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Abstract: We attempt at characterizing the correlations present in the quantum computational model DQC1, introduced by Knill and Laflamme
[Phys. Rev. Lett. 81, 5672 (1998)]. The model involves a collection of qubits in the completely mixed state coupled to a single control qubit that has
nonzero purity. Although thereis little or no entanglement between two parts of this system, it provides an exponential speedup in certain problems.
On the contrary, we find that the quantum discord across the most natural split is nonzero for typical instances of the DQC1 ciruit. Nonzero values
of discord indicate the presence of nonclassical correlations. We propose quantum discord as figure of merit for characterizing the resources present
in this computational model. This

might be a complementary measure for counting resources in quantum

information science.
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Entanglement is an important resource...

@ T[eleportation and Superdense Coding

@ Quantum Algorithms

e Deutsch-Jozsa. Simon etc

o Grover
[+ ShDr

@ Quantum Communications and Cryptography

o Channel Capacity
o Security

@ Quantum Metrology
o Heisenberg Limit & bevond

@ Rich behavior of condensed matter systems
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But actually...

@ fFor pure state quantum computation ... the presence of
multi-partite entanglement, with a number of parties that
increases unboundedly with input size, is necessary if the
quantum algorithm is to offer an exponential speed-up over
classical computation. (Jozsa /Linden,02)

@ An algorithm (quantum system) can be classically efficiently
simulated to within a prescribed tolerance 1 if a suitably small
amount of global entanglement (depending on 1) is present.

(Vidal.03)
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Power of one qubit

o

o

Qo

050] 4 HF—e— -+

o 1 jr} Un G | |
n—1 _‘En_l Cﬂ /” M:QH {— L%

-

Measure the top qubit

(X = Re|Tr{ U,)] /27 and

(Y = Il el L) 227

Can evaluate Tr(U,) /2" up to a fixed
accuracy efficiently

Knill & Laflamme., PRL. 81.
5672, (1998)

True only for unitaries that can be
represented efficiently by a quantum circuit

The classical problem is apparently HARD !

®
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sub-unity polarization

If the top qubit is not pure, then

L f b &l Li 0@y -THT o [F
) i) = 3 S V11 T O Py o
pre1le) = 2o (uua I ) : —
b7 21 { U, ———
@ o < 1 makes the evaluation more difficult

@ [he number of runs required to estimate the
normalized trace goes as L ~ 1/a?

@ Power of even the tiniest fraction of a qubit
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sub-unity polarization

If the top qubit is not pure, then

oL (Al
o116 ) — 2r1—l (JEU;; ‘(’T )

(A"

(h+aZ) —H —s

@ o < 1 makes the evaluation more difficult [/
n;

M
‘
B
-

@ [he number of runs required to estimate the
. 2
normalized trace goes as L ~ 1,/a~

@ Power of even the tiniest fraction of a qubit

@ Tracing out the top qubit leaves the remaining
qubits in the completely mixed state

@ [he top qubit is always separable from the
remaining qubits. Q
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@ The distance from the completely mixed state (in trace norm)
at all times is

-

W/ Lrl i (a) — lppq f255)2 = a2 —lr+1)/2

The largest separable ball:

3

r == 3 X 6—{."?—1} - o — 46_['”_1} <
: E Wi
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sub-unity polarization

If the top qubit is not pure, then

oL (o aln
Priglie] = g et (”U” [q )

(h+aZ) —H —s

| =

@ o < 1 makes the evaluation more difficult [/
n/

M
‘
S
-

@ [he number of runs required to estimate the
. 2
normalized trace goes as L ~ 1,/a~

@ Power of even the tiniest fraction of a qubit

@ Tracing out the top qubit leaves the remaining
qubits in the completely mixed state

@ [he top qubit is always separable from the
remaining qubits.

@
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@ The distance from the completely mixed state (in trace norm)
at all times is

VTE(pria(a) — Tora /21 = a2~(n+1)/2

The largest separable ball:

p— B ke AELIE . 46—[}?—1}-2
u ’ ! k.?l
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@ The distance from the completely mixed state (in trace norm)
at all times is

1.,v Tl'(,.”,r;_L(fl j — [”_l:_;jr?—l)i = ”2—[}1—1}-:

The largest separable ball:

_—rr 6—{r?—L} 2 g L_E—')—[:”—l}-:
W) J ! | \ 3
\[(,_1 -
4
o 3 x 6-(n+1)/2 « no—(n+1)/2 « 1 g—(n+1)/2 @
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Negatwity v. Numper of Qubits

Megalivily

(k%]
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Qumz

2,3 bound

Harmdom unmary, (m, 1] splmng
Ramom unmary, (2+1, /2] solithng
SEST “NoWT UNITErY

=1

14414

Th A 25

L
Ly
[

Mumber of Qubiis

I\ J|
'_I

Figure: Nio=v14+a? N3, =\

AD. S. T. Flammia, C. M. Caves, PRA. 72. 042316, (2005)
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To obtain the bounds...

