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Abstract: We show that the matrix-model for noncommutative U(n) gauge theory actually describes SU(n) gauge theory coupled to gravity.

The nonabelian gauge fields as well as additional scalar fields couple to a dynamical metric G_ab, which is given in terms of a Poisson structure.
This leads to a gravity theory which is naturally related to noncommutativity, encoding those degrees of freedom which are usually interpreted as
U(1) gauge fields. Essential features such as gravitational waves and the Newtonian limit are reproduced correctly.

UV/IR mixing is understood in terms of an induced gravity action. The framework appears suitable for quantizing gravity.
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Introduction

Introduction

@ Classical space-time meaningless at Planck scale
due to gravity — Quantum Mechanics
— “quantized” (noncommutative?) spaces:

@ Physics on quantized space:
Noncommutative Quantum Field Theory
well developed: some problems remain
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Introduction

Introduction

@ Classical space-time meaningless at Planck scale
due to gravity — Quantum Mechanics
— “quantized” (noncommutative?) spaces:

@ Physics on quantized space:
Noncommutative Quantum Field Theory
well developed:; some problems remain

@ What about gravity on/for quantized spaces ??

should be simple & naturally related to NC

irsa: 08010002 Page 4/75




Introduction

Main Message:

@ J simple models for dynamical NC space:
Matrix Models

@ M. M. known to describe NC gauge theory

irsa: 08010002 Page 5/75
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Introduction

Main Message:

@ J simple models for dynamical NC space:
Matrix Models

@ M. M. known to describe NC gauge theory
e M. M. also contain gravity
intrinsically NC mechanism

@ Not precisely general relativity
appears to agree with GR at low energies (?)

@ gravitational waves
@ Newtonian limit
@ linearized metric: Az, ~ O
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Introduction

Main Message:

@ J simple models for dynamical NC space:
Matrix Models

e M. M. known to describe NC gauge theory
e M. M. also contain gravity
intrinsically NC mechanism

@ Not precisely general relativity
appears to agree with GR at low energies (?)

@ gravitational waves
@ Newtonian limit
@ linearized metric: Az ~ O

@ easier to quantize than G.R. (?)
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Introduction

Main result:

The model:

Sym = —Tr[X2. XP|[XZ . X | naz bty

where X% < L(H) ... matrices (operators), a—0.1.2.3

irsa: 08010002 Page 9/75



Introduction

Main result:

The model:

Sym = —TF[X2. XP[ X . X® | 12z Nty

where X% < [(H) ... matrices (operators), a—0.1.2.3

low-energy effective action:

Sym = [ d*y p(y)tr (4fz(J/) — G G Fog Foar ) +2 [ n(y) trF A F

where
G3®(y) = —#%(y)8*?(y) .y effective dynamical metric
Fa su(n) field strength

contains dynamical gravity, close to general relativity
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Introduction

Qutline

@ NC gauge theory as Matrix Model
@ Effective metric, geometry

@ Low-energy effective action and emergent gravity

@ Some checks:

o Gravitational waves, linearized metric
@ Newtonian Limit

@ Quantization, UV/IR mixing
@ Conclusion
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Matrix Models and NC gauge theory

Matrix Models and dynamical space(time)

Consider Matrix Model:

Sy —— = XX X b i 2—01.23

(toy candidate for fundamental theory)
dynamical objects: X% < L(H) ...hermitian matrices
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Matrix Models and NC gauge theory

Matrix Models and dynamical space(time)

Consider Matrix Model:

A, B ) 2—01.23

(toy candidate for fundamental theory)
dynamical objects: X? < L(H) ... hermitian matrices

equation of motion: [X2, [ X%, X" TInay =0
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Matrix Models and NC gauge theory

Matrix Models and dynamical space(time)

Consider Matrix Model:

Svae = —TFIXE XPNIXZ , X2 o tipn, | a—0123
(toy candidate for fundamental theory)
dynamical objects: X% < L(H) ...hermitian matrices
equation of motion: [X2, [ X%, X" TInay =0
solutions:
@ [X2.XP] =0 ...classical objects; ignore here
o [X2 X5 = ig™°1, “quantum plane”
where g ... antisymmetric tensor, nondegenerate

