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Abstract: In this talk, we will investigate the distinguishability of quantum operations from both discrete and continuous point of view. In
discrete case, the main topic is how we can identify quantum measurement apparatuses by considering the patterns of measurement outcon
continuous case, we will focus on the efficiency of parameter estimation of quantum operations. We will discuss several methods that can
Heisenberg Limit and prove in some other cases the impossibility of breaking the Standard Quantum Limit. The general treatment of estime
guantum operations also allows an investigation of the effect of noise on estimation efficiency.
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Quantum Postulates
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State Distinguishability

s State |¢y) and |1¢)y) are perfecily distinguishable if and
only if [¢p) L [¢1).
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State Distinguishability

s State |Ug) and |¥),) are perfectly distinguishable if and
only if [g) L |¢).
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State Distinguishability

s State |¢g) and [¥)y) are perfectly distinguishable if and
only if |¢g) L |1).

o _ 1= VI[P
e@ar 2 b

s Never perfect with finite copies

[e)®"™ vs. |¢)®"
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State Distinguishability

State |vg) and |¢y) are perfectly distinguishable if and
only if 1) L |¥1).

p* — = \/1 — [{@ol¥1) |2
e 2 F

Never perfect with finite copies
[%0) =" vs. |¥1)®"

Any two different unitary operations are perfectly
distinguishable

5/ 42
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State Distinguishability

State |1g) and |¢) are perfectly distinguishable if and
only if () L [¢).

e _ 1= /T~ [P
err 2 i

Never perfect with finite copies

[Wo) %™ vs. |1)®"

Any two different unitary operations are perfectly
distinguishable w
Acin and D’ Ariano et al. 2001
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Distinguishing Unitary Operations

Lemma 1. Uy, U, are perfectly
— R distinguishable using the circuit
on the left iff there exists a p
such that

Up /U1 Discrimination

tr(pUgUy) = 0
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Distinguishing Unitary Operations

Lemma 1. Uy, U; are perfectly
—R—— distinguishable using the circuit
on the left iff there exists a p
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Up /U7 Discrimination

tr(pUlU;) =0

For Up # U, UJUI has at least two t
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Distinguishing Unitary Operations

Lemma 1. Uy, U are perfectly
— distinguishable using the circuit
on the left iff there exists a p
such that

Ug /U7 Discrimination

tr(pUgU;) = 0

For Uy # clUy, ULU, has at least two t )
different eigenvalues. -
o
UiUy =Y €“5a; )(w51. | 1
J

Goal: 0 is in the convex hull of €%
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M; : {Q..}.
Recover the lost label “0” or "1".

Quantum Postulates
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M, : {Q,.},
Recover the lost label “0” or “17.

Quantum Postulates
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,,} or M; : {Q.,.}.
Recover the lost label “0" or “1".

Example 1. My =0.vs. M, =0,
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M; : {Q,.}.
Recover the lost label “0” or "1”.

Example 1. M; =0.vs. M, =0,

Recipe:
00) — |11)
vz

2. Measure the unknown apparatus on both qubits;
3. The label is “0" if two outcomes are the same

and “1" otherwise. -

1. Prepare state
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M, : {Q,.}.
Recover the lost label “0” or “17.

Example 1. My =0.vs. M, =0,

Recipe:
00) — |11)

1. Prepare state

V2
2. Measure the unknown apparatus on both qubits;
3. The label is “0" if two outcomes are the same

and “1" otherwise. e

08y —8) 3 +—8)

V2 V2
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M, : {Q,.}.
Recover the lost label “0” or “17.

Example 2. My = 0. vs. M} = |tg){(¥g| — |¥01) (11| where

i) vn—1[0) + [1)
oy = 10 = V=TI
vn
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,,} or M; : {Q.,.}.
Recover the lost label “0” or “1".

Example 2. My = 0. vs. M; = |g){(¥g| — |¥01) (1| where

|’£ﬁ-"[}} _ Vi — IIO) T fl)
L J.n ¥
I _|0)_v“—1fl)
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Distinguishing Measurement Apparatuses

Measurement M is either M, : {P,.} or M; : {Q.,.}.
Recover the lost label “0” or “1”.

