=J5"S.-S.—Q 5" (S, -S,)(S:

* Neel-VBS quantum phase appears continuous (up to L=128)

o
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Discussion

4 We have the QMC technology to solve the general “class™ of the

JQQ Hamiltonian without the sign problem H=J%"S:-S;—Q Y (S

= Neel-VBS quantum phase appears continuous (up to L=128)

de

$

de

Pirsa: 08040036
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Discussion

4 We have the QMC technology to solve the general “class™ of the
JQ Hamiltonian without the sign problem H=J5"S:-S.—Q Y (S.-S,)(S

* Neel-VBS quantum phase appears continuous (up to L=128)

de

X

de

o
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.
T
Q

_E
S
=
I
N

map to higher dimensional classical system

t.___i |RTRE A

WG
(1114

cons:

pros:

-sign problem
-ergodicity/ freezing problems

-numerically exact (unbiased)

- -large system sizes
-no Trotter error

Page 58/70
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L1

Sandvik’s J-Q model

can we study via a finite-T QMC formalism in the .5 basis?

g 4

® the overcomplete VB-basis has
no sign problem

ethe more powerful finite-T
formalism based on the Sz basis

does (naively)

ALENCE BOND SOLID NEEL 7/Q

*HHH B
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» |
SalldU]k,S J-Q mOdel | Sandvik, Phys. Rev. Lett. 98. 227202 (2007

k

/
D Hz.lzsl‘s}_QZ(S,'S}_i)(sk.sf——[i)
I f () (ijkl)

Valence Bond Basis
Sandvik

Phiys. Rev. Lett. 95, 207203 (2005)

1Se> | Sg> <SqlSp>

T=0 projector Quantum Monte Carlo up to L=32

.04
ALENGE BOND SOLID

Good numencal evidence lor a direct (!)
continuous quantum critical point

T/ Q

1 0 E ' ' 5
C 2 =gt -

w.:l




SaﬂdVik,S J-Q ﬂlOdCl | Sandvik, Phys. Rev. Lett. 98. 227202 (2007

k

/
/

(ij) (i jkl)

Valence Bond Basis
Sandvik

Phiys. Rev. Lett. 95, 207203 (2005)

P —
IS > | Sg> <SulSg>

T=0 projector Quantum Monte Carlo up 1o L=32

0.04
ALENGE BOND SOLID

st PERREE CEPUTT -

Good numencal evidence lor a direct (!)
continuous quantum critical point

>
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CUPRATES: low-energy effective theory of Hubbard model

H=h) S:-Si+h Y S:-S;,+J5 ) S:i-S;

{i.7) (2,J2) (i.73)
+Je Y [(Si-S;)(Sk-St) + (Si- Si)(S; - Sk) — (Si- Sk)(S; - S1)]
(i.5.k.1)
k

‘D
i J
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microscopic models: 2D spin 1/2

goal: destabilize conventional Néel order, and realize interesting quantum
phases and phase transitions...

HZJZS;"SJ'-F---

(2,7)
in models without the sign problem: quantum monte carlo

* allows for exact (unbiased) solutions

* very large systems sizes < 107

irsa: 08040036 Page 63/70



Heisenberg “ring exchange™ models J

CUPRATES: low-energy effective theory ot Hubbard model

H=hY) S:-S;+h Y Si-S,+h )y S-S;

{#.5) (i,52) (t.73)
+1e Y i)(Sk-Sp) + (Si - Si)(S; - Sk) — (Si - Sk)(S; - Sy).
(1,7.k.1)

L]

TOY MODEL: HZJZSi'Sj:l:Q Z(Si'S_j)(Sk'S!)
(ij) (ijkl)
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=

SE I]dvik,s J_Q m(xiel J Sandvik, Phyvs. Rev. Lett. 98. 227202 (2007

HII
|
J

k

/
D H=JZSE‘SJ*_QZ(S;'Sj_i)(Sk'SI_*[i)
I f (i) (ijkl)

Valence Bond Basis
Sandvik

Phiys. Rev. Lett 9%, 207203 (2005)
IS > | Sg> <SglSp>

T=0 projector Quantum Monte Carlo up to L=32
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