@ many more, of type [X2. X°] = i#%°(x)
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Matrix Models and NC gauge theory

Matrix Models and dynamical space(time)

Consider Matrix Model:

Sym = —TrIXE, XONXZ , X g, a—0123
(toy candidate for fundamental theory)
dynamical objects: X% < L(H) ... hermitian matrices
equation of motion: X2 [X= . X5 e — 0
solutions:
@ [X2.X"] =0 ...classical objects; ignore here
o [X2. Xb] = ia™°1. “quantum plane”
—ab . .
where ¢~ ... antisymmetric tensor, nondegenerate

@ many more, of type [X2. X°] = i#%°(x)

describes dynamical quantum (NC) space-time

irsa: 08010002 Page 15/75




Matrix Models and NC gauge theory

fluctuating quantum spaces and gauge fields

consider fluctuations
= : -
XZ=Y L A° (“covariant coordinates”)
around solution

Y2 Y] = ig™

*Moyal-Weyl plane”

irsa: 08010002 Page 16/75



Matrix Models and NC gauge theory

fluctuating quantum spaces and gauge fields

consider fluctuations
D e (“covariant coordinates™)
around solution
Y2 Y] =8  “Moyal-Weyl plane’

i I S—
R [V £(V)] ~ 60 f(7)
obtain
[X= Xb] | !-Eab o Eaafgbb-’ (s Bl - A A])
—aa —bb

== 1§ Fab
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Matrix Models and NC gauge theory

fluctuating quantum spaces and gauge fields

consider fluctuations

Vo et (“covariant coordinates”)
around solution
Y2 Y] =i8®°  “Moyal-Weyl plane’
B V2. £(V)] ~ 6% 0f(7)
obtain
X2 X0 — 8™ — 078 (9sAy — Oy Ay + [Az. Ap])
_ gaaght =

U(1) Yang-Mills on quantum plane

—ag —bb —ab —aa —bb’
Sy ~ /FabFa*b’ ga ?b : I & Na' b/
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Matrix Models and NC gauge theory

fluctuating quantum spaces and gauge fields

consider fluctuations

X2—Y" + A° (“covariant coordinates”)
around solution
Y2 Y] =i8®®  “Moyal-Weyl plane’

note _
[Y°. (V)] ~ i6®pf(¥)

obtain

X2 XP]— 8% = 676 (9xAy — Oy Ay + [Az. Ap])

- —Haa Ef}b Fa;b;

U(1) Yang-Mills on quantum plane

ot bl . _az—bb
Sym ~ /FabFa’b’ g g —F 0 naw
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Matrix Models and NC gauge theory

nonabelian U(n) case: similar, Y — Y o1,

however:
@ U(1) sector cannot be disentangled
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Matrix Models and NC gauge theory ' ' 1tiz

nonabelian U(n) case: similar, Y — Y s ;

however:
@ U(1) sector cannot be disentangled
@ space Iitself obtained as “vacuum?, is dynamical;
fluctuations of covariant coords X — gravity ?!

Pirsa: 08010002 Page 27/75



Matrix Models and NC gauge theory - e - :

. e e —
nonabelian U(n) case: similar, Y — Y = 1,

however:
@ U(1) sector cannot be disentangled
@ space Iitself obtained as “vacuum?, is dynamical;
fluctuations of covariant coords X — gravity ?!

@ similar string-theoretical matrix models (IKKT)
are supposed to contain gravity
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' Matrix Models and NC gauge theory - : itiz

nonabelian U(n) case: similar, Y — Y 21,

however:
@ U(1) sector cannot be disentangled
@ space Iitself obtained as “vacuum?, is dynamical;
fluctuations of covariant coords X — gravity ?!

