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Explore the space of 4-d N=2 SCFTs.

Because we can. Also
e Start of RG flows to many N<2 field theories.

e Alternative to strings as route to non-Lagrangian FTs.

Exact field theory techniques:
e N=2 susy selection rules.
e Low energy effective action on moduli space of vacua (SW theory).
e Representation theory of N=2 superconformal algebra.
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I Review of N=2 susy

All known interacting N=2 conformal theories have neutral scalar chiral
multiplets.

N=2 susy implies no potential is allowed for their vevs, u;, 1 :
So they parameterize a moduli space of vacua with unbroken U(1)"
gauge symmetry: Coulomb branch. “Rank™ of SCFT is r.

N=2 susy implies that parameters (e.g. U(1)"” couplings) in low energy
effective action depends holomorphically on the u; = SW theory...
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Review of N=2 susy (cont)

Can flow between SCFTs by turning on relevant operators (masses or
AF gauge couplings):

-n"

Each point in theory space includes accompanying Coulomb branch.

Exactly marginal operators = complex manifolds of fixed points.
The marginal coupling - is a coordinate on this manifold.

S-duality = complex geometry of space of marginal couplings.

If no exactly marginal operators = “isolated SCFT".
Isolated rank 1 SCFTs ~ Kodaira classification (~ A-D-E)...
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II

Some old puzzles:

L
E.g., su(3) w/ 6 -3 has S-duality group M%(2) c si(2,Z) whose
fundamental domain contains g = oo:

E.g., by RG flow from appropriate Lagrangian SCFTs?
(E. SCFTs had only been constructed by compactification of 6d LSTs.)
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In addition to finding the known E, isolated rank 1 SCFTs as decoupled
factors in various g — oc limits of Lagrangian SCFTs, we also find

They share the same conformal singularity as the E,, theories, but they
have (and different central charges).

Maore about these later...




e Compare =~ — 1 degeneration to / — 0 (weak cpling) degeneration:

— As / — 0 in su(3) SW curve, genus 2 curve pinches to 2 genus
0 curves . Pinching cycle — charged
W= bosons becoming massless, corresponding to expected su(3) —
u(l) x u(l) Higgsing. (Figure on left.)

— But as — 1, only one cycle vanishes everywhere on moduli
space. (Figure on right.) Not enough W-bosons for a weakly-
coupled Higgs mechanism, so some is indicated for
this theory at = 1.
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e The physics at ¢ = oo of an N=2 Lagrangian SCFT with gauge
algebra g, with rank(g) = r, is a scale-invariant gauge
theory with gauge algebra g with smaller rank, rank(g) = s < r,
which is coupled to an rank-(r—s) N=2 SCFT:

‘g W/ hyperplets >~ g W/ (SCFT & hyper-plets)
coupling: g — 1/g ==

rank: r

The between g and the SCFT is the standard gauge cou-
pling: g gauges a subalgebra of the of the
SCFT = the SCFT provides “matter fields” charged under g.

from N=4 to N=2 scale-invariant field theories.
Including strongly-coupled SCFTs as factors in the duals of non-abelian gauge
thegries is a natural generalization of the N=4 case, given the existence of isolated
N=2 conformal gauge theories.
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., since it relates strong cou-
pling to “weak-strong’ coupling.
Instead we adduce evidence from:
— from exact IR effective actions (SW curves),
— global symmetries.
These fix g, the SCFT, and their coupling, given the scale-invariant theory g.

Eg. ifgw/ r=su(3)w/6- -3 (ie, with 6 fund. hyper-plets):
— the dual is g=su(2) w/ 1-2,
— coupled to the isolated rank 1 SCFT with global flavor symmetry Es; and
— g couples to the Es SCFT by gauging the su(2) factor in the maximal
subaigebra su(2) x su(6) C Es.
Many more examples -

E.g., the g = su(2) W-bosons are under g = su(3) in the
above example.
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In addition to finding the known E,, isolated rank 1 SCFTs as decoupled
factors in various g — oc limits of Lagrangian SCFTs, we also find

They share the same conformal singularity as the E,, thearies, but they
have (and different central charges).

Maore about these later...




In addition to finding the known E, isolated rank 1 SCF Ts as decoupled
factors in various g — oc limits of Lagrangian SCFTs, we also find

They share the same conformal singularity as the E,, theories, but they
have (and different central charges).

More about these later...




