Title: Hamiltonian Implementation/Simulation & Phase Measurement
Date: Jan 14, 2008 04:00 PM
URL: http://pirsa.org/08010016

Abstract: This is a talk in two parts. The first part is on evolution of a system under a Hamiltonian. First, a general method for impleme
evolution under a Hamiltonian using entanglement and classical communication is presented. This method improves on previous metf
requiring less entanglement and communication, as well as allowing more general Hamiltonians to be implemented. Next, a method for sin
evolution under a sparse Hamiltonian using a quantum computer is presented. When H acts on n qubits, and has at most a constant n
nonzero entries in each row/column, we may select any positive integer k such that the simulation requires O((log*n)t*(1+1/2k)) accesses tc
entries of H. The second part of the talk is on adaptive measurements of optical phase. Standard measurement schemes, using eack
independently, lead to a phase uncertainty that scales as 1/sqrt(N). It has long been conjectured that it should be possible to achieve a
limited only by the Heisenberg uncertainty principle, dramatically improving the scaling to 1/N. | present a Heisenberg-limited phase estin
procedure which has been demonstrated experimentally. We use multiple applications of the phase shift on unentangled single-photon st:
generalize Kitaev\\\'s phase estimation algorithm using adaptive measurement theory to achieve a standard deviation scaling at the Heisenbe
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Areas of Research

Hamiltonian implementation
Hamiltonian simulation
Phase measurements
Optimal adaptive dyne measurements
Adaptive measurements for interferometry
Continuous adaptive measurements
Hessenberg limited interferometry with multiple passes
Capacities
Relations between different capacities for unitary gates
Capacities of qubit channels
Processing of single photon sources

Bell mnequalities with loss
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Hamiltonian Implementation

Par ti* 1 Tgfget Ancilla
Par t}-‘ 2 Tafget Ancilla
® 3
» »
) @
Party N Target Ancilla

D W Bemrv. Phvs. Rev. A 75 032349 (2007).
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Teleportation scheme for CNOT
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D. Gottesman and |. L. Chuang, Nature 402, 390 (1999).
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Teleportation scheme for CNOT
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eﬂtaﬂgled resource state

D. Gottesman and |. L. Chuang, Nature 402, 390 (1999).



Cirac scheme for exp(-iao Qo)
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e-ﬂtaﬂgled resource state

J. |. Cirac, W. Diir, B. Kraus, and M. Lew=nstein,
Phys. Rev. Lett. 86, 544 (2001).



Cirac scheme for exp(-iao Qo)

| Attempt to implement
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For @=a/2¥ eventually the correction
1s U2V -1g)=U(7n/2), which 1s local.




Entanglement consumption for Cirac

scheme

m The entanglement used 1n the first step 1s E(@).
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m The en‘ranglement used i the second step 15 E(2a) if there was failure, and 0
otherwise. Since the probability of failure 1s 50% 0, the average entaﬂgle:meﬂt used 1s

EQCa)/2.
® The entanpglement used m the third step 1s E(4a) /4, and so forth.

s For a,,=7/2" there are N-2 steps which consume entanglement, with the expected
entanglement consmnp’uon beung
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Part 1: Simplhifying the ancilla

We use the ent&ngled resource’

Py —cos{a) |00 +ism(ax) (11

We want to convert this to the operation

it ot e XT 55 T

x)=cos(a)l @I +ism(x)o Qo
We start bv ap I}ng controlled Phﬂ,‘?e opem‘uonq between the ancilla qubﬂs and the
target qub1ts 1s results in the dafor?

i

cos(a)|00'RIXT +Hism(ax)|]l]  Ka g

We perform a Hadamard on the first ancilla qubit, then measure 1n the computational

basis. This gives (with qxgn depending on the result)

—, e P S

cos(a)|0'RIRI +isin(ax)|1' Rao Ra.

' L. Chen and Y .-X. Chen, Phys. Rev. A 71, 054302 (2005).
2 B. Reznik. Y. Aharonov. and B. Groisman. Phvs. Rev. A 65. 032312 (2002).



Part 1: Simphifying the ancilla

We can then perform a phﬁSE correction usiﬂg a O opemtion on
the other ancilla.

We perform a Hadamard and computational basis measurement on
the remammng ancilla, giving the operation

i

(ta)=cos(a)] @ risin(a)o, Vo,

In this case we ¢an not correct the sign, because there are no
remaining ancilla qubits.

