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Abstract: The Achilles\\\' heel of quantum information processors is the fragility of quantum states and processes. Without a method to control
imperfection and imprecision of quantum devices, the probability that a quantum computation succeed will decrease exponentially in the number of
gatesit requires. In the last ten years, building on the discovery of quantum error correction, accuracy threshold theorems were proved showing that
error can be controlled using a reasonable amount of resources as long as the error rate is smaller than a certain threshold. We thus have a scalable
theory describing how to control quantum systems. | will briefly review some of the assumptions of the accuracy threshold theorems and comment
on experiments that have been done and should be done to turn quantum error correction into an experimental reality.
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B The need for quantum error correction
and the accuracy threshold theorem

B Characterising noise
B Characterising and demonstrating control

¢ Implementing error correcting codes,
noiseless subspaces and subsystems

e Implementing encoded gates

B Extracting entropy, algorithmic cooling

B Conclusion
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a large number of states is important), not only muss the coupling be small, but the time taken
in the quantum calculation must be less than the thermal time scale A/kgT. For longer times the
condition on the strength of the coupling to the external world becomes much more stringent.
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Unfortinately. we continue to see contributions to quantum
parallelism which are correct and imaginative in their details,
but do not even mention the need to control tolerances and
noise. In some cases, this literature goes even farther and
simply describes the quantum mechanical mapping from state
o state, without specifying apparaws needed o do that [42].
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A quantum computation

can be as long as required
with any desired accuracy
as long as the noise level

Is below a threshold value

P

Knill et al_; Science, 279, 342, 1998
Kitaev, Russ. Math Survey 1997

S|g n ifica nce: Aharonov & Ben Or, ACM press

: = : - Preskill, PRSL, 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
=it gives criteria for scalability _ _
-its requirements are a guide for experimentalists
«misdS @ benchmark to compare different technologies:-
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“Error correction permits to btﬁld_‘farbitrarily complex sys-
tems of a given reliability trom i1ess reliable parts”
R. Hamming
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“Error correction permits to build arbitrarily complex sys-
tems of a given reliability from less reliable parts”
R. Hamming
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Note: if the error rate is €, after error correction, the “ef- :

fective” Ierror rate is ce2. and thus the number of reliable
gates 1s ?
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Evolution of a generic qubit stat |7/< — 0l<) + <) environ-

1)le) — |0)|ey) + |1)]|€;)

ment:
(@19 AN)le) —
(al0) + B11))S(leg) + le1) (= 1¥))

+alo) = BID)S(1) — ) (= Z1¥))

+(@l1) + B10)(eh) + D) (= X|®))
1

+al1) — 810))(lep) — 1)) (= iY|¥))

The effect of the noise is to apply the error operators 1. X .Y . Z
to the state |¥) depending on what the state of the envi-
ronment is.

Note, the discrete basis implies a dicretization of the error
simidlar to the classical case. Page 20126
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We can generalize the Schrodinger equation to open system:

pr = Aap;Al
a

An error correcting code is a code C defined by basis states
{ |21) } such that

(ip]| AL ApliL) = dijcab
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- P. Shor, Proc . Symp. Found. Comp. Science,
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We can generalize the Schrodinger equation to open system:

pr= Aap;Al

An error correcting code is a code C defined by basis states
{ |2r.) } such that

(i Al ApliL) = dijcab
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A quantum computation

can be as long as required

with any desired accuracy
as long as the noise level
Is befw a threshold value

P

Knill et al_;: Science, 279, 342 1998
Kitaev, Russ. Math Survey 1997

S|g nificance: Aharonov & Ben Or, ACM press

= E . = Preskill, PRSL, 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
-it gives criteria for scalability _ _
-its requirements are a guide for experimentalists
«misdS @ benchmark to compare different technologies.-

K i I -




B Knowledge of the noise

B Good quantum control
B Ability to extract entropy

B Parallel operations

irsa: 08020034 Page 48/126

X ik | e -



A quantum computation

can be as long as required

with any desired accuracy
as long as the noise level
Is below a threshold value

P

Knill et al_; Science, 279, 342, 1998
Kitaev, Russ. Math Survey 1997

S'g n iﬁca nce: Aharonov & Ben Or, ACM press

: e . A Preskill, PRSL, 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
-it gives criteria for scalability
-its requirements are a guide for experimentalists
«migsdS @ Denchmark to compare different technologies.-

X i | e -




A Comparanve Code Study for Quantum Fauit Tolcrance

DR .o i’ B
can be as long P 2 0

with any desir
e e

wrthod e cakiulie B cerule-duesholl Tof s (COfs sfamel SoolinIIEs mst & Cdloms el