! W I.".

sp(3)
su(&)
sof12)
r2
sa(7)
su( &)
sp(2)
su(4)
sa(7)
so8)
so(8)
sp(2)
sp(2)
suf4)
s 3)
sul4)
su(3)

[z
s

ERAERAE
o b
0 00~ e
b

e

b= | L]
=]
i

il U
'r_t"..‘-f-l.'.n-'r.'“ e TOROD GDEn

O = BhOh YR =

il
‘b

) b
(T ey o

I
[
i
&

h LD LD AL LR DAL LROLY LD LR LN
L K
[ ]

=

ey
— e )
L RS
d et it
= s

F
[
£

e '

EEETDEDED

-'_"'\-\. i i
W N AN

= = I__: Q4
==
)
s Sk

= N =
P B RS L B3R

h S &8 (0

o

=

]
]

LR R R oy sy
88588

n
O

o P

b

L ['-“.[“—";l_“—“.l"—". =

W oW
'O OO

=

g

su(2)
suf2)

suf2) = sp(
. | suf2)

W N M|

su(3) = su(3)

su(3) < su(’

‘_"iL.I"E:

su3) =

(3c3.3c3)
3(323.1)=(23) < (3.3)
& 301, 33)

3.1 =(303.4) = 6-(1.4)

e (5.4) @ T-(1.4)

S 2-(4.4) = 4-(1,4)
)= (4.T)=4-(1.7)

NANNNNWN W

Pttt i e N e

2(2,1) £ 2(1.2)

(Y]

3
Rk

Ta
ww

3(2.1) [4:sp(I)a
(2.1)=(1.2) [6:
2-(2.1)
2-(2.1)
2-(2.1)
& 3(1.353)

W

Tt |
L= =

B I

R = R S A I -]

L L
th

bt

Lad

Lh

- -
—
et )

L
o
P #
[l s lea el He s le s B Wkl

W in

!
b
o g

in ¥ ]“:," .";\.. :\:-l'\. : ¥
] =]

T .
L=,

8

5]




I
e
=

SCFT_[ri . 0
[6 -

e

5<55 10410
F-32

2{] ‘1:3-5%15{%'5-1‘.5-.’—',5-6
j .3-2 o3 T4-12

e les M|

o m o

. S
L)
Ny el el i

L

‘.|. sn'll

21e 31 202628

[ e’}

T |

W N NN

-4

T

[T Ty

EEEDEDED
'O oo

h L ALY LD LR LN
==

o6
fan .

L

o4 -8

o

d
y M e B
-

i
%]

|
:

R,
1
L
.

[3 W= &G ii'.- rr.- CI!-
[ ]
£

W ww

b g

W

E E

| I N ]

si 3)
su(4)
su(3)

g
suf2)
su(2)
suf2)
. su(2) s
suf3)
su(3) osu(3) (3&3, —‘3";
su{3) b iee i .5‘—(.3.5

VB G L
1
]
noL
o T

Il

= ﬂ"

b b b
.!:_-\.I [-\_-.\i [F}] f

=5

[V
= (=

! SCFT[d: 5]
2(2.1)=2(1.2)

J B B M
B L

N e s PP e

¥
i

bRy

3-(2.1) [4:sp(3)
(21D a(1,2) [6:
2-(2.1)
2.(2. 1)
2(2,1)

[t =" O |

| - B S
T R
[ e w3 [

W L (L A

,.-ﬁ,-ﬁ,x.,-..
L Loy L)
J N

o

try
o

l
L
=

su(3) =sp(2) (323.1) & (323.5)

\.

su(3)zsp(2) 2(323.1)=(383.4) = 6-(1,4)

[%1]

& Lo l.,'f

s

e7-(1.4)

1 [ b I-'_I
el

—~L-’; 4) & 4-(1,-

=

(4.T) = 4 'fl_h':

¥,
L

L L S Ry

[
L=,
e Nl




In addition to finding the known E, isolated rank 1 SCFTs as decoupled
factors in various g — oc limits of Lagrangian SCFTs, we also find

They share the same conformal singularity as the E,, theories, but they
have (and different central charges).

Maore about these later...
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Coulomb branch moduli: {z,v}

Coupling constant: @ ~e2™ _ (;f .0isg—0, f »1isg—o00.)
SW curve: y° = (z3 —uxr—v)*— %z,

Holomorphic 1-forms: w,=zdz/y, w,=dzx/y.

Set v—0 and f=1: dggenerates to genus 1.
Change variables: (§% =z — %, w; = dZ/§)

This is the Eg SCFT.
Set »=0 and ~1: degenerates to

= & - [(@-w?-r%f,
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cycle weak su(2) SCFT
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e Compare = — 1 degeneration to / — 0 (weak cpling) degeneration:

— As / — 0 in su(3) SW curve, genus 2 curve pinches to 2 genus
0 curves . Pinching cycle «— charged
W= bosons becoming massless, corresponding to expected su(3) —
u(l) x u(l) Higgsing. (Figure on left.)