In the case that the sign 1s wrong, we can simply count this as a
failure, and attempt to apply U(2@). We proceed in the same way as
for Cuac s scheme, and the expected entanglement consumptmﬂ 1S
identical.



Part 2: Reducing the
entanglement

We use the more general ent:mgled resource

- e -

F(B)) = cos(f)|00)+isin(S)|11

where @ =0, et uﬂuz_lly ax < ﬁ
We apply the first part of the procedure as before, giving the stator

cO “:1. f__\_.: \,1 el ir : -‘I - I S1TU /J ] L O .,_- O

We now appl}r 4 projec tive measurement on the renmiﬂﬁlg qubit i1 the basis

s ) | L s v)| 0 —cos(¥)
i 3 Y i Y

Provided the correct measurement result 1s obtained we obtain the desired mﬁtﬂf}".



Part 2: Reducing the
entanglement

B For the other measurement result the operatioﬂ pofformed 1S
proportional to

cos(f)sm(y) &I —ism(f)cos(y)o, Qo

m This is again of the class U(@), so we can correct for it using the
same approach as before.

B We agaiﬂ use a sequence of corrections for the case of failure.




Part 2: Reducing the
entanglement

Exzunples;:

[ = — this 1s just the scheme given before.




Part 2: Reducing the
entanglement

E:{;unplese:

[ = — this is just the scheme given before.

- pP= x/4 —now ¥=a, so for failure the operation
obtained is

T i T

sinfa)] ®I —icos(x)o. o




Part 2: Reducing the
entanglement

Exmnple'a::

[ = — this is just the scheme given before.

- P= z/4 —now ¥=a, so for failure the operation
obtaimned i1s

T

q sm(a)l @I —icos(x)o,. Do,

-

N . | _ e _ \ T AN T
! sSIn(@)o. Yo —icos(a)l &I R

.u.q' :
N ~d ) I,-r ./T r | T O - [ '{:‘\5
cos(a) @ +ism(a)oc Qo ¥




Part 2: Reducing the
entanglement

Examples:
5. P=arctanvtan @ — we have ¥=p, and the probability for failure 1s

1

= g - —_—
—SIl L= LK
= j

where the APProximation holds for small e

— For small e the prmbnbilit}* for success 1s close to 1.




Part 2: Reducing the
entanglement

Examples:
5. P=arctanvtan @ — we have ¥=p, and the probability for tailure 1s
-1

—smm” 20 =

where the APPLoxImMation holds ftor small e
— For small e the probabﬂit}* for success 1s close to 1.
Numerically optimise the value of £ at each step to munimise the
vnmnglﬂnvﬂt C unuunptum Given a certainn nnumber of failures,

the correction 1s prir{mmﬂ_l determunistic :tlh' usting one ebit.

The asymptotic rﬂtmwlmm_—nt consumption 1s APProxXuIr Itc?l‘i’
2.6418¢, as opposed to 53.9793



Part 2: Reducing the

entanglement
2
1.8} 41 B We can directly
1.6l | perform the
scheme regardless
LA » of &, rather than
1.2+ 7z 7 needmg to
| | perform a sum.
1 J P
0.8
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e o : consumed 1s
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Part 3: H®...QH,, Hamiltonian

Consider the multpartite Harmltonian

- i il

Ulex)=cosla )l  +i1simmla o

We use the entangled resource state

LT J (™ 2 il T omaii - N
o T R b R R i e T | = Y10 3N LTI ) i
LU} — COSs( D A — £aliIl B 1

All parties apply controlled phase between the ancilla qubit and the target qubat.

i = ST \
cos( )0} ) | + ism(F)|1)

25 Ly
L

Parties 1 to N —1 apply a Hadamard followed by a computational basis
measurement.

I-"-'\'-‘ - ||::- -i.“'|il'\ _ :.'r"-_ ;.-..II.- _'_ - 1,.-1 1 ,-"'__1. . [ i _ I/__“_ ;".
LS L1 ] 1. A L T § ST\ &8 l_ b e L I

The sign depends on the measurement results.

The rest of the scheme proceeds as beforel W. Diirand J. |. Cirac, Phys. Rev. A
64. 012317 (2001).



