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Abstract: It is usually expected that nonrelativistic many-body Schroedinger equations emerge from some QFT models in the limit of infinite
masses. For instance, from Yukawal's QFT, if the initial state contains 2 fermions, we expect to recover a 2-fermion nonrelativistic Schroedinger
equation with 2-body Y ukawa potential (in the limit of infinite fermion mass). | will give an easy (but still heuristic) derivation of this, based on the
analysis of the corresponding Feynman diagrams and on the behaviour of the complete propagators for large spacetime distances. Then, | may
outline another possible derivation based on the Schroedinger picture and dressed particles.
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NR limit of Yukawa's QF T

e NR QM from (R)QFT in the NR limit?

@ NR limit: low-energy of the initial particles

T o> |V
E:\, ﬁi'—+m~—E::m+|_P———:-.<I
2m c

NR QM: many-body Schrodinger equation:

fl_w‘j--. L. X1, X2 - 2 X X
HaaltX1) A1 B2, e 2y

ot 2m  2m

(RYQFT: Yukawa's QFT

Fermions of mass m. Photon of mass . p < m.
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For 2 in low-energy electrons: Eq. (2) with V(r) =C
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Schrodinger picture?

@ Obtain NR SE from QFT
@ Work in the SP for QFT:

] ~ ~
f [-;J — (By o + By )W (4)

@ Constraint on the state preserved by the evolution. Among
others, |W;): eigenstate of the electron number

Electron Number? Eigenstates of Hy o obtained by applying
the operators c.(p), d.(B). a'(p) on the vacuum |0).

(5)

Bare electron number! Never conserved (vacuum state
D30071 \
example).
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NR limit of Yukawa's QF T

e NR QM from (R)QFT in the NR limit?

@ NR limit: low-energy of the initial particles

= ,.,§|3+m3—E::m+|p——i:<' 1
! c

2m

NR QM: many-body Schrodinger equation:

Han(t5 i) B Bz o oy,

it L 2m 2m

(RYQFT: Yukawa's QFT

Ly =Lp+ Lk _¢+grvo (3)

Fermions of mass m. Photon of mass pt. p < m.

For 2 in low-energy electrons: Eq. (2) with V(r) =C
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Schrodinger picture?

@ Obtain NR SE from QFT
@ Work in the SP for QFT:
E:J‘|\U..
———— = (Hy o+ Hy )|V (4
i—5¢ = (Hyo+Hy )% (4)
@ Constraint on the state preserved by the evolution. Among

others, |W;): eigenstate of the electron number

Electron Number? Eigenstates of Hy o obtained by applying
the operators ¢.(p), d.(B), a'(p) on the vacuum |0).

Ne- =Y [ Prel(p)E(P

E alertTro [ arl a"-.‘lﬂ'.f“ CONSg “i VAl STATE
are electron number! ever conserved (vacuum state
D30071 1

example).
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NR limit of the S-Matrix

S-Matrix, after all renormalization business, involves real
parameters. S-Matrix when m — x

o NR S-Matrix?

@ Compare with the S-Matrix for m — x

@ Compute the S-Matrix? Impossible — heuristic arguments.
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NR limit of the S-Matrix

S-Matrix, after all renormalization business, involves real
parameters. S-Matrix when m — x

@ NR S-Matrix?

@ Compare with the S-Matrix for m — x

e Compute the S-Matrix? Impossible — heuristic arguments.
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Renormalization

Lagrangian:

1 o e R -
E(‘I'ju“._“-;"uf.'i = ,nlr"“.-"“} - f( ”:) — 'r-ﬂ)'F T VW0 l: ID)

Renormalization constraints:

-

@ Poles of the complete propagators at p° = m* (p® = p?) for
fermion (boson).

@ Behaviour of the complete propagators around poles: free
propagator with real mass.

e Complete vertex at some renormalization point: ig.
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Renormalization

Lagrangian:

1 i -
E(Hl“f;rf#a — I||[.'“I’_'f“} -+ -'( J'f-) === m)-" e gf ' { ID)

Renormalization constraints:

-

@ Poles of the complete propagators at p* = m* (p* = p?) for
fermion (boson).

@ Behaviour of the complete propagators around poles: free
propagator with real mass.

o Complete vertex at some renormalization point: ig.
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Renormalization

Bare Lagrangian:

= ]. - . g Y - e . — ,
g — E(ij}‘.-‘_'lgt!‘ﬁf--’g —HgOg )—:—r.‘g(hiﬁ—mg)r.'gj +EZBUVBUVRBOB | 11)

Renormalization constraints:

-

@ Poles of the complete propagators at p*> = m* (p> = p?) for
fermion (boson).

@ Behaviour of the complete propagators around poles: free
propagator with real mass.

@ Complete vertex at some renormalization point: ig.
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Renormalization

5 constraints means 5 parameters — real Lagrangian:

Lr =(Z10u0r 0r — (1R — 017 )OR)

+vg(iZyd — (mg — dm))ug + grZZURVROR

Counter-terms:

L =5 (duor*0g — 1oR)

+UR(19 — mR)Ug + GRURVROR + LT
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Some properties

@ Freedom to choose renormalization point for the complete
vertex:
Choose the on-shell renormalization point.