Example 2. M; = 0. vs. M; = |¢g)(¥o| — |¥01)(¥1] where

o) = vn—1|0) + |1) ‘
=
|'¢’1) o |0) [ V:;%_ 1E1>.

Recipe:
= o
1. Prepare n-qubit W state;
2. Measure the unknown apparatus on every qubits;
3. The label is “0" if there is exactly one “—1" in the outcome

and “1" otherwise.
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Completely Projective Measurements

M - {lﬂf’M)(@ml} vs. M, : {Iwm><wm|}
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Completely Projective Measurements

My : {|0m){(Om|} vs. M, : {|¥vm){(¥m]|}- Define
V= ((Q:hﬁu))

_‘?/A i Theorem 1. My and M, are perfectly distin-
guishable with the circuit on the left iff there

exists a density matrix p such that pV' has zero
diagonal.
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Completely Projective Measurements

M, : {Ifbm)(@ml} vs. M, : {lc‘[’m)(t"’mu Define
V = ((¢:l¥;)

_‘?/7&_ Theorem 1. My and M, are perfectly distin-
guishable with the circuit on the left iff there

exists a density matrix p such that pV' has zerg
diagonal. W
Up vs- UF

&
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Completely Projective Measurements

My : {|0m){(Om|} vs. My : {|¥om){¥m]|}- Define
V = ((¢il¥;).

L8 ?/710\__ Theorem 1. Ay and M, are perfectly distin-
guishable with the circuit on the left iff there

exists a density matrix p such that pV has zerg
diagonal.
U Vs UV

> Theorem 2. A, and M, are perfectly distin-
—— /7{ —_ guishable without ancilla iff there exéts a pure
state (&) such that |£) (E|V has zero diagonal.
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Completely Projective Measurements

My : {|0m){Om]|} vs. M : {|¥) (¥]}. Define
V = ({e:l¥;)-

‘?/7& Theorem 1. My and M, are perfectly distin-
guishable with the circuit on the left iff there

exists a density matrix p such that pV has zen
diagonal. 13 tr(_Pv) =0
e ¥ YV

s Theorem 2. M, and M, are perfectly distin-
—— /—7& = guishable without ancilla iff there exddts a pure
state |£) such that |£)(£|V has zero diagonal.

Theorem 3. My and M, are perfectly distin-
guishable without ancilla iff matrix V has a
zero principal minor.
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Single Qubit Case

My : 0. vs. M, : cosfo. + sinfo,.

L a b f .
‘f—[b -a] a—cmi..,b—smi.
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Single Qubit Case

My : 0. vs. M, : cosfo. + sinfo,.

(SRR

—da

’ a b 6 !
V—[b ] a—cm—iﬁb—m

o
1)
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Single Qubit Case

Mg :0. vs. My : cosfo., + sinfo,.

- a b o .6
V _[b -a] a—cﬂsi?b—mni.

Analysis of Example 2.
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Single Qubit Case

My : 0. vs. M : cosfo., + sinfo,.

a b 6 -
i [b —a] .-
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Single Qubit Case

Mg : 0. vs. M; : cosfo. + sinfo,.

L a b f L 00
V _[b —a] a=cos—.b= 1115.

Analysis of Example 2.
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Single Qubit Case

My :0. vs. M, : cosfo. + sinfo,.

N{I )

N O 6 7
V _[b -a] a—cosjz-,b—bm

Analysis of Example 2.
The (k, [)-th entry of V®" is (—1)= (ki) gn—dkhpdikl)
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Single Qubit Case

Mg : 0. vs. My : cosfo. + sinfo,.

LI e 0 6 k.
P—[b ] a—m)s?b—m

(BRI

Analysis of Example 2.

The (k, I)-th entry of V®" is (—1)=(F)gn—dEhpdkl)
Define index set W = {j | w(j) = 1}.
V®” |13~ has —a™ on the diagonal and a"2b* elsewh&re.
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Single Qubit Case

Mg : 0. vs. M, : cosfo. + sinfo,.

