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Abstract: The renormalization group (RG) is one of the conceptual pillars of statistical mechanics and quantum field theory, and a key theoretical
element in the modern formulation of critical phenomena and phase transitions. RG transformations are also the basis of numerical approachesto the
study of low energy properties and emergent phenomena in quantum many-body systems. In this colloguium | will introduce the notion of
\\\"entanglement renormalization\\\" and use it to define a coarse-graining transformation for quantum systems on alattice [G.Vidal, Phys. Rev. Lett.

99, 220405 (2007)]. The resulting real-space RG approach is able to numerically address 1D and 2D lattice systems with thousands of quantum
spins using only very modest computational resources. From the theoretical point of view, entanglement renormalization sheds new light into the
structure of correlations in the ground state of extended quantum systems.

| will discuss how it leads to anovel, efficient representation for the ground state of a system at a quantum critical point or with topological order.
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S, ~loglL » x,~1L

in D dimensions
D-1
SLD . _L

boundary law

E
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caling of entanglement in ground states

S, ~logL » x,~1L

orineay (AT CIRD
.= J E
(critical) Z‘r ~ e

-+ Lt

after T coarse-
I s

£
.. SLE | L * ZLE )

2D lattice
‘eritical or
non-critical)

L
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caling of entanglement in ground states

1D lattice
(critical)  CAEILOED COTITIED

-+ Lt

L

2D lattice
‘eritical or
non-critical)

S, ~logl » x.~1L

Zf' T er

after T coarse-
graining steps

SLE""*L =% Zﬁzﬁe

E

- E .
Z i €
after T coarse-

graming steps

T

L

Pirsa: 08010005

F i

in D dimensions
FEF
SLD bt _L

boundary law
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- As we apply the RG transformation...
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» As we apply the RG transformation...

Etl - ¥ 8 8§ 8§ F -

Lo ""#\a’\dh‘d"'
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* As we apply the RG transformation...

£ "V ¥V HVE-

L - §H g ¥ -
£, - Y Yy o -

Pirsa: 08010005



* As we apply the RG transformation...

L "V ¥V H T E-

.. the effective sites must grow (a lotl)

V-5 -7
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* As we apply the RG transformation...

L -99VYY -
L -9 9 VMY -

t

L, \E/\E/\G’

.. the effective sites must grow (a lotl)
V-9 -8~

So what?
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c ¥ EYHE-
¢ -vy vl -

t
& -vy vy -

.. the effective sites must grow (a lotl)
o e b

So what?
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* As we apply the RG transformation...
£ "¥ ¥ ¥ ?\? g -
£ -V 9 VMY -

£ vy Y -

.. the effective sites must grow (a lotl)

Sowhat? |l Coppect results <‘Pgrj |0ﬂ ‘LFET,U > = <‘Pgr,L ‘01|‘Pg?,1>.

>< Conceptually unsatisfactory

=RG flow? (incomparable systems)
= Fixed points? (phases, critical)
= Scale invariance? (at critical point)

irsa: 08010005 Page 96/171




- As we apply the RG transformation...

z:tz — o8 § § E\@ = 2
, -9 9 9 5

cl ---\gf\@f\afh\af

.. the effective sites must grow (a lotl)
V-9 -F-_
So what? \{- Correct results <L}’gr,Er |0u ‘LI-’ET,U > = <LP§_TL l01|LPgT,1>_

>< Conceptuadlly unsatisfactory

=RG flow? (incomparable systems)
= Fixed points? (phases, critical)
= Scale invariance? (at critical point)

¢ Severe computational limitation

= Only 1D non-critical
= 1D critical: only a few iterations
= 2D: only marginally small systems
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oarse-graining with disentanglers

- diagrammatic representation:
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oarse-graining with disentanglers

- diagrammatic representation:

\g/ =i

site | ﬁ >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

L,
lattice
"
el
|ct1'1'|ce \@/ \@/

site | B >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

L

lattice

f = Ir)ZZﬁ wis @) )
|a‘|‘1'|ce \@/ \@/

site | B >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

El lsameh'y ¥
lattice Wie v *

f = Ir)zéw;lﬂNﬁ) \g/ \@/

\g/ =}

site | B >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

L,
lattice

I = - 2, wi|=)l8)

|
\;/ =/

site | ﬁ >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

‘Cl isnm?etry ¥
lattice Wapg > *
al \g

f = Ir)zgﬁlw;iﬁlﬂﬂﬁ) \g/ \6/

\@/ o

site | B >

basis:
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oarse-graining with disentanglers

- diagrammatic representation:

L,
lattice

| busm |7> cj;ﬁ’ |£I>|ﬁ>

B
\g/ =/

site | ﬁ >

basis:

N =

Qh_'
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Disentanglers:
Standard coarse-graining

WA

s ¥ ¥ ¥EEYEYEE EEY

; g

c
T
L

Coarse-graining with disentanglers

=l S ¥ ¥ ¥ €

£ |

], 1 e Isometry
disentangler

Lo

Y9 ¥ ¥HEHF HY¥ Y ¥ Y VYV
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Disentanglers:
Standard coarse-graining

WA

g ¥ ¥F ¥ ¥ YEYE Y EYEY

; El

c
T
L

Coarse-graining with disentanglers
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Disentanglers:
Standard coarse-graining

e

s ¥ ¥ ¥EEYEYE YT EYEY

c, -
T
c

Coarse-graining with disentanglers

¥ E = g i g

£ |

], 1 et Isometry
disentangler

Lo

¥ ¥ ¥ ¥F V¥ ¥V VYV V¥ VYWYV
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Disentanglers:

Example

Standard coarse-graining

5 5] =4 = g =4
L ARAAAAAR T
L, Y9 V99 vESE ey
1
= fﬂﬂ, >‘ H’T >)

Coarse-graining with disentanglers

Ei ¥ g ¥ =

£ Fﬂ___q__,,,-isamefry
: MM e
-

¥ ¥ ¥ ¥F¥ ¥V v ¥HVEY VYV
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Disentanglers:

Example
Standard coarse-graining
L, ®_ S _ ¥ % ¢ ¥
T A A A‘__N.f Isometry
L, ¢¢9¢98dE 9895
3 1
=)= i)
Coarse-graining with disentanglers
Z El g ¥ € ¥ €
1 et Isometry
I N AN FN £% BN disentangler
L, vE9F eV I¥Y IY IV
&
disentangler
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Disentanglers:

Example

Standard coarse-graining

Coarse-graining with disentanglers

Y ¥ N ¥ = N

S SN S
- )T\ag A A /‘\ f\ )\ x disentangler

. Y o¥ $UG¥ $Y GV
'i% i)

disentangler
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Disentanglers:

Example

Standard coarse-graining

1
= fqﬂ' o 12 >)
Coarse-graining with disentanglers

w2 2 ¥ & ¥

g

?kikiikﬂmm
c. )\E{ /( f\ )\ x disentangler

‘!e‘ ‘9‘_ “*a‘ “af '\a' ‘a‘ ¥
'ff‘éf S )
disentangler
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Disentanglers:

Example

Standard coarse-graining

1
= ﬁﬂﬂ, ) [V >)
Coarse-graining with disentanglers

N N N N N ¥

3

?kikiikﬁmm
c. }‘w\é /( f\ )\ x disentangler

"e‘ ‘e‘_: '\a‘“e‘”\a’%f“e‘

'fi*éf* &)
disentangler
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Disentanglers:

Example

Standard coarse-graining

1
= fﬂﬂ' b o 1 >)
Coarse-graining with disentanglers

T ® 2 ¥ ¥ ¥

P P,

?kikiikﬁmm
C. }T\é /( f\ )\ x disentangler

Y oUW Y GY BV

CE AU ~2) =
disentangler £5 == Z=1

Pirsa: 08010005 Page 115/1]

—(11)-|i1))




ntanglement renormalization . Vidal. Phys. Rev. Lett. 89. 220405 (2007)

G. Vidal, quantphxoooix

T4
| | A
@
Standard ¢
~eal-space 5 @ L,

REG approach

I1.8.0.0.00.0.0.0
CRATATARARRRARAR S ¢
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ntanglement renormalization e e o s
T &
| | e
@
Standard 4
~eal-space 0 @ L.
RG approach A ﬂ A ﬂ A ﬂ A ﬂ »
1 O C,
ARARRARRRARRARARR
0 ® L,
Ta

eal-space RG
pproach with

ntanglement 2
enormalization

1
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ntanglement renormalization

Properties of this RG transformation:
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ntanglement renormalization

Properties of this RG fransformation:

» Constant ¥ — ¥ (in any D):

numerical approach to arbitrary system sizes
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ntanglement renormalization

without disentanglers

Properties of this RG transformation:

» Constant ¥ — ¥ (in any D):

numerical approach to arbitrary system sizes
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ntanglement renormalization

without disentanglers

Properties of this RG transformation:

» Constant ¥ — ¥ (in any D):

numerical approach to arbitrary system sizes
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ntanglement renormalization

/ 2D
(O) without disentanglers

2D

Properties of this RG transformation:

» Constant ¥ — ¥ (in any D):

numerical approach to arbitrary system sizes
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ntanglement renormalization