— But as — 1, only one cycle vanishes everywhere on moduli
space. (Figure on right.) Not enough W-bosons for a weakly-
coupled Higgs mechanism, so some is indicated for
this theory at " = 1.




Es masses: ~ m"™ are explicit basis of Eg Casimirs.
g2 =F° — (020 4+ 505 + Va)E — (8% 520 + 50 +
TJurm on z at " = 1: same c.o.v. gives
72 = 73 — (PRu + hJI—(L +~21 3+864 6).

Implies: uz is mass deformation of Eg SCFT with

1 61

= = — E u == u
{ e -—O. _l L 1 . g " _—864-4.

Since u» # 0 higgses su(2) — u(l), some group theory implies
that the su(2) gauges the e subgroup of Eg:

——SU®)




The unbroken su(6) is part of the global symmetry of the su(3) w/ 6-
3 theory. But the full global symmetry of the theory is

u(l)g x su(6) x u(2)p.

— The R symmetry is realized at infinite coupling as a certain com-
bination of the R symmetries of the rank 1 su(2) and Eg SCFTs.

— The su(6) flavor symmetry was identified above as the "“un-
gauged” part of the Eg group.

— Which leaves the u(l)z “baryon number” unaccounted for.

The solution can only be that there is a single SU(2)-doublet hy-
permultiplet at infinite coupling:

su(3)gw/ 6-3~su(2);,, w/ 1-2g(E




By weakly gauging the global symmetries of the g theory both at weak and

infinite gauge coupling, and comparing its beta function to the one computed in
the dual description allows us to compute the contribution of the SCFT "matter”
to the g gauge coupling beta function.
This is governed by the central charge, , of the global flavor
current algebra of the SCFT:
sab ab Te
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to the g gauge coupling beta function.

This is governed by the central charge, , of the global flavor
current algebra of the SCFT:
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The unbroken su(6) is part of the global symmetry of the su(3) w/ 6-
3 theory. But the full global symmetry of the theory is

u(l)g x su(6) x u(2)p.

— The R symmetry is realized at infinite coupling as a certain com-
bination of the R symmetries of the rank 1 su(2) and Eg SCFTs.

— The su(6) flavor symmetry was identified above as the "“un-
gauged” part of the Eg group.

— Which leaves the u(l)p “baryon number” unaccounted for.

The solution can only be that there is a single SU(2)-doublet hy-
permultiplet at infinite coupling:

su(3)g W/ 6-3 ~su(2);,, w/ 1-28(Es-CFT).
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The unbroken su(6) is part of the global symmetry of the su(3) w/ 6-
3 theory. But the full global symmetry of the theory is

u(1) g x su(6) x u(2)p.

— The R symmetry is realized at infinite coupling as a certain com-
bination of the R symmetries of the rank 1 su(2) and Eg SCFTs.

— The su(6) flavor symmetry was identified above as the "un-
gauged” part of the Eg group.

— Which leaves the u(l)z “baryon number” unaccounted for.

The solution can only be that there is a single SU(2)-doublet hy-
permultiplet at infinite coupling:

su(3)g w/ 6-3~su(2);,, W/ 1-26(Es-CFT).




By weakly gauging the global symmetries of the g theory both at weak and
infinite gauge coupling, and comparing its beta function to the one computed in
the dual description allows us to compute the contribution of the SCFT "matter”
to the g gauge coupling beta function.

This is governed by the central charge, , of the global flavor
current algebra of the SCFT:
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By weakly gauging the global symmetries of the g theory both at weak and
infinite gauge coupling, and comparing its beta function to the one computed in
the dual description allows us to compute the contribution of the SCFT “"matter”
to the g gauge coupling beta function.

This is governed by the central charge, , of the global flavor
current algebra of the SCFT:
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T(z)T(0) ~ =
and are computed in many cases by 't Hooft anomaly matching
arguments for R-symmetries.

is believed to decrease along RG flows.

Find (w/ J. Wittig) for all known N=2 SCFTs

| e
20 —c = 2d;. — 1
41';1( ' :

where d; > 1 are the dimensions of the scalar chiralplets.
(This is just 2 “phenomenological” observation: no reason is known.)
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arguments for R-symmetries.

is believed to decrease along RG flows.

Find (w/ J. Wittig) for all known N=2 SCFTs
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where d; > 1 are the dimensions of the scalar chiralplets.
(This is just 2 “phenomenological” observation: no reason is known.)