Part 3: H®...QH,, Hamiltonian

m Diagonalise the H . via local unitaries to give

TT
|

H. =A6 ) giaple. .0 . ......0 .. .a )

diag 1, -

where A= ||H|| CIIJE 1100 d 1s dimension H acts on.

m We perform chain of Sunulatlons

@A ry2 —1 o T2 N A N-2
o —}__—’_.;h_.zC" > H. ®H,,K ®o
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Part 3: H®...QH,, Hamiltonian

® We wish to perfon:n the general simulation

P o s}

Iyl ) S@N— 7+l ~ 772 N
SN, . Qo —>’534 . Qo

m First append d dimensional ancilla B. so the j’th term m tensor product 1s
diag(l—1,. 1 =i |

m Local unitaries U, exchange (21 —1y’th and (2] )’th basis vectors of 4 B,.

®m Forsmall time &, apply U, at time p, o, and agam at time Jf (for

This is based the method in
A. M. Childs, D. W. Leung, and G. Vidal, IEEE Trans. Inf. Theory 50, 1188 (2004).




Part 3: H®...QH,, Hamiltonian

m The total eﬂt:anglement consumptioﬂ 18 onlj.r

® For more general Hamuiltonians H = Zi_ H_, where each H is a

tensor pfoduct Hamiltonian.

® These can be sumulated using a Taylor expansion, with average

entanglement consumption
5.6418:S° ||H,

&£ & 7 |f=



Part 4: Reduced communication

Party 1 Targets Ancillas
Party 2 Targets Ancillas
P kS
F ®
» »

Party N Targets Ancillas




Part 4: Reduced communication

- - 5% ..r
We wish to implement U{a@)®*
At stage [ after 3 faﬂures} we need to p&rform the correction on ( on
average) fté{ =Mp(l) times.
The resource state quuired 15
W, ) =[cos(B)|0) +isin(F)|1} ™
We can express the resource state as
)= i
where | | S .
= .. ) 1)=1i)®_ @i}, = | |e3111 (B, )cos (5,)
We now retam Dlll} typlcal SeqUENCes of the 1. Denotmg the set of typlcal 1
bv S we app roximmate the resource state bV
.;_I‘-_'_-' : I “\_1 (L i
The number of elements 1n the set S . 15 apprmd:mately

3o I EAE
YMLE ()



Part 4: Reduced communication

Previously each party performed a Hadamard and a computational basis
measurement.

Now we perform a measurement in the Fourner transform basis i the space
of typical sequences.

The measurement result may be represented by a ME(f,) bit string.

The commumcation from each party to the final party 1s, on average,
p(DE(B,) per implementation.

The total commumnication to the final party 1s the same as the entanglement
consumed!
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Summary

This work improves on previous methods for
implementing unitaries in the followmng ways:

We have simplified the ancilla.
The entanglement required 1s reduced.
We may implement multipartite unitaries.

The communication required may be reduced
to the entanglement consumed except for the
communication from the final party.



& Hamiltonian Simulation

MITACS

Dominic W. Berry

Centre for Quantum Computer Technology, Macquarie University
with G Ahokas (C algary), B }g Sanders (C ﬂlQ;dIT} R Cleve (Waterloo),
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Advanced Research
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D. W. Bermry, G. Ahokas, R. Cleve, and B. C. Sanders, Comm. Math. Phys. 270, 359 (2007).
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& Hamiltonian Simulation

MITACS

Dominic W. Berry
Centre for Quantum C Gmlgu ter Technology, Macquarie University
with G Ahokas (Calgary), B C Sanders (Calgary), R Cleve (Waterloo),

-

P Hoyer ( Cﬁgm*}?}, N Wiebe (Calgary)

Canadian Institute for
Advanced Besearch

NSERC and Barry Sanders for slides in this section!

Thanks to Richard Cleve, Nathan Wiebe
Q CRSNG

D. W. Bermry, G. Ahokas, R. Cleve, and B. C. Sanders, Comm. Math. Phys. 270, 359 (2007).
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Feynman 1982: Quantum Computer would efficiently
simulate dynamics of quantum systems.

BaCkgrou Nd Lioyd 1996: Formalized conjecture, assumed tensor

product structure, showed efficient algorithm.