/ 2D
(O) without disentanglers

Properties of this RG transformation:

» Constant ¥ — ¥ (in any D):

numerical approach to arbitrary system sizes

- Well-defined RG flow:

ﬁr and Er 4y c€an be compared
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ntanglement renormalization

/ 2D
(O) without disentanglers

2D
1D

T

RG flow ="  H(a)
Properties of this RG transformation: ’ S

» Constant y = ¥ (in any D): phase

numerical approach to arbitrary system sizes

- Well-defined RG flow:

)Cr and Er 43 €an be compared
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1D lattices

Ising Model
1i6egL+k
2s}
a2
£
o 13}
o
$
= 1
st \
YU i u o m o me s wzm m i
Block slze

Block entropy

{(from G. Evenbly and G. Vidal, arXiv:0710.0692)

2D lattices
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10

Block entropy

LR LLL Bl LEL TR T ERETTEET

L 1 %

su

{(from G. Evenbly and G. Vidal, arXiv:0801.2445v1)

unrehormalisad entropy
— JernmaﬁedmmTy S""LIG!QL
@ 100
k/. 80
o
: SLHL@ 40 @J\//
@ wa
g 16 =2 # 05 1 - 2

Block length, L

(from G. Evenbly and
G. Vidal, arXiv:0710.0692)
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QUGnTum Cr' |‘1‘ |CG| |‘|'y G. Vidal. Phys. Rev. Lett. 99, 220405 (2007)

Gapped system RG flow [Pe:°t H(a)

?)|?)|o) o
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Qucn‘l'um Cl’"iTiCG |-|-y G. Vidal. Phys. Rev. Lett. 99, 220405 (2007)

* trivial fixed point:
product state |@)|@)|@)--

Gapped system

Hamil tonians

RG flow >F=2°f =z(a)

?)|o)|@)- phase
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QL[C[n'I'I_jm Cr |‘|' |CG |‘|‘y G. Vidal. Phys. Rev. Lett. 99, 220405 (2007)

pq

iiiii

Gapped system

: 08010005

- trivial fixed point:

product state |g@)|@)|@)—-

¢,’¢7¢’

g

correlation Iengfh

?)|o)l@)-

Space of ==
Hamil tonians = (E]

phase
B
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QUGn'l'le Cl"H'iCCI |-|-y G. Vidal, Phys. Rev. Lett. 99, 220405 (2007)

- trivial fixed point:

Gapped system

Space of ;
product state | g)|@)|@)— RE flow | oinicns 2 (@)

?)lo) @)

q-Pi a-08 — = -—--. | es - Ppagei3lnrl

-




Quan-l-um CI"‘iTiCG |-|-y G. Vidal, Phys. Rev. Lett. 99, 220405 (2007)

» trivial fixed point:

Gapped system

Space of .
product state | g@)|@)|@) RG flow oicnans 2 (@)

phase

?)lo)e)- .

Hamil tonians

RG flow :Fe<=°" =z(a)

phase

O et HANANY 3, 2

-




QUGn'l'Um cr |-|- iCCI |-|-y G. Vidal, Phys. Rev. Lett. 99. 220405 (2007)

- trivial fixed point:

Gapped system

Hamil tonians

product state |@)|@)|@)-—-

RG flow >=2°f =Z(a)

?)|o)|o) phase
5 ol
o ot
oot
Critical + - non-trivial fixed point: == -
- L entangled state ‘ﬂ) iRG flow fﬁmi}m;m Ha)
SN S W W WU S SO VS BRSNS ] S
© |Q> phase

[

s
- A A e

e
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QUGn'l'Um cr |-|- iCCI |-|-y G. Vidal, Phys. Rev. Lett. 99. 220405 (2007)

- trivial fixed point:

e product state |g@)|@)|g)--- I}G flow [0 HGE)
h
o)le)le) i
g
.
5 o)
Critical system - non-trivial fixed point:
Space of =
. entangled state |€2) ?G flow o  Ha)
e L S L e i e |
© |Q> phase

b

dLLLANNNN AN e e

| EEETES A L o amrsasiian k. orliamnmamd naman |

b—l

Page 134/171




* Renormalization Group * Ground State @

transformations Entanglement

* Entanglement
Renormalization

* Quantum * Topological
Criticality Order

. o x
R




VI) Topological order
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VI) Topological order

- 2D systems
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

ABC
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

ABC

degenerate ground states

#2) [¥2)