We have a rich- and detailed-enough set of N=2 SCFTs to try to find
special subsets with particularly simple OPEs (e.g., closing on just T,
J%, and ®; in their most singular terms).

This is analogous to the Sugawara construction in 2-d CFT.

OPE associativity (crossing symmetry) might explain the 2 — identity.

Unfortunately, current work on N=2 superconformal constraints on the
structure of OPEs of multiplets is fairly primitive...
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singularities of families of elliptic curves fibered over P1:
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Their maximal mass deformations (shown) correspond to known SCFTs.

However, our new duality also predicts that the Coulomb branch singu-
larities of the rank 1 SCFTs have other, ineguivalent, mass deforma-

tions.
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Their maximal mass deformations (shown) correspond to known SCFTs.

However, our new duality also predicts that the Coulomb branch singu-
larities of the rank 1 SCFTs have other, ineguivalent, mass deforma-
tions.




For Lagrangian FTs this is familiar: inequivalent mass deformations cor-
respond to different matter content (hypermultiplets) which contribute
the same amount to the gauge coupling beta function(s).

For example:

» su(2) 1 -2 is confaormal, described by the D4 singularity,
but has s flavar symmetry.

. su(2) is conformal, described by the Da singularity,
but has sp( 1) flavor symmetry.

The systematics of how this translates into the geometry of SW curves,
even at rank 1, is not well-understood...




For Lagrangian FTs this is familiar: inequivalent mass deformations cor-
respond to different matter content (hypermultiplets) which contribute
the same amount to the gauge coupling beta function(s).

For example:

° su(2) 1 -2 is confaormal, described by the D4 singularity,
but has flavaor symmetry.

3 su(2) is conformal, described by the Da singularity,
but has sp( 1) flavor symmetry.

The systematics of how this translates into the geometry of SW curves,
even at rank 1, is not well-understood...




IV

Rank 1 SCFTs traditionally classified (via SW theory) by the
of singularities of families of elliptic curves fibered over P1:

flavor symmetry §
o Mow™ Mg framu + '-L_,',' 'IE_L = Ay “.',“ - Migu + Mosu + Map) ¢

3 F W 3 !
+ elu” + _"':.f.' - t*--:,. - ( Mo i-- M

singul ar|t1-,r

T

[¥¥) TS I TS [ U N ] | SN X R N |

u’ 4+ Mygu® 4+ Mysu + Mig) €7

- i Mou = Mewu + ;_{Hj 1" |:..' f-;.-...: - Man 1- M=) &5
- e{ IMzu? + Mou + M [,3 } -+ Ms) E;‘}-Z;Ejl
- e M o+ Mo} + [!1 ~ M3 w(3)
';r':_.-_.'.:' T {_'-f;_ i + M=) '..L',;}_":'
e( My ) + (u) u(1)

~— i = - 5
+ - - == Mo, _.:: :ﬂi:..z.'.'._,'

Jux? + A MM e 4 AR 2
(z — 1)(=* + A FU [t L Mhu™ + Mow’ T ul{m -+ 1)

Their maximal mass deformations (shown) correspond to known SCFTs.

H HH BN H

e
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For Lagrangian FTs this is familiar: inequivalent mass deformations cor-
respond to different matter content (hypermultiplets) which contribute
the same amount to the gauge coupling beta function(s).

For example:

» su(2) 1.2 is conformal, described by the D4 singularity,
but has s flavor symmetry.

i su(2) is conformal, described by the Da singularity,
but has sp flavor symmetry.

The systematics of how this translates into the geometry of SW curves,
even at rank 1, is not well-understood...
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For example:
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V String constructions

e F-theory realizations.
—Aharony and Tachikawa (arXiv:0711.4532) compute central charges
of the E, SCFTs using (large N) F-theory realization and AdS/CFT.
—F-theory realization of sub-maximal mass deformations is unclear.

M-theory realizations.

—With J. Vazquez-Poritz, M-theory lift of a IIA construction (D4's
suspended between NS5’'s in background of O6~'s) gives non-singular
description of infinite-coupling points.

—Isolated SCFTs correspond to a novel strongly coupled NS5-0O6—
bound state in IIA string theory.)

—Also gives self-dual examples of gauge theories with no weak-
coupling limit, only “infinite-coupling” limits.
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coupling limit, only “infinite-coupling” limits.
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Even at rank 1 many new theories are predicted, but technigues for
their construction need to be developed.
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Holds promise of paossible algebraic constructions of N=2 SCFTs?
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