IS below a thre === ==r == ——noo ==

P

Knill et al_; Science, 279, 342, 1998
Kitaev, Russ. Math Survey 1997
- - - - Aharonov & Ben Or, ACM press
Significance: 0 ) i i s
-imperfections and imprecisions are not
fundamental objections to quantum computation
-it gives criteria for scalability

-its requirements are a guide for experimentalists
~mitxiS @ Denchmark to compare different technologies-

E i I et -




A quantum computation

can be as long as required
with any desired accuracy
as long as the noise level

Is below a threshold value

P

Knill et al_; Science, 279, 342, 1998
& Kitaev. Russ. Math Survey 1997

S'g n iﬁca nce: Aharonov & Ben Or, ACM press

: s : = Preskill, PRSL. 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
-it gives criteria for scalability _ _
-its requirements are a guide for experimentalists
«migsdS @ benchmark to compare different technologies:-

E i | e -




B Knowledge of the noise

B Good quantum control
B Ability to extract entropy

B Parallel operations 3

irsa: 08020034 Page 52/126

X i | e =



Process tomography:

pr = Z Arpi Al = Z Xkt Pr. pi P
k Kl

For one qubit, 12 parameters are required as de-
scribed by the evolution of the Bloch sphere:

For n qubits, we need to provide 4" — 4™ numbers
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For one qubit, 12 parameters are required as de-
scribed by the evolution of the Bloch sphere:

For n qubits, we need to provide 4" — 4" numbers
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k1 Prpi Py

re required as de-

pé LaaXaxXnyXnz p;. loch Sphel’e:
Py | — | AxaXxxXxyXxz P_i,
Pl Xen o Koz Xz | | 9%
pé XzaKzx Xzy X2z P,
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k1 Prpi Py

re required as de-

pé LaaXaxXnyXnz P; loch sphere:
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Process tomography:

pPr = Z Arpi Al = Z Xkt Pr. pi Py
k Kkl

For one qubit, 12 parameters are required a¢ de-
scribed by the evolution of the Bloch sphere:

For n qubits, we need to provide 4> — 4" numbers
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Process tonmaoranhv-

QFT Superoperator P,

Cory et al. 2005

Theoretical QFT Superoperator

For one ired as de-
scribed W yhere:

Expenmental QFT Superoperator

For n qubits, we need to provide 4*",— 4" numbers
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Process tonmaooranhv-

QFT Superoperator P,

Cory et al. 2005

Theoretical QFT Superoperator

For one ired as de-
scribed w yhere:

Expenmental QFT Superoperator

For n qubits, we need to provide 4*",— 4" numbers
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Process tomography:

pr = Z Arpi Al = Z Xkt Pr. pi P
k Kl

For one qubit, 12 parameters are required as de-
scribed by the evolution of the Bloch sphere:

For n qubits, we need to provide 4" — 4™ numbers
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Process tonmaooranhv-

QFT Superoperator P,

Cory et al. 2005

Theoretical QFT Superoperator

For one nred as de-
scribed w yhere:

Expernmental QFT Superoperator

For n qubits, we need to provide 4%%— 4" numbers
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Process tomography:

Pr = Z Arpi Al = Z Xkt Pr. pi Py
k Kkl

For one qubit, 12 parameters are required as de-
scribed by the evolution of the Bloch sphere:

.

For n qubits, we need to provide 4> — 4™ numbers
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e We are not interested
in all the elements that
describe the full noise
superopeartor but only a
coarse graining of them.

e If we are interested iIn
implementing  quantum
error corrrection, we can
ask what is the probbaility
to get one, or two, or k
qubit error, independent
of the location and
independent of teh type
of error o.,.-. The
question is can we do this
efficiently?

e Coarse graining is equiv-
r=alenat to implement a sym-

TV onaid, Phys Lelt A258 (1999) 77
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1) to coarse error type average over SU(2)="

y— / du(U)UTAUp,UTATU
k

This is an example of a 2-design, and the integral can

be replaced by a sum C. Dankert B Cleve J Emerson, £ Livne

pr = Z Z ct AcCapiClAlC,

where C, belongs to the Chifford group ~ §P with
P—IE XY, Z}.S—{e " e %)

2) coarse grain the position by symmetrising using
permutation 7,
Pirsa: 08020034 {5 = T it ‘h Y- iR
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If we implement all the elements in the Clifford group
and permutation, we would have an exponential num-
ber of terms , but the sum can be estimated by sam-
pling and using the Chernoff bound.
(see Emerson et al. arXiv:0707.0685 )