@ similar string-theoretical matrix models (IKKT)
are supposed to contain gravity

@ NC u(1) gauge theory — gravity proposed in

Rivelles [hep-th/0212262]. Yang [hep-th/0612231]

91}
I
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Gravity from NC gauge theory

Geometry from u(1) sector:

consider general quantum space determined by full «(1) sector:

Y 1 A
(X2.Xb] = i#®(x) (=B +iF(x))
... general quantized Poisson manifold (M. #3°(x))
[X3. &(x)] ~ i8%(x)Ipd(X)
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Gravity from NC gauge theory

Geometry from u(1) sector:

consider general quantum space determined by full «(1) sector:

X _— ¥ I N
[X2.XP] = i#%®(x) (=0 +iF®(x))
... general quantized Poisson manifold (.M. #3°(x))
[X3. &(x)] ~ i8%(x)Ipd(X)
couple to scalar matter ¢

S[®] = TFna[X2 O][XZ. D]
~ [ d*x G?(x) 9,09,d

b

where ab( v\ _ pac(y\gbd
G#(x) = §2°(x)6°9(X) neg
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Gravity from NC gauge theory

Geometry from u(1) sector:

consider general quantum space determined by full u(1) sector:

X2 = Y +A°
(X3 XP] = i6%(x) (= i0" +iF®(x))
... general quantized Poisson manifold (.M. #3°(x))
[XZ. &(x)] ~ 6% (x)9pd(x)
couple to scalar matter ¢

S[®] = TFnaw[X2 O][XZ. D]
~ [ d*x G3F(x) 9,90,

where e AT
G#(x) = #2°(x)8°(X) g
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Gravity from NC gauge theory

Geometry from u(1) sector:

consider general quantum space determined by full u(1) sector:

X — ¥ 1 ¥
[ X2 X°] — *®(x) = iy iF(x))
... general quantized Poisson manifold (.M. #3°(x))
[X3. &(x)] ~ i8%(x)Ipd(X)
couple to scalar matter ¢

S[®] = Trnaz[X3 D][XZ. D]
~ [ d* G3F(x) 0,00,

where
G0} — () (%) e
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Gravity from NC gauge theory

Geometry from u(1) sector:

consider general quantum space determined by full «(1) sector:

* Y1 N
= X" — 5x) = 9 + iF3(x))
.. general quantized Poisson manifold (M. #3°(x))
[X3. d(x)] ~ 8% (x)9pP(X)
couple to scalar matter ¢

S[®] = Trnaz[X3 O][XZ. D]
~ [ d*x G3F(x) 9,009,

where W A A——
G (x) —0=(x)0™(x) Yea

@ ® couples to effective metric G#°(x) determined by #%°(x)
s @ H2(X) ... vielbein (“gauge-fixed™!)




Gravity from NC gauge theory

generalization to su(n) gauge fields

separate u(1) and su(n) components

X2 = (Y4+0PA) 21, + (07A2 @A)
— Yé @1, L] Hab(Y)AE 2 Aa
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Gravity from NC gauge theory

generalization to su(n) gauge fields

separate u(1) and su(n) components

rE (7a+§abAg) 2 1p + (gabAf_.; 2 Aa)
= Yor + H&b(Y)AE 9 Aa

will see:

u(1) component YZ ... dynamical geometry, gravity

su(n) components A3 ... su(n) gauge field coupled to gravity
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Gravity from NC gauge theory

Coupling to nonabelian gauge fields (heuristic)

set X2 = Y2+ #%(y)A,(y) obtain

(X2 Xb] —  i638(y) + i82¢6P9 (9, Ay — IgAe + [Ac. Ag] + OB
= i#%(y) + i6%°(y)0*(y)Fea + O(67196))

hence

Swe — —FDE XIX= X Prsiin
T (G2 (V)nas — G (¥) G* () (Fea Forar + O(6'09)) )

!

using Tr(63°(y)F3) ~ 0
similar to su(n) YM coupled to metric G#(y)
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Gravity from NC gauge theory

nonabelian gauge fields (correct)

Seiberg-Witten map:

X7 — Y34 A, _ %(AC[YC. 0P A ]+ AFR)  + O(6?)