— & & y W
P—[b -a] ﬂ—(fﬂﬁg?b—bl]l

Analysis of Example 2.

The (k, 1)-th entry of V@ is (—1)w(F)gn—dkhpdkl)
Define index set W = {j | w(j) = 1}.

VE® |37 has —a™ on the diagonal and a"%b elsewh&re.
It is singular if a® = (n — 1)b°.
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Single Qubit Case

Mg : 0. vs. M; : cosfo. + sin fo,.

; a b 0 ey
V _[b -a] a—cm?b—ami.

Analysis of Example 2.

The (k. [)-th entry of V®" is (—1)= (&l gn—dlklpdikl)
Define index set W = {j | w(j) = 1}.
V®® |37 has —a™ on the diagonal and a™%b* elsewh&re.
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Single Qubit Case

Mg : 0. vs. M; : cosfo. + sinfo,.

b a b f e
V _[b -a] a—cmé-?b—bmé—.

Analysis of Example 2.

The (k, 1)-th entry of V®" is (—1)=(FDgn—dkhpdkl)
Define index set W = {j | w(j) = 1}.

V®” |37 has —a™ on the diagonal and a"%b° elsewh&re.
It is singular if a* = (n — 1)b°.
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Single Qubit Case: Optimal Solution

Goal: Find the smallest possible n, such that there exists p,
pV =™ has zero diagonal.
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Single Qubit Case: Optimal Solution

Goal: Find the smallest possible n, such that there exists p,
pV =™ has zero diagonal.

V:[{I b] a=COSE_,b=SiﬂE.
b —a 2 2
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Goal: Find the smallest possible n, such that there exists p,
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Single Qubit Case: Optimal Solution

Goal: Find the smallest possible n, such that there exists p,
pV®™ has zero diagonal.

V:[{1 b] 8 —Cco8—. 0—8n—
b —a 2

Lower Bound

pVE %" also has zero diagonal and therefore zero
trace. Vo, has eigenvalue e=%/2 -

irsa: 08010015 Page 47/189

11 / 42



irsa: 08010015

Single Qubit Case: Optimal Solution

Goal: Find the smallest possible n, such that there exists p,
pV =™ has zero diagonal.

7 b azcosﬁ__bzsing.
b 2 2

Lower Bound

pVEa®" also has zero diagonal and therefore zero

trace. Vo, has eigenvalue e=?/2 @

Reduced to the case of unitary discrimination.

Lower Bound: n > [7/0].

11/ 42
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Single Qubit Case: Optimal Solution

Construction of n = [7/6]
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Single Qubit Case: Optimal Solution

Construction of n = [7/#]

1. Define E, ={j | w(j) iseven,0 < j < 2"}, and
state |E,) = Y _ (—1)"93j)/v21.

J€En
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Single Qubit Case: Optimal Solution

Construction of n = |7 /6]

1. Define E, ={j | w(j) iseven,0 < j < 2"}, and
state |En> = Z (_l)w{j]/2|j>/, [on—1

J€En

2. The j-th diagonal element of |E, ) (E,.|V®" is O if
j & E,, and =

COS = otherwise.

1
21'1—1
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For j € E,, the j-th element of |E,)(E,|[V®" is

1 Z(_1)w(j-k)an—-&(j,k)bd(j.k)(_1)(1ﬂ'{j}+ﬁ?(k)}/2

—1
2" k=sE,

w(j) +w(k) =d(j, k) +2w(j - k)
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For j € E,,, the j-th element of |E,)(E,|[V®" is

- =Y (1) R grdG Rl R) (el
s keEn
1 n—d(j d(j.k d(j.k
= = Z a”—20-k) pd (s )(_1) (5.k)/2
= keEn

w(j) +w(k) =d(j, k) +2w(j - k)
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For j € E,, the j-th element of |E, )(E,|V®" is

1 wl 7-k) n—d(3.k) pdi7.k s Y/
on—1 Z (—1)wl-R) gn—dGR) pdlik) (1 )(wli)+w(k))/2
keEy,
! n—d(j.k) pd(3.k d(j.k
— 2"’_1 Z a (Jvk)b {J. )(_1) {J__ }f‘g
keEn

= ‘)"1_1 i Z an—lbl(_l)llf:!