Lie-Trotter [— ac 32
ATS 2003 /
. Ah . A. Ta-Shma, | 3 il . L
wantphi0301023 (2003, | | Graph Colouring = o< (d+1)* n®
. Lie-Trotter —= o P12
Childs 2004 | —
A. M. Childs, Ph.D. |
Thesis.. MIT (2004). \ Graph COIOUI'iIlg I el
l Lie-Trotter-Suzukij 1
th == oc 12k
Our Results / (k™ order) |
\ Deterministic [,
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Optimal in t; nearly constant in n

log*n 1s the height of the smallest .
) : 2
tower of powers of 2 that exceeds n: |[2

Je 216 — 65536

Our Results

so log™(65536) = 4.

Lie-Trotter-Suzukif

(k™ order) | —

P e e
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\.

Deterministic |,
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Lie-Trotter-Suzuki integrators
B H: sum of local Hamiltonians 7 = i H,
B Trotier (m—2): & = (e*117r gfiur eﬂlfi’;)i H=H+H,
B Number of steps for quantum computer N « /2

B Suzuki generalization of Trotter formula:

SN — HEH iA/2 H EH;A/z (4 41“&,_1})

3'=m

Sor(A) = [SZk—z(Pk)\)] Sok—2((1 — 4pr)A)[Sak—2(PrA)]?

B Suzuki proves for small A:

exp ZHj)\ — SOl € O SIS

j=1

Pirsa: 08010016 Page 35/191

M. Suzuki, Phys. Lett. A 146. 319 (1990); J. Math. Phys. 32. 400 (1991).




Lemma: Strict bound for Lie-Trotter-Suzuki

CXp [—iz‘i H ;] —
i=1

s [—1’ ‘s
| ¥

)

F

3 (2m5k_lqkr)2k+1

S k)

= txmjax”Hj“
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Lemma: Strict bound for Lie-Trotter-Suzuki

eXp [—itinj —
=1

sa(-

 §

¥

)

F

o (2m5k_lqk‘l')2k+l

S k)

= — txmjaxHHj“
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Lie-Trotter-Suzuki integrators
B H: sum of local Hamiltonians 7 = i ,
B Trotter (m=2): e~ (e®142r gH2tr e’HFi’;)F, H=H+tH,
B Number of steps for quantum computer N =« /2

B Suzuki genera]jzation of Trotter formula:

HeH = X2 H EHIA/._ (—l 41 4_,-’{—1})

B —

Sor(A) = [S%—E(Pk)\)] Sok—2((1 — 4pr)A)[Sax—2(PrA)]?

B Suzuki proves for small A:

b ZHA _ Sor (V|| € O BIRIA%

Pirsa: 08010016 Page 38/191

M. Suzuki, Phys. Lett. A 146. 319 (1990): J. Math. Phys. 32, 400 (1991).



Lemma: Strict bound for Lie-Trotter-Suzuki

CXp [—iti H fj —
i=1
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Lemma: Strict bound for Lie-Trotter-Suzuki

CXp [—itiﬂ' ;] =
i=1

< [—1’ ks
| ¥

)

F

<2

(2m5k_lqkz_)2k+1

S k)

= txmjax”Hj”
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Lemma: Strict bound for Lie-Trotter-Suzuki

exp [—z‘tinj g :S% [—z‘ 5}

r_

N

(2m5k_1 qﬁr)zkﬂ
<2
(2k+1)1r**

= txmjax”Hj“

k
g, — H (1_ 4p;c-)
E'=2

12m5° g, r/r<],

E (zmﬁk—l qkr)lkﬂ 51

2 (2k+1)r*
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Theorem: Simulation cost nearly linear in
time

m>5" (mq,t )H"Jﬂ(
Theorem: [N < k-

[(2k+1)1s]

for (2k+1)le<1<2m5'q,r

l :
Optimal choice of k: £ = > \/ log. [ = r]

& .

Then N <2m rexp [2\/1115 < In(mt/ z—:)}
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Simulation time cannot be sublinearin t

T'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = 7N /2
vithin precision 1/4 requires at least 7/27 queries to H.

A= - | | 0 | 0 0 |

1.5

|14)

|13} 0,3)

12) 10.2)
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Simulation time cannot be sublinear in t

I'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = w/N /2
vithin precision 1/4 requires at least 7/27 queries to H.