In practice, implementing the symmetrisation can be
done by starting with the state |000...) and mea-
sure the Hamming size (i.e. the number of 1) in the
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If we implement all the elements in the Clifford group
and permutation, we would have an exponential num-
ber of terms , but the sum can be estimated by sam-
pling and using the Chernoff bound.
(see Emerson et al. arXiv:0707.0685 )

In practice, implementing the symmetrisation can be
done by starting with the state |000...) and mea-
sure the Hamming size (i.e. the number of 1) in the

irsa: 08020034 Page 82/126

L
| IL.-...-_EtE] tE =




Pirsa: 08020034

Twirling in liquid state NMR
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The Implementation
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Emerson, Siiva, Moussa, Ryan, Laforest, Gaugh, Cory, Laflamme, Scence 317, 1883, 2007
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Noise Characterization - NMR results
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Randomized Benchmarking of Quantum Gates

e Wish to characterize the computationally relevant errors
per gate in a general context

* Process tomography gives complete information about a
particular instance of a particular gate and is limited by er-
rors 1n preparation and measurement

 Furthermore, we need a scalable scheme to benchmark a
large-scale quantm information processor efficiently

e Scheme i1s to apply a sequence of random gates and

measure the fidelity decay as a function of the number of
gates

E. Enill, et al. arXiv:0707.0963
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Benchmarking gates in ion traps

Knill, Liefried, Reichle,

] Britton, Blakestad, Jost,
Lnager, Ozeri, Seidelin,
Wineland, arXiv:0707.0963

1.0

Average fidelity
08 0.9

07

0.00482 error per

% © e % 1o randomized gates
Number of computational gates

FIG. 2: Average fideliry as 2 fimction of the number of sieps for each computational sequence. The points
show the average randomuzed fdelxy for fomr different computational gate sequences (indicased by e
different symbois) as 2 finction of the leneth The averape fideliny is plomed on a logarithmic scaie The
maddle [me shows the fitted exponennal decay The opper and lowet lime show the boundanss of the 65%
confidence imterval for e fit The sandard devianom of each point due [0 MESTreMent nose [Enges from
0.0004 for values near 1 o 0.002 for the lowex values, smaller than the size of the symbols. The emmpmncal
sandard devianom based on the scamer m the points shown in Fie 1 ranges from 0.0011 w0 0.014. The slope
implies an erTor probability of 0.004582417) per randomized ' gare. The data is consisient with
Pirsa: 0302iB4@3tE 'S SITONS Mot depending on posimon m the seguence. Page 87/126
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Benchmarking gates in NMR

C. Ryan et al. unpublished

e Exponential de-

K A I "o -

1 BE 1 I I L] 1 I | 1
o X _moerwss |1 cay suggests gate
) + + Compaosite Puises| |
' **"‘*T\,,hx = error does not de-
g9s+ 4 r‘ - T -
2 08| REX —+_____ | pend on where 1n se-
_oo7t : : 1 quence 1t hes
== | T — -
g %" \\  Suggests an er-
@ h5o5f - . :
23 | ror per randomized
asal 1 computational gate
o 1 of 5x10%#/3x10™* for
091 4 > A
W [ S L 'LELA simple/composite
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Encode Store

* 2 qubits (H and 13C from formate)
» Error model: independent phase damping

la b Sl a e*p h 4
& c] I-’J'if?]e e dﬂ—'[:"’b c -]"_.

* Phase-fliprate:
p(t)=Q1A-e")/2
» Stabilizer code, generators ={ XX}

1 1
0p)=——=(100)+{11)), |lp)=—=(|01)+|10))

| dp- ) =1 2|0)+-5i1))|0),
| #z)=21a|0)—5{1))|1),
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eAcceptance of a state depends on the syndrome

» Conditional probability of error-
free storage
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USING ERROR CORRECTION TO DETERMINE THE NOISE...

M. Lajosest at al. PHYSICAL REVIEW A 73, 012331 2007
|
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FIG. 3. Experimental results. The lines correspond to the fidelity
decay for noise correlation factors of 0. 0.5, and 1 as a function of
time simulated from the measured T,'s and the expernmenial fideli-
ties obtained by implementing engineered noise. The poinis are the
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USING ERROR CORRECTION TO DETERMINE THE NOISE...
M. Lajorest ot al. PHYSICAL REVIEW A 75, 012331 2007

FIG. 3. Experimental resuits. The lines correspond to the fidelity
decay for noise correlation factors of 0. 0.5, and | as a function of
time simulated from the measured T,'s and the experimenial fideli-
ties obtained by implementing engineered noise. The poinis are the
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Quantum Error Correction