(=0 ksEn d(j.k)=l
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For j € E,,, the j-th element of |E,)(E,|[V®" is

irsa: 08010015

- =Y (1)) g ) (1) )+ k)2
2“._
keEn
Il 1 : Z o —3GR) bd{j,k}(_l)d{j.k}f2
keEn

£ m]'_l i Z an—lbl(_l)I/Z

=0 keEn.d(j.k)=l

)
L=l 2 i . & 1] né
s 2.6 (1)‘“ i =L

[ is even
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Single Qubit Case: Optimal Solution

Construction of n = |7 /6]

1. Define E, ={j | w(j) iseven,0 < j < 2"}, and
state |En> - Z (_I)WU)/2|j>/1 [on—1

JE€EEn

2. The j-th diagonal element of |E,.)(E,.|V®" is O if
j & E,, and e

COS - otherwise.

1
om—1
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Single Qubit Case: Optimal Solution

Construction of n = [7/6]

1. Define E, ={j | w(j) iseven,0 < j < 27}, and
state |E,.) = Y~ (—1)*92)j)/vV21,

J€EEnR
2. The j-th diagonal element of |E,)(E,.|V®" is 0 if
1 L
j € En and —— cos HT otherwise.
3. Define a partition of E,: Bre. B

irsa: 08010015 Page 58/189

14 / 42



Single Qubit Case: Optimal Solution

Construction of n = |7 /8]

1. Define E, ={j | w(j) iseven,0 < j < 2"}, and
state |E,) = Y * (—1)*92)j)/v21,
J€EER
2. The j-th diagonal element of |E, ){(E,|V®" is 0 if
j & E, and e

608 —- otherwise.
3. Define a partltlon of B ELE . ___E
E! consists binary strings wrth sufﬁx 0, Eﬁ with

suffix 11, and E3 with suffix 101, &
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Single Qubit Case: Optimal Solution

Construction of n = |7 /6]

L

: 08010015

Define E,, = {j | w(j) is even,0 < j < 2"}, and
state |En> s Z (_l)w(j’)/‘zlj>/, fon—1
J€En
The j-th diagcmal element of |E,)(E,|V®" is 0 if
6
] € E, and - COS n7 otherwise.
Define a partltlon of B - ELE. ___FE>

E! consists binary strings wrth sufﬁx 0 E? with
suffix 11, and E? with suffix 101, &
Define a series of states |E}) = |E,.,_1)[0),

|EZ) = |En2)|11), ..., |E7) = [1)|0)®"?|1).

14/ 42
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Single Qubit Case: Optimal Solution

Construction of n = [7/6]

L

irsa: 08010015

Define E, = {j | w(j) is even,0 < j < 2"}, and
state |E,) = Y (—1)*972j)/v/2n—1,

J€EEn
The j-th diagonal element of |E,.)(E,|V®" is O if

4

j &€ E, and 0n1_1 COS n? otherwise.
Define a partition of E,: EL E2 ... E™.
E! consists binary strings with suffix 0, E? with
suffix 11, and E? with suffix 101, . ... =
Define a series of states |E}) = |E,.—1)|0),
|E7) = |En2)|11), ..., |ER) =[1)|0)®"2|1).
|EXY(E*|V®™ has positive diagonal on E*.

14 / 42
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Single Qubit Case: Optimal Solution

Construction of n = |7 /4]

: 08010015

L

Define E, = {j | w(j) is even,0 < j < 2"}, and
state |En> i Z (_l)w(j)fi’[j)/, /om—1

J€ER
The j-th diagonal element of |E,){(E,|V®" is 0 if
1 né

1€ E, and =
Define a partltlon of B B E. ___E>

E! consists binary strings wrth sufﬁx 0 E? with
sufﬁx 11, and E3 with suffix 101, -
Define a series of states |E!) = |E _1)|0),

| = | Ba2)11), - ... |ER) = [1}0)y®*1).
|EXY(E*|V®" has positive diagonal on E*.
Choose p to be a convex combination of |E,)(E, |

and all |E*)(E¥*|’s.