P30071
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Some properties

@ Freedom to choose renormalization point for the complete
vertex:

Choose the on-shell renormalization point.

@ Behaviour of the complete prop. for large space-time
distances.
Complete propagator P(x" — x).
When | As?| > m—2, the 4~momentum contribution comes
from (E.p) such that |[E* — |p|* — m*| < m*.
Complete propagator — free propagator with real mass.
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Some properties

@ Freedom to choose renormalization point for the complete
vertex:
Choose the on-shell renormalization point.

@ Behaviour of the complete prop. for large space-time

distances.

Complete propagator P(x’ — x).

When |As?| > m—2, the 4momentum contribution comes
from (E.p) such that |[E* — |p|* — m*| < m*.

Complete propagator — free propagator with real mass.
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“Proof”

Complete fermion propagator for (¢’ — t) > A and Ax =0:

" . | P
(27)4 / i T ;-E_JE“_” (12)

il

Integration over E:
Contribution from |E* — |g|? — m*| < A™2. Behaviour of the

comp. prop. around the poles — free propagator with real mass.
Scale \? Renormalization scale:

y —
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Some properties

@ Freedom to choose renormalization point for the complete
vertex:
Choose the on-shell renormalization point.

@ Behaviour of the complete prop. for large space-time
distances.
Complete propagator P(x’ — x).
When |As?| > m—=, the 4momentum contribution comes
from (E.p) such that |[E* — |p|* — m*| < m*.
Complete propagator — free propagator with real mass.
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“Proof™

Complete fermion propagator for (¢’ — t) > A\ and Ax = 0:

1 f ; " Cp o
[ des iEeo

(2x})* .

Integration over E:
Contribution from |E® — |g|? — m?| < A™2. Behaviour of the
comp. prop. around the poles — free propagator with real mass.

Scale \7 Renormalization scale:
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Renormalization

Bare Lagrangian:

]_ 4 3 — = - }
Lp = (90 op—pgog)+ve(id—mp)up+gpuerpos (11)

Renormalization constraints:
@ Poles of the complete propagators at p* = m* (p* = p?) for
fermion (boson).

@ Behaviour of the complete propagators around poles: free
propagator with real mass.

o Complete vertex at some renormalization point: ig.
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“Proof”

Complete fermion propagator for (¢’ — t) > A and Ax =0:

1 f - i
{j_)d / dEd3P _ E—IE{_I—LI

p—m—2L

Integration over E:
Contribution from |E® — |5|? — m*| < A~2. Behaviour of the
comp. prop. around the poles — free propagator with real mass.

Scale A7 Renormalization scale:
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Some properties

@ Freedom to choose renormalization point for the complete
vertex:
Choose the on-shell renormalization point.

@ Behaviour of the complete prop. for large space-time

distances.

Complete propagator P(x" — x).

When |As®| > m—2, the 4momentum contribution comes
from (E.p) such that |E*> — |p|* — m*| < m*.

Complete propagator — free propagator with real mass.
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™
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“Proof”

Complete fermion propagator for (t' — t) > A and Ax = 0:

L / dEdip : e—:’E[r —t}) IIE)
: ; e

(27)*

Integration over E:

Contribution from |E? — |5 — m?| < A™2. Behaviour of the
comp. prop. around the poles — free propagator with real mass.

Scale A7 Renormalization scale:
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Remark and NR limit of the complete propagator

@ Bare vs real rules : Small STD vs Large STD

L Vs

p — mg p—mpg

Two aspects of the complete propagator.

5

o Limit m — x (|As?| > (m= — 0)):
any x.x' corresponds to a LSTD.
Complete propagator — free propagator.
Free propagator has correct NR limit.

P30071
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Skeleton-ladder VS non skeleton-ladder diagrams
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Skeleton-ladder VS non skeleton-ladder diagrams
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Skeleton-ladder diag. when m — oo

One-rung ladder:

g, - -
—
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Skeleton-ladder diag. when m — oc

Two-rung ladder:
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Non skeleton-ladder diagrams (order 6) when m — oc
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Back to the Schrodinger picture

Problem with the Schrodinger picture comes from bare particles:

0) — [0 ~Z{c'7d'r)m{ai—]”'0} (14)

m.n

(15)

The real (or dressed vacuum) is full of bare particles. Might it be
empty of dressed particles’?