Amount of noise ~ time

Ermror Correction:

Experimental Quantum
D. G. Cory. M. D. Price, W. Maas_  E. Kmil,

R. Laflamme. W. H. Zurek T. F. Havel and
S. S. Somaroo, PRL 81, 2152, 1998
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Pirsa:

NMR implementation of the decoding and error correction:

ERROR
ENORLTHON DECTD N CDRRBRCTICN

w—h@_ N i —— .
*@— - e 8
-0 — {fo—t
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and the full decoding and Toffoh, including some optimization

Toffoh gate:
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Realization of quantum error
correction

A Chiawerini , D. Leibiried', T. Schaetz -, M. D. Barve®t'
. 5. Blakestad , J. Britton , W. M. Rano , J. 0. Jost , E Ka#ll ,C. Langer
A Ozeri & 0. L Wineland'

Miemr gl Frogaeny Dirvvieon, © Witenab o amedf | weepasadome Soesan
Moy NIST, Bowlder Caboraale S0WS, R4
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elative polarization popoE popoE POGOE POSOX
El

T o0

Knill, Laflamme, Martinez, Negrevergne, PRL 404 308.2000
Implementation of the 5 bit code with

the stabilizer

YR, 3YUy"n.,

Y2Z3Z'Z° and X'Z°X3*Z*, including de-
coding and error correction for a basis of 1

qubit errors.
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Knill, Laflamme, Martinez, Negrevergne, PRL 404 3082000
Implementation of the 5 bit code with
the stabilizer 2Z2Y3Y*XS, 2Z2'Y?Y3X*,
Y2Z3Z*Z° and X'Z°X3*Z*, including de-
coding and error correction for a basis of 1

qubit errors. M
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Knill, Laflamme, Martinez, Negrevergne, PRL 404 3082000
Implementation of the 5 bit code with
the stabilizer 2Z2Y3Y*X°®, 2Z'Y2Y3X?*,
Y2Z3Z*Z° and X'Z%2X*Z*, including de-
coding and error correction for a basis of 1
qubit errors.

elative polarization pocox popoxs POSCE POOOE

T 0.0k
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Ollerenshaw et al., PRL 91, 217904, 2003

‘ %

* 4 qubits (H, *C and N from glycine)
* Error model: Sub-system collective bit-flip

Ey = agel hisly + a ) Xy Xnlaly + ag:hh X3 X,
y “ﬂtlx:xrtv

» Strength of noise i1s controllable (enginecered)
* There are 4 orthogonal 4-d simultanco
eigenspace of the noise generators (DFY)

0} = (0000} = 11100 + 0011 =12
013} — (11000} + 0100) + [1011) + [0111))/2
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Properason|— il 20 i 7 @« 2 &
ﬂl [ L L { { == z i, e gt
A Z-‘., 1 fs-v:
% 3938 3938 & & &
e ! — - = o ) o~ 2
_ 71[1—1] jg:'omu _E[:'unqu i — - W -
00 0- 0 0 D-f
Hadamam Oracie Condiioral phasa st  Decohersnca Measurament

» Other DFS only differ by sign flip,e.g.

00y —@oO00) - J1100) — jeorl) — [1I11)W2,
[00Y = (00D0) ~ |1100) ~ joe11l) — |1EIL)WL
100 = QOO — [1100) — 011 + 1w

*Encoding was a classical superposition of
the 4 DFS

P = W)l = 3 clwi @il
=

oo, = Uylaludy + Z Zaydy + 122,
b 2,222, Z )16

X Bk I e ==

100} = (J0C01) + [1101) + [0010) = | 11 1))/2 .
e 1 gy o E
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J.S. Hodges et al. PRA 75:042320,2007

0,
= zxZ R 1 A
* 4 qubits (*°C from crotonic acid) . e
* Error model: Collective phase-damping T
":1-;:=*{’EJ‘!“"|$:5_ =

* Two qubit DFS spanned by |01) and | 10)
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Quantum cemputer Heat bath

Qubits A B c
e i Y o
\ '-"-_\ P
1 ® i
P e
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Schuiman and Vaziram.

Pr of the 31th
Annual Symposium
on the Theory of Com |

(STOC), pages -
1998.

Schulman. Mar and
Weinstein, PRLS4, 2005
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Sorensen [5], Schulman and Vazirani [/]

We have seen that we can cool a subset of spins by swapping states. For
excample, with 3 spins, implementing a gate that swaps |011) — |100) will
increase the order of the first spin at the expense of the last two. We could
concatenate this process to reach polarization of order 1.