14 / 42

COS 7 otherwise.
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Single Qubit Case: Optimal Solution

My : 0. vs. M; : cosfo., + sin fo,.

. la b 6 .
W= [b -a] a—cﬂs?b—

=
SIS
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Distinguishing Projective Measurements
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.

My : {P.,.}, M, : {Q,.} and assume P, # Q;
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.

My:{P,.}. M, : {Q,.} and assume P, # Qi

Recipe: — P b PRl

irsa: 08010015
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.

My : {P,.}. M, : {Q,.} and assume P, # Q;

Recipe: — PRl Bat Pl

1. Prepare |t') € P, and measure;
2. If not resulting in k£, output “1”, exit;
3. Apply U such that UP,.U" = P. and
UQU" 1 Qx: o
4. Measure again, output “0” if the out-
come is k again and “1" otherwise.
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.

My :{P.}, M, : {Q,.} and assume P, # Q;

Recipe: — ARHU AA—
1. Prepare |¢v') € P, and measure; Qx
2. If not resulting in k, output “1”, exit; j=
3. Apply U such that UP,U' = P, and
UQU' L Qs o

4. Measure again, output “0” if the out-
come is k again and “1" otherwise.

T

irsa: 08010015 Page 69/189

16 / 42



Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always
perfectly distinguishable.

My : {P,.}. M, : {Q,.} and assume P, # Q;

Recipe: —AHT A
1. Prepare ') € P, and measure; Qx
2. If not resulting in k, output “1", exit; P
3. Apply U such that UP,U" = P and
UQU' 1 Q; o

4. Measure again, output “0” if the out-
come is k again and “1" otherwise.

L~

Lemma 2. Let r be the same rank of P, and Q. Such a U
exists if || PxQx|| < 1/V2 and d > 3r.
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Distinguishing Projective Measurements

Theorem 4. Different projective measurements are always

perfectly distinguishable.

M, : {P.}, M, : {Q,.} and assume P, # Q;

Recipe:

A

U

e —

The use of post-measurement state can be avoided.

irsa: 08010015

A

A—
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Comparison

State Distinguishability
= Only orthogonal states are perfectly distinguishable.
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Comparison

State Distinguishability
s Only orthogonal states are perfectly distinguishable.

Operation Distinguishability

= All unitary evolutions are perfectly distinguishable.
s All projective measurements are perfectly
distinguishable.
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Comparison

State Distinguishability
= Only orthogonal states are perfectly distinguishable.

Operation Distinguishability

All unitary evolutions are perfectly distinguishable.
s All projective measurements are perfectly
distinguishable.
= Some (not all) non-unitary evolutions are
perfectly distinguishable. .

M : p — tx(pP)|0)(0] + (1 — tr(pP)) |1)(1]
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Parameter Estimation

s Iry to know to some precision an unknown parameter of a
state or a system.

Pirsa: 08010015 Page 76/189

19 / 42



Parameter Estimation

s Iry to know to some precision an unknown parameter of a
state or a system.

s Parameter: length, angle, time, ..., or something
abstract.
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Background and Applications

s Classically, Parameter Estimation is a central problem in
mathematical statistics.
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Background and Applications

s Classically, Parameter Estimation is a central problem in
mathematical statistics.
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s Quantum Parameter Estimation
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Background and Applications

s Classically, Parameter Estimation is a central problem in
mathematical statistics.
s Quantum Parameter Estimation

e Quadratic speedup
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Background and Applications

ma Classically, Parameter Estimation is a central problem in
mathematical statistics.
s Quantum Parameter Estimation

e Quadratic speedup
e Applications (Parameter estimation in disguise)
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Classical Estimation Theory

Given X ~ f(z:#), a sample x, x5, .. ., xy of size N.
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Classical Estimation Theory

Given X ~ f(z:8), a sample z1,z5,..., x5 of size N.