A 1 1 | 0 | 0 0 |

|16} [0.6)

irsa: 08010016 Page 44/191




Simulation time cannot be sublinear in t

I'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = w/N /2
vithin precision 1/4 requires at least 7/27 queries to H.

A= 1 1 | 0 | 0 0 |

1)

|14)

|13} 0,3)

12) 10.2)

Pirsa: 08010016 |]'1} 1] 0-} |£I,C'§i) ]B’l} Page 45/191



Simulation time cannot be sublinear in t

I'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = 7N /2
vithin precision 1/4 requires at least 7/27 queries to H.

A & | | 0 | 0 0 |

1)

|14)

1 LS} 1 9'3} y 7

1.2} 10,2)

Pirsa: 08010016 iu} |,-:|,g> |U’1} Page 46/191
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Simulation time cannot be sublinear in t

IF'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = 7N /2
vithin precision 1/4 requires at least 7/2mw queries to H.

I15)

|14)

|13} 0,3)

|1.2) 10,2}
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Simulation time cannot be sublinear in t

I'heorem: For all positive integers N there exists a row-computable 2-sparse
Hamiltonian H such that simulating the evolution of H for scaled time 7 = 7N /2
vithin precision 1/4 requires at least 7/27w queries to H.

1)

|14)

|13} 0,3)

1.2 0.2

Pirsa: 08010016 IU} ; |ﬂ,g> ]El,'l} Page 48/191
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Lemma (decomposition of H unknown)

1 decomposition H = ZH; with each H | 1-sparse.
=

such that m = 6d-. and each query to any H  can be

simulated by O(log n) queries to H.

Pirsa: 08010016



Graph associated with /7

Connect x to y, (x) with
an edge of weight ¢, (x)
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Graph associated with //

Connect x to 1, (x) with
an edge of weight ¢, (x)

- »

A

irsa: 08010016 Page 51/191




Graph associated with //

Connect x to y, (x) with
an edge of weight ¢, (x)
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Symmetrically labeled graphs
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Symmetrically labeled graphs

A
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Symmetrically labeled graphs
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Graph associated with //

Connect x to y,. (x) with
an edge of weight ¢, (x)

irsa: 08010016 Page 56/191



Non-symmetric case

Modify labeling to be symmetric (with an overhead cost)
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Non-symmetric case

Modify labeling to be symmetric (with an overhead cost)

O - () withx<y
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Non-symmetric case

Modify labeling to be symmetric (with an overhead cost)

O™ b@ with x <y

®(a, b) (a, b) @

irsa: 08010016 Page 59/191



Non-symmetric case

Modify labeling to be symmetric (with an overhead cost)

O E () withx<y

We now have d- labels

1,b) (a, b ,
@2 CPE)  instead of d labels, but
a symmetric |labeling

Example:

@ 1 % I e

1(z) withz<y

irsa: 08010016
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Non-symmetric case

Modify labeling to be symmetric (with an overhead cost)

O = () withx<y

We now have d- labels

1,b) (a, b ,
®(u — )@ instead of d labels, but
a symmetric |labeling

(1.2)
Example: | 1 (=)

with z <y

irsa: 08010016
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Graph with monochromatic paths
. 1

-

®

|
5 ‘I-
2 ( —+—=C ()
- M !
¥ |
- - 3

e
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Graph with monochromatic paths
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Graph with monochromatic paths

2
3
() :
3 3

To break up the paths, we increase the number of colours
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E<y<Z<W “‘Deterministic coin-tossing”
R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).
®

(a. b,

®

(a,b, 010

“‘d‘

\
=z Example: y=01000101
(@b |z z=01101101
v Then y'=(010,0)
(a.b, |w
= n

I QUES. LIS

Page 65/191



Es)sIswW “Deterministic coin-tossing”

R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).
©, ®
(a.b, |x X'
® G
{7 b ¥ ¥ f u:r‘1ir 0
@ G Example: y=01000101
(@b, |z z! z=01101101
O, O, Then y'=(010,0)
(a.b, |w w'
=" I

:) I Qrg: [;§1001p ltS Page 66/191



X<Y<Z<W “‘Deterministic coin-tossing”

R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).