@ expresses su(n) d.o.f. in terms of commutative su(n) gauge
flelds A

@ relates NC g.t. /[A. X¥] in terms of standard su(n) g.t. of A
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Gravity from NC gauge theory

nonabelian gauge fields (correct)

Seiberg-Witten map:

X3 — Y2 1 g%A, _ %(AC[Y". 6% A4 + AFD)  + O(6°)

@ expresses su(n) d.o.f. in terms of commutative su(n) gauge
flelds A,

@ relates NC g.t. /[A. X¥] in terms of standard su(n) g.t. of A
Volume element:

(7P i(y) = [d%p)f(y).
p(y) = y/det(vz)) = (det(nab) det(Gap))"/*

(cp. Bohr-Sommerfeld quantization)
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Gravity from NC gauge theory

effective action to leading order:

S\.‘/ﬁf’a’ — f diy;:fy}rr ( 4J|y1'r —= GCC GGG.J F:g‘ FC-'(_;-" ] T 2 II ’(_V‘ IT F F

where
() = G®(¥)nab
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Gravity from NC gauge theory

effective action to leading order:

Sym = [ d*y p(y)tr(4n(y) — G® G Feg Forg ) +2 [n(Y)tr FAF

where
1Y) = G*(Y)nab
@ indeed su(n) YM coupled to metric GZ°(y)
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Gravity from NC gauge theory

effective action to leading order:

Sym = [ d®y p(y)tr(4n(y) — G*° G F_y For g )+2 [n(y)r FAF

where
1(y) = G*(¥)nab
@ indeed su(n) YM coupled to metric G°(y)
@ additional term [ 5(y) tr F A F, topological for #3° = const
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Gravity from NC gauge theory

effective action to leading order:

Sym = [ d*y p(y)tr(4n(y) — G G Fog Feg ) +2 [n(y)trFAF

where
1(y) = G(¥)ab
@ indeed su(n) YM coupled to metric G2(y)
@ additional term [ 5(y) tr F A F, topological for #3° = const

@ u(1) action [ d*y p(¥)n(y) will imply vacuum equations
R ~ 0
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Gravity from NC gauge theory

effective action to leading order:

Sym = [ d*y p(Y)tr(4n(y) — G G Fog Fogr ) +2 [ n(y) tr FAF

where
1(y) = G(¥)ab
@ indeed su(n) YM coupled to metric G#2(y)
@ additional term [ 5(y) tr F A F, topological for #3° = const

@ u(1) action [ d*y p(¥)n(y) will imply vacuum equations
R ~0

@ u(1) d.o.f. in dynamical metric G®*(y) = —6%°(y)8°?(y) nca
= dynamical gravity
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Gravity from NC gauge theory

Remaining discussion:

@ linearized gravity:
gravitational waves, Newtonian limit
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Gravity from NC gauge theory

Remaining discussion:

@ linearized gravity:
gravitational waves, Newtonian limit

@ guantization:
induced Einstein-Hilbert action and UV/IR mixing
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Remaining discussion:
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Gravity from NC gauge theory

effective action to leading order:

where
1(y) = G¥(¥)nab
@ indeed su(n) YM coupled to metric G#2(y)
@ additional term [ n(y) tr F A F, topological for #3° = const

@ u(1) action [ d*y p(y)n(y) will imply vacuum equations
R ~0

@ u(1) d.o.f. in dynamical metric G®*(y) = —6%(y)8°°(y) 1o
= dynamical gravity
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Gravity from NC gauge theory

Remaining discussion:

@ linearized gravity:
gravitational waves, Newtonian limit
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Gravity from NC gauge theory

Remaining discussion:

@ linearized gravity:
gravitational waves, Newtonian limit

@ quantization:
induced Einstein-Hilbert action and UV/IR mixing
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Gravity from NC gauge theory

linearized NC gravity:

flat space: Moyal-Weyl 5% — const
_ G — 3%, 4 = 72 ... flat Minkowski metric

irsa: 08010002 Page 54/75



Gravity from NC gauge theory

linearized NC gravity:

flat space: Moyal-Weyl 5%° — const

b
_ G — 73", 4 = 72 ... flat Minkowski metric

small fluctuations: Y2=7Y" LEEbA” (1

component)