&

Find an estimate é(:::l,:rg, ..., xy) of parameter §.

THE Bias PROBLEM
p-coin: Pr(head) = p, Pr(tail) = 1—p.
flp=rli—p—

Estimate p after NV tosses.
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Classical Estimation Theory

Given X ~ f(z:60), a sample z1,z5,...,zy of size N.

Find an estimate é(rl,xg, ...,xy) of parameter §.

THE BiAs PROBLEM

p-coin: Pr(head) = p, Pr(tail) = 1—p.
flz:p)=p"1—p)'—

Estimate p after N tosses.

ﬁ:ixi/N

t=1
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Classical Estimation Theory

Given X ~ f(z:8), a sample z1, x5, ..., zN of size N.

Find an estimate Gﬂ(;r:h Zs,....xy) of parameter 6.

THE BIAS PROBLEM

p-coin: Pr(head) = p. Pr(tail) = 1—p.
flz:p)=p"(1—p)—

Estimate p after NV tosses.

N
ﬁzzxi/N
i=1

How to construct and evaluate an estimate?
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Classical Estimation Theory

1. How to construct various estimators.

Method of Moments
Maximal Likelihood Estimator (MLE)

Bayes Estimator
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Classical Estimation Theory

1. How to construct various estimators.

a Method of Moments

s Maximal Likelihood Estimator (MLE)
un

&

Bayes Estimator

2. How to evaluate different estimators.

s Unbiased, Consistent
s Mean Squared Error (MSE)

MSE: E[(6 — 6)%], RMSE = MSE"/%. 8
Sample mean p can be derived from both the Method of
Moments and the Method of Maximal Likelihood.

It is unbiased, consistent, and with MSE p(1 — p)/N.
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The Cramér-Rao Bound

Theorem 5 (The Cramér-Rao Bound). For unbiased
estimator 6(z,xs,....2ZN),

1
NI@)

E(@—-6)" >

Here J(0) is the Fisher information defined as

J(8) = E[%ln FIX: 9)] 4

where X ~ f(z:0). «
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The Cramér-Rao Bound

Theorem 5 (The Cramér-Rao Bound). For unbiased
estimator (xy,x>,....xN),

1

E@—8) > NJ(6)

Here J(8) is the Fisher information defined as

J(8) = E[%]n f(X:&)]z,

where X ~ f(x;0). o

= In THE Bias PROBLEM, J(p) = [p(1 —p)]_l.
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The Cramér-Rao Bound

Theorem 5 (The Cramér-Rao Bound). For unbiased
estimator (x4, 5. . . ., rN),

1

A 2
E(6—6) > NJ@)

Here J(#) is the Fisher information defined as

J(8) = E[% In f(X: 9)]2,

where X ~ f(z:0). o

= In THE Bias PROBLEM, J(p) = [p(1 —p)]_l.
Large sample theory of Fisher.
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The Cramér-Rao Bound

Theorem 5 (The Cramér-Rao Bound). For unbiased
estimator 8(x{,x>,...,Zx),

1
NI@)

E(@—-6)">

Here J(0) is the Fisher information defined as

J(8) = E[%ln f(X:Q)r,

where X ~ f(z:0). Y
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The Cramér-Rao Bound

Theorem 5 (The Cramér-Rao Bound). For unbiased
estimator 6(x{,x5,....ZN),

1
NI@)

E(6—-6)" >

Here J(8) is the Fisher information defined as

P 2

J(8) = E[ﬁm f(X.e)] ,
where X ~ f(x:0). Y
The convergence rate of the RMSE is Q) \/I_T)
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Quantum Parameter Estimation

State Estimation State py is parametrized by # € ©.
Estimate # using N copies of the state, pg"N.
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Operation Estimation Quantum operation & is
parametrized by # € ©. Estimate 6 by using the
operation N times.
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Quantum Parameter Estimation

State Estimation State pg is parametrized by # € ©.
Estimate # using N copies of the state, p?”.