©, ®
ab, |x X

o) o) y' < (1, y) wherei=min{j:y#z;
(a,b, | ¥ > |y ”f

© / © Example: y=01000101
(@.b, |z ! z=01101101

) ) Then y’'=(010,0)
(a.b, |w w'
2o i1
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X<y<zZ<Ww “Deterministic coin-tossing”

R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).
® ©,
(@b, |x x'
G G
\a,b, |y ¥ "
& G Example: y=01000101
(ab, |z i z=01101101
) ) Then y'=(010,0)
(a.b, |w w'
2 N
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Graph with monochromatic paths

=
3
3 o
3 3

To break up the paths, we increase the number of colours
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X<y<Z<Ww “‘Deterministic coin-tossing”
R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).

(a.b

@

(a,b, 010

“‘d
-

v
&) Example: y=01000101
(@b |z z=01101101
) Then y’'=(010,0)
(a.b, |w
2 N

I QUES, LIS
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Esysa=w “Deterministic coin-tossing”

R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).

® ®
ab, |x x'

@ @ y'< (@, y,), wherei=min{j: Vi# )
(a.,b, ¥ > |y f ui 0

© / © Example: y=01000101
(@b, |z - z=01101101

o) D Then y’=(010,0)
(@b, |w w'
= n
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K2y <ZsW “‘Deterministic coin-tossing”

R. Cole, U. Vishkin, Inform. and Control 70, 32 (1986).

© ©,
(a.b, |x > | x'

o) o) y' €< (@.y) wherei=min{j:y#z;
@b, |y - |5 v

© / © Example: y=01000101
(a.b, |z > |z z=01101101

@ /@ Then y'=(010,0)
(a,b, |w > | W'
2o B log(n)+1
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Breaking up the paths Il

©, ® ©)
a.b X > | x' = | x''
- S - WPt
(a.b, |y > |y > |y
(a.b, |z > |z b
®» _—® @
(a.b, W > | W' = | w'"
22 B log(n)+1 log(log(r1)+1)+1

JIQUILS,.PItS bits bits
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Breaking up the paths Il

CD 6 G’) C*c)
i_-ﬂ'.b, X > | x' - | x" e !
Q@ _—@ —~@ _— ¢
';_ff._.b, } . 1_1" > | ' R J,I'H'
=) / © @ / c
(a.b, D —- zr - :” b= :rn
@ ® @i
(a.b, W > | w' L e W'
2o W log(ry+1 log(log(m)+1)+1 6 chancenis

JlQUIES,.PItS bits bits
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Breaking up the paths Il

O(log*(m))

© © ® terations @)
':_-ﬂ'.b1 > > | x' > | x'' S x'"

@ @ o 7 ¢
(a,b, |y > |3 > |y - ... ki
(a.b, I —— | T > | ' i S

® ® ® - ®
(a.b, W = | W' o | 3" St '
zZ9* N log(n)+1 log(log(r2)y+1)+1 & Eancuis

IQUIES,. LIS bits bits
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[heorem: The number of black-box calls for given & is

Ni € O ((log" n)d?5%(d2qur) /2% /[(2k + 1)1¢]"/2*)

vith log™ n = min{r| log(;) n < 2} (the (") indicating the iterated logarithm).

ketch of Prootf:

= of H s 18 m=6d> Need to call the black-box O(log'n) times for each -
i - = o

Substituting into theorem for upper bound on N gives result.
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Summary

B We use the Lie-Trotter-Suzuki integrators for scaling
close to linear in the evolution time, £.

B Simulations sublinear in f are impossible.

B We place an upper bound on the number of steps
needed, rather than just giving the scaling. This
allows us to estimate the optimal order, k.

B For sparse Hamiltonians we show how to decompose
them with scaling close to constant in the number of
qubits, 7.
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Types of phase

m Single-mode phase

Input state |?\ ' —> | Poc

m Interferometric phase

Vi = N
e

h
put sta’L‘




Single-mode phase
Input state 'E ’ = @

B |he canonical phase measurement is givesl

P ‘”’9 ye= TI‘LL?F{ fﬁ 3]

where

l | . | . l‘ o

&K £
Fil ] %
77 5

f'L |

i

it A

m If there is an upper limit NV on th;photon number, the
optimal state has phase uncertainty?

I & Y =
A@= tan | ‘
' \ AN+ A

" U. Leonhardt ef al, Phys. Rev. A 51, 84 (1995).
2G. 5. Summv and D. T. Peda Oot. Comm. 77. 75 (1990).