@ Write .
v oo /lr']' i C
Fa — -)n_L

| —

0 U
U, 0

@ Using the binomial theorem. we can expand T1(52) in terms
of TE(C*):

e L Na<i{s o
Tl‘(l,u{_.!) — (2.@1) Z (l{)“kTI(C )
k=0 ~ -

where

€

'y
irsa: 07110036 Page 15/66 et

o




To obtain the bounds...

@ Write

where

C

0 U
U, 0

@ Using the binomial theorem. we can expand T1(52) in terms
of “TE(C*Y):

Tl‘(ﬁf) = (231)5 Z (i\)“le‘(E‘%)
®
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ﬁc

@ Forodd k, Tr(C*) =0
o For k =2, Tr(C?) =2Tr(U,U,,) = 2Te(U,U}) = 2n+1

=
< s L AES 1 L~ \5
Y X =Te(ps) = 252{,1_1}{5_1}[(1 Fa)*+(1—a)].s =1.2.3
=

@ The task then is to maximize N'(ps) = >_; [\;| w.r.t the
above constraints

®
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To obtain the bounds...

@ Write

where

C

0 U
U, 0

@ Using the binomial theorem. we can expand T1(p,
of TE(C™):

5

) in terms

Tl 5= (jjlj’i (D“m-(a)
®
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mc

@ For odd k. Tr(C*) =0
s Fark =13, Te(C2) =2Te{l, U} = I U, 0] =27t

3 s s 1 s
YA =T = mnnwﬂuuﬂ)+(ﬂq]s_1z3

@ The task then is to maximize N (p,) = >_; |A\j| w.r.t the
above constraints

Y

E=S
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To obtain the bounds...

@ Write .
v oo [lr']' e C
Fa — Hn+1

g O
U, 0

@ Using the binomial theorem. we can expand T1(p2) in terms
of "TE(C™):

where

C

Te(p5) = (}}jz (i)“m-(i‘w)
®
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o For odd k, Tr(CK) =
¢ Fork =2, Te(C?] =2Tx( U]} = 2T U, 0} ) —2n+l

3 S ] 1 s
Z:%:Iﬂm) T e e s = 1,23

o The task then is to maximize A’ (ps) = >_; [\;| w.r.t the
above constraints

'y
Pirsa: 07110036 Page 21/66 et

-




Negaiwity v. Number of Qupits
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Figure: \'pgc = v'2. For an n qubit pure state, Az ~ 27/
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Negaiwity v. Number of Qupits
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3 s A T 1 e X5 e _
> X =Te(ps) = _Q{H_l}{s_l}[(l Fa)*+(1—a)®].s =1.2.3

o The task then is to maximize N’ (ps) = >_; [\;| w.r.t the
above constraints

'
irsa: 07110036 Page 27/66 et

E




Pirsa: 07110036

1.5,

1.45 L

1.4+

1.35+

1.3}

1.25

1.2~

115+

11 F

1.05+

0.4 0.6 0.8 1

Page 28/66

gt




§ 5

145+ |
1.4+
135t PRPT
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=z 1.25¢+
1.2+

115

1.1+ : =

1.05 y

Figure: \pgoc = v'2. For an n qubit pure state, \a ~ 27/-

Exponential speedup with bounded bi-partite entanglement !!!! Q
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Classical Simulatability

@ |n pure state quantum computation, systems with little
entanglement can be simulated efficiently using MPS
techniques.

@ For these studies. entanglement is measured in terms of the
Schmidt rank, which is a monotone for pure states.

@ For mixed states. the Schmidt rank is not an entanglement
monotone.

\
Pn+l — E ,,\;T O.f'A OEB~
=

where Tr(0/,0,4) = Tr(0/;0;g) = ;. The Schmidt rank \*
Is @ measure of correlations between parts A and B.

o




Lewear bound an the Schmidt rank of the DQC| state

T T T T

Mumber of qubits

In addition to there being an exponential number of Schmidt .
coefficients, they are all arbitrarily close to 27" 2. Q
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Classical Simulatability

@ |n pure state quantum computation, systems with little
entanglement can be simulated efficiently using MPS

techniques.

@ For these studies. entanglement is measured in terms of the
Schmidt rank, which is a monotone for pure states.

@ For mixed states. the Schmidt rank is not an entanglement
monotone.

‘\_:
1= M O 2 Op.
=i

where Tr('OI.;1t Oia) = Tr(O;}B Oig) = d;. The Schmidt rank \~
Is a measure of correlations between parts A and B.