(16)

P30071
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Non skeleton-ladder diagrams (order 6) when m — oc
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Back to the Schrodinger picture

Problem with the Schrodinger picture comes from bare particles:

0) —[0) + ) (c'd")™(a")"|0) (14)

m.n

Consider instead the real vacuum:

Hy|0) = E;|0 (15)

The real (or dressed vacuum) is full of bare particles. Might it be
empty of dressed particles’

&(5)[0) = 07 (16)
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Non skeleton-ladder diagrams (order 6) when m — oc
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Skeleton-ladder diag. when m — oc

Two-rung ladder:
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Non skeleton-ladder diagrams (order 6) when m — oc
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Back to the Schrodinger picture

Problem with the Schrodinger picture comes from bare particles:

0) —[0) + Y (c'd")™(a")"|0) (14)

m.n

(Consider instead the real vacuum:

Hy|0) = E|

0 (15)

The real (or dressed vacuum) is full of bare particles. Might it be
empty of dressed particles’

(p)|0) = 0? (16)
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Dressed particle QF T (Greenberg-Schweber)

Requirements:
4 E._;{ﬁ}ﬁ =
o Hyd(p)|0) = (E; + \/1PI? + m?)el(p)[0

—

@ Same canonical ant-commutation relations as the bare
operators

Seems good for the NR limit. How to enforce the requirements?
o &.(p) = Uc(B)UT where |0) = U|0
@ Hamiltonian:

' i

H(a.3;) = H(U'3 U. U'3;U) = U'H(3!.3;)U = H(3!. 3).
' | (17)

P30071
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The dressed Hamiltonian

@ Dressed Hamiltonian:

Hy = Z / d'?*p\_’; p|Z + mﬂfﬁdf{ﬁ)é_,-(ﬁ)—-—. .. at least 2 annihil.
i

(18)

ey

e But E;(_p}r::_ﬂ.(g;“] 0) can't be an eigenstate of Hy

@ NR limit: 2 low-energy electrons remain two low-energy
electrons.

@ Conditions on U.

P30071
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The Gell-Mann-Low theorem

@ Adiabatic coupling:

H=Hy+e ™tH,

@ Evolution operator:

=2

- J'J' n ~IF |, o
Us(tr . t) =) ( ; / ur;.../ dt;
e f]_ Jt Jt

n=_0

el e 2B T(H(t1)... Hi(t,)) -

@ Relation between the bare and dressed vacua:

=~ . Ua (0. —x )|0)
=N |
0) =N lim 010,(0.—)0

P30071
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The dressed Hamiltonian

@ Dressed Hamiltonian:

Hy = ) / c:r"“:"p\": pI> + m?3;(p)3;(p)+. . . at least 2 annihil.

_Fll.

(18)
@ But ¢(p)c.(p)|0) can't be an eigenstate of Hy.
@ NR limit: 2 low-energy electrons remain two low-energy

electrons.

@ Conditions on U.

P30071
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Dressed particle QFT (Greenberg-Schweber)

Requirements:
® &(p)I0) =0
o Hy&(P)[0) = (E + VB> + m)&(B) [0

“—

@ Same canonical ant-commutation relations as the bare
operators

Seems good for the NR limit. How to enforce the requirements?
o &.(p) = Uc(B)UT where |0) = U|0
@ Hamiltonian:

s

H(al. 3;) = H(U*EFU, U'3;U) = UTH(3].3,)U = H(3]. 3).
: * - (17)
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The Gell-Mann-Low theorem

@ Adiabatic coupling:
H=Hy+e"H,

@ Evolution operator:

= ( B f} n ‘ff » 1
U.r(-i'r‘f,']:r f / i / dt,
Sl nt Jt Jrt

n=0
|

—LY| ]

e T(Hi(t1). .. Hi(ta)) -

e

@ Relation between the bare and dressed vacua:

= : Ua (0. —)|0)
0) =N | |
N I, 0. 0. =)0
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Degeneracy’

@ The GML T is stronger: any eigenstate of Hy by the above
transformation.

@ In particular c:(p)|0) is mapped to an eigenstate of full H.

@ But c(p)c.(p')|0) too! and

Usm<l(B)el (F)]0) = Uel(B)UT U, (F)UTUI0) = & (R).(5)0).

@ Issue with degeneracy?

D30071
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The Gell-Mann-Low theorem

@ Adiabatic coupling:
H = Hy + e ™"H,

@ Evolution operator:

e T (H(tr). .. Hi(ta)) -

@ Relation between the bare and dressed vacua:

= . UL (0. —x)|0)
0) =N lim 01U, (0. —)[0
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Degeneracy’

@ The GML T is stronger: any eigenstate of Hy by the above
transformation.

@ In particular c.(p)|0) is mapped to an eigenstate of full H.

e But c:(p)c.(p’)|0) too! and

Uemcl(B)<L(9)I0) = Ucl(B)UTUcL(9)UTUI0) = E (B)eL(9))0).

@ Issue with degeneracy?
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End

@ S-Matrix when m — x . Equivalent to S-Matrix from NR
QM. Heuristic. . . Could it be made more rigorous?
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End

@ S-Matrix when m — . Equivalent to S-Matrix from NR
QM. Heuristic. . . Could it be made more rigorous?
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Q@ S-Matrix when m — x. Equivalent to S-Matrix from NR
QM. Heuristic. . . Could it be made more rigorous?
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@ S-Matrix when m — . Equivalent to S-Matrix from NR
QM. Heuristic. . . Could it be made more rigorous?

© Possible approach with dressed states. Generalization of the
Gell-Mann and Low theorem for degenerate free Hamiltonian.
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