—3H 1 .
€ ““2—“(1-3‘-"(314’32‘*’33}1‘*---)

p
(300 0 00 0 0) (3000 0 0 0 0)
010 000 O O 0100 0 0 0 O
001 000 0 O 0010 0 0 0 O
p BolOo0O0O—-10 0 0 O i _Bwlo001 0 0 0 ©
Prhermal ¥ 271000 0 1 0 0 0| TP 3F lo000-10 0 0
000 0 0—-1 0 0O 0000 0 —1 0 O
000 0 0 0 —1 0 0000 0 0 —1 O
~ \000 0 00 0 -3) \00oo00 0 0 0 —3)

—d 1 0

ppnl . Tr--*;ppul dw( __.1)

We could concatenate this process to reach polarization of O(1),
ut this would take a lot of ressources (~ 1/3%).
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Baugh et al. Nature 438, 470, 2005 [1]
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Multlple Rounds of Algorlthmlc Cooling

=11 B

Intensity (a.u.)
s

1t

a
Pirsa: 080;

J. Baugh, O. Moussa. C. Ryan. A Mayak, and
10° A Lafiamme. Nare 438:470, 2005

tnma L L

e

T ——

e

C.Ayan et al. A spin based heat engine: muitiple
rounds of aigorithmic cooling, arXiv 07062853

- By using heat-bath able to surpass
Shannon/Soresnsen bound of 1.5X

heat-bath polarization

Polarization Boost
w.r.t. heat-bath

-TD

-3

E Tx i

?
b

Comsptreespsinn 3 C =
1 1.39 0.47 0.49
2 1.56 0.68 0.71
3 1.64 0.76 0.79
4 1.69 0.79 |"&84'




In order to error correct, we need to have

B Knowledge of the noise
B Good quantum control

B Ability to extract entropy
B Parallel operations

Recent experiments have demonstrated these
elements individually but we need to pull

them together.

| ~It"is only the beginning of experimental QEC.
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e We are not interested
in all the elements that
describe the full noise
superopeartor but only a
coarse graining of them.

e If we are interested in
implementing  quantum
error corrrection, we can
ask what is the probbaility
to get one, or two, or k
qubit error, independent
of the location and
independent of teh type
of error o.,.-. The
question is can we do this
efficiently?

e Coarse graining is equiv-
r=aleat to implement a sym-

s e Tanardi Phys.Lett A258 (1999) 77
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A quantum computation

can be as long as required

with any desired accuracy
as long as the noise level
Is below a threshold value

P

Knill et al_; Science, 279, 342, 1998
Kitaev, Russ. Math Survey 1997

S'g njﬁca nce: Aharonov & Ben Or, ACM press

. : : L, 2 Preskill, PRSL, 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
-it gives criteria for scalability _ _
-its requirements are a guide for experimentalists
«migsdS @ benchmark to compare different technologies.-
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Quantum Error Cormrection

b

Fidelity
t &

B

N
Amount of noise ~ time

Error Correction:

Expernimental Quantum
D. G. Cory, M. D. Price, W. Maas,  E. Kmill,

R. Laflamme  W. H. Zurek T. F. Havel and
S. S. Somaroo, PRL 81, 2152, 1998
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I Quantum Error Correction
N ]

Amount of noise ~ time

Experimental Quantum Error Correction:
D. G. Cory. M. D. Price, W. Maas, E. Kmll,
R. Laflamme, W. H. Zurek.T. F. Havel and
S. S. Somarmo, PRL 81, 2152, 1998
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Noise Characterization - NMR results 2 ’
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Process tomography:

pr = Z Arpi Al = Z Xkt Pr.pi P
k Kl

For one qubit, 12 parameters are required as de-
scribed by the evolution of the Bloch sphere:

For n qubits, we need to provide 4> — 4™ numbers
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A quantum computation

can be as long as required

with any desired accuracy
as long as the noise level
IS below a threshold value

P

Knill et al_; Science, 279, 342, 1998
Kitaesv. Russ. Math Survey 1997

S'g n iﬁca nce: Aharonov & Ben Or, ACM press

2 = g 2 Preskill, PRSL, 454, 257, 1998
-imperfections and imprecisions are not

fundamental objections to quantum computation
-it gives criteria for scalability _ _
-its requirements are a guide for experimentalists
«migsdS @ Denchmark to compare different technologies.-
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B Knowledge of the noise

B Good quantum control
B Ability to extract entropy

B Parallel operations
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We can generalize the Schrodinger equation to open system:

pr = Aap;Al
a

An error correcting code is a code C defined by basis states
{ |2r.) } such that

(i) Al ApliL) = dijcab
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