Single-mode phase

Input state ,f--*” = \\ E"’ ‘i'jest
Here Ad¢ 1s the square root of the Holevo
. phase variance
® The canoni E
This is equivalent to the usual standard
where - deviation for narrowly peaked distributions.

y
H ”’H It also satisfies the uncertainty principle

AnAg>1/2 4

_-number, the

m [f thereis an- S

L

optimal state hat _ase uncertainty?

,.-ff

&= - \ e

A :;_Z-r’.? = 1an

' U. Leonhardt ef al, Phys. Rev. A 51, 84 (1985).
2G. 85 Summv and D. T. Peda. Oot. Comm. 77. 75 (1990).




The Heisenberg limit

The Hmsenberg uncertainty prmmple g1ves

AnA¢ >1/2

where

This implies the lower bound for scaling of the phase uncertainty

A@ > —
2An
For an upper limit on the photon number, NV,
N 2 An
SO .1
AQ 22—

The exact limit 1s

A@ 2 tan|

iy L
' 4. ¥

-

\ {Zfl‘: — |“ {{_’: ¢ “ i _l




The standard quantum limit
.

= {Y?: 2 s @

(X y=2acos¢

m The uncertanrty prﬂlc‘iple gﬁ*&-s

A BT A LT
AX AY >1
B For coherent states
2 AX =AY =1
# s  Estimatmge ¢ by measurme ¥ gIves the
mn:ert;mltj:

i 1
AQ = S —
L0 2 i)
" ._ = —-“'lll 'l'.. ¥ -’.'.




The Heisenberg limit vs
the standard quantum limit

m The standard quantum limit (SQL) 1s
A@ o 1 JN

m The fundamental limut 1s the Heisenberg limit of
Ag I/ N




The Heisenberg limit vs
the standard quantum limit

m The standard quantum lumit (SQL) 1s

m The fundamental limut 1s the Heisenberg limit of
Agp <cl/N




The Heisenberg limit vs
the standard quantum limit

m The standard quantum limit (SQL) 1s

m The fundamental limut 1s the Heisenberg limit of
V =(Ag)” o 1/ N°




Dyne measurements

® Phase 1s measured relative to a local oscillator.
This 1s a “dyne” measurement.

m Heterodyne — linear variation of 6.

m Homodyne — & close to ¢.

Input state @ / ':
o0

Local oscillator




Adaptive phase measurements

m The results dufing the measurement are used to obtain an

estimate of the phase.

B That estimate of the phase i1s used to feed back to the local

oscillator phase to appro:cimate a homod}-*ﬂe measurement.
\‘\

‘\\ -

Input state \?I / "" /”ﬁ

¥

%‘f processor

Local oscillator



Adaptive phase measurements

The difference of the photocounts, gives the photocurrent

on (t)—on (1)

-
DT

We then define the quantities, in terms of scaled time v,

_f_ — !*_L" I::f .nl'f.'.‘:.i-::: s \ f;?f._ __;_"1_; e 1 ;:"_ il (-f‘j:r
We also use the quantity
{_“-\ — ‘_—Jr_"',— E :_—j_ '

The POVM for the measurement 1s?

-

i Y 1 Ty e Ty i F.
G(A.B)=0(A.B) w(A,B5), y(A B)
. r 4 S ’ -

Probability distribution for '
vacuum state.




Adaptive phase measurements

B The results during the measurement are used to obtain an
estimate of the phase.

B That estimate of the phase 1s used to feed back to the local

oscillator phase to approximate a homod:me measurement.

‘\\
Input state \?I / ""f/’ =

| g(t) }1( processor

Local oscillator



Adaptive phase measurements

The difference of the photocounts, gives the photocurrent

o o - on (f)—on (1)
01 )= 111N 111M
df—l §—=10 .‘.i'_f{_ 1][‘

We then define the quantities, in terms of scaled time v,
A= L’@,\;; e du, B =—1e¢ dn

We also use the quantity

The POVM for the measurement is?

& b, T i x| .o oy TN 3 Bt
(A B)=0(A4.8)|lytd. 5)iyl4d B5)
| L =

——

Probability distribution for w(A4,B))=exp[;B(a ) +4a ]|0
vacuum state.

e —— pr— - R LN S
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