(1)
63 (y) = —i[Y2. Y?] = 8% + 87°6°° F2(y)
F2.(¥) ... u(1) field strength
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Gravity from NC gauge theory

linearized NC gravity:

flat space: Moyal-Weyl 5%° — const
_ G — 73", 4 = 72 ... flat Minkowski metric

small fluctuations: Y2 — Y~ o g%

A} (u(1) component)

Fo.(y) ... u(1) field strength

Go(y) = —(0% + 707 F3)@ +078% F2)ea

~ —ab hab

where b = a e
3 e 0
hap = Tpyt  Fou + Taa Fa

. linearized metric fluctuation (cf. Rivelles [hep-th/0212262])
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Gravity from NC gauge theory

e.o.m for gravitational d.o.f.:

[YZ,0(¥)] =0 & G®8:0(y)=0 (& D*Fyp=0)
implies vacuum equations of motion (linearized)
R., =0 + O(6%)

moreover Raped = O(¢) < 0 ... nonvanishing curvature

= on-shell d.o.f. of gravitational waves on Minkowski space
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Gravity from NC gauge theory

e.o.m for gravitational d.o.f..

[Y2.6%(y)| =0 & G™d:0,(y)=0 (& D?Fyp=0)

implies vacuum equations of motion (linearized)
F*Jab =8 -+ O(Hg)

moreover Raped = O(¢) < 0 ... nonvanishing curvature

= on-shell d.o.f. of gravitational waves on Minkowski space
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: Gravity from NC gauge theory :

e.o.m for gravitational d.o.f.:

[Y2.0®(y)| =0 & G*a.03(y)=0 (< D?Fap=0)
implies vacuum equations of motion (linearized)
R.p =0 + O(6°)

moreover Raped = O(¢) < 0 ... nonvanishing curvature

= on-shell d.o.f. of gravitational waves on Minkowski space
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Gravity from NC gauge theory :

e.o.m for gravitational d.o.f.:

[Y2.6%(y)| =0 = G®:0)(y)=0 (& D*Fap=0)
implies vacuum equations of motion (linearized)
R,p—0 + O(Hg)

moreover Raped = O(¢) < 0 ... nonvanishing curvature
= on-shell d.o.f. of gravitational waves on Minkowski space

note

@ G = —9%°(y) 6%9(y)1).q -.. restricted class of meirics
@ same on-shell d.o.f. as general relativity (for vacuum)
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Gravity from NC gauge theory

Newtonian limit

Question: sufficient d. o. f. in G for gemetries with matter?

Answer: o.k. at least for Newtonian limit

2U(x)
CZ

) +dx2(1+ O(é_))

where A3)U(x) =47Gp(x) and p ...static mass density

gs" —czdr2(1 £s

can show: 3 sufficient d.o.f. in G2 for arbitrary p(x)

moreover, vacuum e.o.m. imply

ds? — —c2di? (1 n 2i(:)) 2 d22(1 = 2£‘é(;-))

as in G.R.
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Quantization, UV/IR mixin

Question: what about the Einstein-Hilbert action?

Answer:
@ iree level: e.o.m. for gravity follow from u(1) sector:

G*9:.6,, (y) =0 implies| Ra[G]~ 0]

where Gap = p Gap. det(G) =1

at least for linearized gravity.

@ one-loop: gauge or matter (scalar) fields couple to G_5
— (Sakharov) induced Einstein-Hilbert action:

S1_loop ~ / d*yV G (6‘1 Ay + Aoy R[G] + OUOQ(/\W)))
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Quantization, UV/IR mixin

Relation with UV/IR mixing

UV/IR mixing of NC gauge theory:

@ Quantization of NC field theory — new IR - divergences
nonplanar diagrams: UV-finite, except for p — 0

NOAl ~ @ [d*P(0PFa) Ne(P)+ ..