-1
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

ABC

degenerate ground states

) o2

Hii 3
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus

- Topological order

degenerate ground states

po). e

=

region
contractible

e m
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

degenerate ground states

o) [ s W
| |
pe = p®

region
contractible

e
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

degenerate ground states

(L) (2]
I 2
(=2 ) ') [EL)
W (@)
pg.i“' —_— pgr
region not region
irsa: 08010005 co I"I'h" a CTI b I e con TFGC _I_I bl e Page 143/171
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VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

degenerate ground states

) 2

i

Py, e

gF gF

SR

() (2) (1) :
‘qjgr> ‘LPET> Py — pg{*r]
Pirsa: 0801 {1} {2) regiﬂn nDT I"Egiﬂﬂ . Page 144/171
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- Topological order
degenerate ground states

1Pélr)>

Wy (gi)}
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- Topological order
degenerate ground states

i gk

87 (gi)>
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- Topological order
degenerate ground states
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- Topological order
degenerate ground states

< ad
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- Topological order

degenerate ground states

(1)>

g

v (2)>
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¥
¥
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- Topological order
degenerate ground states

Pirsa: 08010005

1P$>

(2)
ngT

)

top tensor

Topological information
is stored in the top
tensor of the MERA

M. Aguado and G. Vidal,
arXiv:0712.0348, PRL




Summary of recent developments
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Summary of recent developments

« MERA:

- free particles (bosons and fermions)
in 1D and 2D, critical and non-critical (6. Evenbly, 6.v)

» 2D MERA (Cincio, Dziarmaga, Rams)

- topological order (M. Aguade, 6.VV)
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Summary of recent developments

« MERA:

- free particles (bosons and fermions)
in 1D and 2D, critical and non-critical (6. Evenbly, 6.v)

«+ 2D MERA (Cincio, Dziarmaga, Rams)

- topological order (M. Aguado, 6.VV)

« Algorithms: .
» Flow qu.lﬂ‘l'lﬂl’ls (C. Dawson, J. Eisert, T. Osborne)

- Time Evolution (M. Rizzi, 5. Montangero, 6.V.) > 1B
- Variational Approach (6. Evenbly, 6.v) -> 1D, 2D

» Interacting Fermions (F. Verstraete, 6.V)

Pirsa: 08010005 Page 153/171



Summary and conclusions

Hamiltomans

*The RG studies how the properties of an RG flow  *=°F ez

extended system change with the scale of
observation.
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Summary and conclusions

*The RG studies how the properties of an
extended system change with the scale of
observation.

- Standard real space RG techniques are
unsatisfactory both from the conceptual and
computational viewpoints.

x RE flow? XScule invariance? XSmull systems

Pirsa: 08010005
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Hamiltonians H (&)
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Summary and conclusions

*The RG studies how the properties of an RG flow  *=°f  rrz)

Hamiltontans

extended system change with the scale of
observation.

+ Standard real space RG techniques are
unsatisfactory both from the conceptual and
computational viewpoints.

X RE flow? XScale invariance? XSmuil systems

* Entanglement Renormalization solves all
these problems

\ﬁas flow \/Scule invariance \!4rbitr*ury sizes
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Summary and conclusions

*The RG studies how the properties of an RG flow  ==°F  rrez)

Hamiltonians

extended system change with the scale of
observation.

- Standard real space RG techniques are
unsatisfactory both from the conceptual and
computational viewpoints.

X RE flow? XScule invariance? XSmuil systems

* Entanglement Renormalization solves all
these problems

\ﬁlé flow \/Scule invariance \ﬁrb itrary sizes

e.g. 1,000,000 spins
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Summary and conclusions

*The RG studies how the properties of an RG flow == rrz)

Hamiltonians

extended system change with the scale of
observation.

+ Standard real space RG techniques are
unsatisfactory both from the conceptual and
computational viewpoints.

X RE flow? XScale invariance? XSmuII systems

* Entanglement Renormalization solves all
these problems

\ﬁlé flow \fScale invariance \fﬂrb itrary sizes

e.g. 1,000,000 spins

» The MERA offers a good description of systems
that are scale invariant (critical points) or have
topological order
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- Topological order
degenerate ground states

Pirsa: 08010005

1P§>

&7 (gi)>

top tensor

Topological information
is stored in the top
tensor of the MERA

M. Aguado and G. Vidal,
arXiv:0712.0348, PRL




VI) Topological order

- 2D systems

- 2D lattice systems on a torus @

- Topological order

ABC

degenerate ground states

we) [¥7)
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QUGn'l'Um CI"‘iTiCG |~|-y G. Vidal, Phys. Rev. Lett. 99. 220405 (2007)

» trivial fixed point:
Space of -
product state | g)|@)|@)— RG flow \oicncns 2 (@)

?)|o)l@)--

Gapped system

phase
B

- non-trivial fixed point:
Space of =
entangled state ‘Q> ?G' flow oo _Ha)

e
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