Operation Estimation Quantum operation & is

parametrized by # € ©. Estimate 6 by using the
operation N times.

Quantum Detection and Estimation Theory

Helstrom, 1976

&
Probabilistic and Statistical Aspects of Quantum Theory

Holevo, 1982
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Quantum Cramer-Rao Bound

Theorem 6 (The Quantum Cramér-Rao Bound). For
unbiased estimator 6 of pi"

y 9 ) |
E6-9) = NJ®) (1)

Here J(8) is the quantum Fisher information defined as

7(6) = tr(p'L, (). (2)
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Quantum Cramer-Rao Bound

Theorem 6 (The Quantum Cramér-Rao Bound). For
unbiased estimator 6 of pj"

1
NJ®) (1)

E(6-6)" >

Here J(0) is the quantum Fisher information defined as

1(8) = tr(s'L,(e))- (2)
Let p =) . pili)(i|; £, is the superoperator
2

= % e Oji|7) (k|- (3)
Uikips+pa0} ©7 T EF
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Quantum Crameér-Rao Bound

Theorem 6 (The Quantum Cramér-Rao Bound). For
unbiased estimator 6 of p?“ ;

1

Here J(8) is the quantum Fisher information defined as

1(6) = tr(p'L,(). (2)

&

The convergence rate of the RMSE is Q(\%_\_)
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Quantum Cramer-Rao Bound

Theorem 6 (The Quantum Cramér-Rao Bound). For
unbiased estimator 6 of pj”

1
NJ() (1)

E(@—#6) >

Here .J(8) is the quantum Fisher information defined as
J(0) = tr(p'L,(¢))- (2)

Standard Quantum Limit (S QL)
1
VN

The convergence rate of the RMSE s ()

)
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Quantum Cramer-Rao Bound

Theorem 6 (The Quantum Cramér-Rao Bound). For
unbiased estimator 6 of pi"

1
NJ®) (1)

E@—-6)" >

Here .J(8) is the quantum Fisher information defined as
J(0) = tr(p'L,(F))- (2)

Standard Quantum Limit (SQL)

The convergence rate of the RMSE is Q(%)

Heisenberg Limit (11 )

: 08010015 Page 111/189
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Superefficient Phase Estimation

Problem: Estimate # € [0.1) of Uy = [é 622'*3] ;
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Superefficient Phase Estimation

Problem: Estimate 6 € [0.1) of U = [é EQ‘LQ] .

s Equivalent to general phase estimation (Eigenvectors are
independent with the parameter).
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Superefficient Phase Estimation

Problem: Estimate 6 € [0.1) of Up = [3 e;ig] .

s Equivalent to general phase estimation (Eigenvectors are

independent with the parameter).
s Estimation of SU(d). Kahn. PRA 2007.
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Superefficient Phase Estimation

Problem: Estimate 8 < [0, 1) of Up — [; 82?,,.9] |

s Equivalent to general phase estimation (Eigenvectors are

independent with the parameter).
s Estimation of SU(d). Kahn, PRA 2007.

Two Different Ways
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Superefficient Phase Estimation

Problem: Estimate # € [0.1) of Uy = [(1) 82219] :

s Equivalent to general phase estimation (Eigenvectors are

independent with the parameter).
s Estimation of SU(d). Kahn. PRA 2007.

Two Different Ways

1. Covariant Method
Holevo

O
Rudolph and Grover

2. Amplification Method
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Covariant Method

N
1. Prepare Input > ai|k)
k=0

irsa: 08010015

27 / 42

C’l—_ Ug = D"
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O— Ug — Dv
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Holevo's Covariant Method
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Covariant Method

N
1. Prepare Input >  ai|k)
k=0

- 1
=3 0 Alml L.
vV () ee=x . |y

o— Ug — [

@ -
Hlustration of

Holevo's Covariant Method
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Covariant Method