Aiff(p) : 1

= 1 = 4
1/N+3P7/Nye

related to UV divergences; non-renormalizable ?
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Quantization, UV/IR mixin

Relation with UV/IR mixing

UV/IR mixing of NC gauge theory:

@ Quantization of NC field theory — new IR - divergences
nonplanar diagrams: UV-finite, except for p — 0

..-ﬁ."x\
o/
i | N—
TNCIA] ~ @2 [d*p(63FFa)2 A2 (p) + ...
2 — 1
NorP) = i

related to UV divergences; non-renormalizable ?
@ for NC gauge theories: restricted to trace-u(1) sector
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Quantization, UV/IR mixin

Relation with UV/IR mixing

UV/IR mixing of NC gauge theory:

@ Quantization of NC field theory — new IR - divergences
nonplanar diagrams: UV-finite, except for p — 0

TNCIA] ~ @ [d*p(03Fap)2 Ny(p) + -
New(P) = 1;\2;—‘11p2-n§w

related to UV divergences; non-renormalizable ?
@ for NC gauge theories: restricted to trace-u(1) sector

@ here: trace-u(1) sector understood as geometric d. o. f.,
su(n) YM coupled to G
— expect new divergences in IR due to induced gravity
(E-H action)




Quantization, UV/IR mixin

therefore:

explanation for UV/IR mixing in terms of gravitational action

rerlAl = [dy VdetG(A*+ cA?RIG])

diC — 1

detailed matching UV/IR mixing — gravity
(H. Grosse, H.S., M. Wohlgenannt, February 2008)
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Quantization, UV/IR mixin

therefore:

explanation for UV/IR mixing in terms of gravitational action

rerlAl = [dy VdetG (A*+ cA?RIG])

detC — 1

detailed matching UV/IR mixing — gravity
(H. Grosse, H.S., M. Wohlgenannt, February 2008)

work in progress: extension to fermions
(ongoing collaboration D. Klammer, H.S.)
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Quantization, UV/IR mixin

Summary and outlook

@ matrix-model Tr[X3. X?][X¥ . X?'| 5j.2npe describes
SU(n) gauge theory coupled to gravity

@ simple, intrinsically NC mechanism to generate gravity
NC spaces — gravity
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Quantization, UV/IR mixin

Summary and outlook

@ matrix-model Tr[X3. X?][X¥ . X?|5.2npe describes
SU(n) gauge theory coupled to gravity

@ simple, intrinsically NC mechanism to generate gravity
NC spaces — gravity

@ solves problem how to define NC su(n) gauge theory
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Quantization, UV/IR mixin

Summary and outlook

@ matrix-model Tr[X2. X?][X¥ . X® ] nazney describes
SU(n) gauge theory coupled to gravity

@ simple, intrinsically NC mechanism to generate gravity
NC spaces — gravity

@ solves problem how to define NC su(n) gauge theory
@ notsame as G.R., but close to G.R. for small curvature

@ vacuum equation A, ~ 0 at least in linearized case
@ Newtonian limit, some post-newtonian corrections o.k.
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Quantization, UV/IR mixin

Summary and outlook

@ matrix-model Tr[X23. X?][X¥ . X?|5.21pe describes
SU(n) gauge theory coupled to gravity

@ simple, intrinsically NC mechanism to generate gravity
NC spaces — gravity

@ solves problem how to define NC su(n) gauge theory
@ notsame as G.R., but close to G.R. for small curvature

@ vacuum equation A, ~ 0 at least in linearized case
@ Newtonian limit, some post-newtonian corrections o.k.

@ same mechanism in string-theoretical matrix models
(IKKT)
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Quantization, UV/IR mixin

Summary and outlook

@ matrix-model Tr[X23. X?][X¥ . X?|1.21pe describes
SU(n) gauge theory coupled to gravity

@ simple, intrinsically NC mechanism to generate gravity
NC spaces — gravity

@ solves problem how to define NC su(n) gauge theory
@ notsame as G.R., but close to G.R. for small curvature

@ vacuum equation A, ~ 0 at least in linearized case
e Newtonian limit, some post-newtonian corrections o.k.

@ same mechanism in string-theoretical matrix models
(IKKT)

@ explanation for UV/IR mixing in NC gauge theory
@ promising for quantizing gravity
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