N
1. Prepare Input >  ai|k)
k=0

2. Apply Us's

irsa: 08010015
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— Dv

O— Ug

o— : Ug

O— Ug
&

Hlustration of

Holevo's Covariant Method
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Covariant Method

g 1l
1. Prepare Input > ai|k)
=0

N
2. Apply Us's (Z are™ ™| k))
k=0

irsa: 08010015
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o— Us — D
o— Us — Dv
o Upg — D
o
Hlustration of

Holevo's Covariant Method
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Covariant Method

e 4 B
1. Prepare Input >  ai|k)
k=0

N
2. Apply Us's (z are?*™|k))
k=0

X

irsa: 08010015

Fourier transform

27 / 42
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Covariant Method

N .
1. P Input k
repare Inpu kz=:ﬂak| ) 2] o s
N
2. Apply Up's (Z ake%“ﬂi]é)) o— Us — Dv
e FT*

3. Fourier transform (Discrete Co-
variant Measurement)

O— Ug —Dv

@ -
Hlustration of

Holevo's Covariant Method
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Covariant Method

N
Prepare Input > ai|k)
k=0

N
Apply Up's (z are®*™|k))
k=0

Fourier transform (Discrete Co-
variant Measurement)

0-1 Measurement on each qubit

27 / 42

— Us — Dv
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ET?
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Hlustration of
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Covariant Method

N
Prepare Input > ai|k)
k=0

N
Apply Up's (Z are’*™|k))
k=0

Fourier transform (Discrete Co-
variant Measurement)

0-1 Measurement on each qubit

3 ¥s

Estimate 6 with
imate ¢ wi N+1

27 / 42

o Us — Dv
o Ug = Dv
EFT1
O Us — Dv
o
Hlustration of

Holevo's Covariant Method
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Analysis of the Covariant Method

a Key Point: Choose
W = E(1 — cos(2x(6 — 9)))

instead of the MSE E(# — 6)? as the evaluation function.
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Analysis of the Covariant Method

s Key Point: Choose
W = E(1 — cos(2x(f —6)))
instead of the MSE E(# — #)? as the evaluation function.

s Convergence rate is not affected:

1 — cos(2x (60 — 9)) ~ 2x2(6 — 6)>.
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irsa: 08010015

Analysis of the Covariant Method

Key Point: Choose
W = E(1— cos(27(6 — 0)))
instead of the MSE E(6 — 6)? as the evaluation function.

Convergence rate is not affected:

1 — cos(2m (6 — 0)) = 27r2(é =

Simplifies further calculations . .. @

Page 129/189

28 / 42



Analysis of the Covariant Method

Probability of observing [ 1's
2

N
Pr(l) = Z a2 O—L/(N+1)) /(N +1)
k=0

v
1 : 2mi(0—1 [(N+1))(m—n)
= e E ' :
g 3 e
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Analysis of the Covariant Method

Probability of observing [ 1's

N -
Pr(l) = Z a2 O—1/(N+1)) /(N +1)
1 N
o 2xi(0—1/(N+1))(m—n)
T N1 D @mane |
W =E(1— 005(271'(9 7))
[ &
=1-— Z Pr(l) cos(27(8 — —))-
N
=1— Z ajp_1a; — agay cos(2m(N + 1)0).
k=1
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Analysis of the Covariant Method

N
s W=1-— Z ap_jar — agay cos(2m(N + 1)0).
k=1
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Analysis of the Covariant Method

N
s W=1-— Z ap_1ar — agay cos(2m(N + 1)0).

k=1
N

s Chooseag =0 W=1-— Z ai—iai (independent of ).
k=2

irsa: 08010015 Page 133/189

30 / 42



Analysis of the Covariant Method

N
s W=1-— Z Ar—10 — QpayN COE(Q‘JT(LV = 1)3].

k=1
N

@ Chooseay =0, W=1-— Z ar—1ax (independent of ).
k=2

N
s Minimize W, Subject to Z e —1
k=1
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Analysis of the Covariant Method

N
a W=1- Z ap_1ax — agay cos(2w(N + 1)0).

k=1
N

s« Chooseay =0 W=1- Z ar—iar (independent of ).
k=2
N

s Minimize W, Subject to Z at—1

k=1
a Equal to the minimum eigenvalue of
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