E




Lewar bound an the Schmidt rank of

T T T

Mumber of qubits

In addition to there being an exponential number of Schmidt .
coefficients, they are all arbitrarily close to 27" 2. Q
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Classical Simulatability

@ In pure state quantum computation, systems with little
entanglement can be simulated efficiently using MPS

techniques.

@ For these studies. entanglement is measured in terms of the
Schmidt rank, which is a monotone for pure states.

@ For mixed states. the Schmidt rank is not an entanglement
monotone.

X
Pnirl = Z ;\: Oia Oig.
=1,

where Tr(0/,0;4) = Tr(0/;0;g) = 3;;. The Schmidt rank \*
is @ measure of correlations between parts A and B.

o




Lewear bound an the Schmidt rank of the DQC| state

T T T T

Mumber of qubits

In addition to there being an exponential number of Schmidt .
coefficients, they are all arbitrarily close to 27" 2. Q
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So we have...

@ Evaluation of the normalized trace of an unitary efficiently...
this is an exponential speedup over the best known classical
algorithm

@ This circuit generates very little entanglement
@ Yet it cannot be simulated classically in an efficient manner
@ Correlations seem to be the key to speed-up

@ T[he vital question of the reason behind the power of quantum
computation remains unanswered

AD. G. Vidal, PRA, 75, 042310 (2007).
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Let's step back and recall...

@ Measure of Ignorance: H(X)

@ Measure of Correlations : J(X : Y)=H(Y)—-H(Y|X).

prZEE:me PyZZZE:Pwy
v X

Px.v=Y

Px|ly=Y —
p}«':Y
Since H(Y|X) = H(X.Y) - H(X).
(X Y)y=(X)+H(Y)—H[X.Y)
o (X :Y)=J(X:Y) for a classical distribution

H is the Shannon entropy

irsa: 07110036 Page 37/66 o




For quantum systems

@ With a joint density matrix. px vy

I(X:Y)=5(px)+S(py) — S(px.v)

@ [o get the conditional entropy
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Let's step back and recall...

@ Measure of Ignorance: H(X)

@ Measure of Correlations : J(X : Y)=H(Y)— H(Y|X).

Px — Z Px.y Py = Z Px.y
% X

Px.v=Y
p:,/: Y

Since H(Y|X) = H(X.Y) — H(X).

Px|ly=Y —

(X ¥)y=HX)+H(Y)—=HX.Y)
@ /(X :Y)=J(X:Y) for a classical distribution

H is the Shannon entropy .
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For quantum systems

e With a joint density matrix. px.y

T(X :Y)=S(px) +S(py) — S(px.v)

@ [o get the conditional entropy
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For quantum systems

@ With a joint density matrix. px y

IT(X:Y)=5(px)+S(py) — S(lpx.v)

@ [o get the conditional entropy

Make projective measurements on a subsystem | I_Ij( !
Then

o = T
pj = Te[M¥ px .y M¥]
@ J(X:Y)="5(py) =22, piS(pyinx):
Then

b = TX:Y)—-JHX:Y)
— S(;;x)—5(;*X.Y)+Z'Pj5(!-4":/|nj<)

'y
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Dependance on measurements

@ Maximum extractable classical information:

J(X 1Y) =max;qyy J(X:Y)

@ Purely quantum correlations:

D = TX: ¥ — FX: Y

D is a measure of ‘purely quantum  correlations (Ollivier 'Zurek,02)
® 0< D < S(px)
o D=0<= pxy =2, MXpx yN
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For quantum systems

@ With a joint density matrix. px y
T(X:Y)=S(px)+S(py) — S(px.v)

@ [o get the conditional entropy

Make projective measurements on a subsystem | I_Ij( !
Then

M !
pj = e[ px .y M¥]

o J(X:Y)=5(py) — = pS(py i)
Then

¥y = TXK:¥)—HX :Y)
— S(;;X)—S(;U{_Y)"‘ZPJS(!-}YH_I;X)

F A
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Dependance on measurements

@ Maximum extractable classical information:

J(X 1Y) =max;qy, J(X 1Y)

@ Purely quantum correlations:

D = (X ¥ — T Y

D is a measure of ‘purely quantum  correlations (Ollivier 'Zurek,02)
® 0< D < S(px)
o D=0<= pxy =2 M¥px yN¥
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Further Properties of Discord

@ For pure states
D = 5(px)—Slexv]+ L] Z Pi2lymx)
¥k A j

= S(px)
@ D is an entanglement monotone on pure states

@ Fundamentally different from Werner's notion of classicality

/.
= F S=parabl= Entangl=-d

J.Ir.}ll__.-l‘,.-' — l;ZI_ Z‘cb_ dj_‘

{
e e —— e— e— e— e— e— — —
5

rY
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Dependance on measurements

@ Maximum extractable classical information:

J(X 1Y) =max;qr, J(X 1Y)

@ Purely quantum correlations:

D = T(X:Y)—-T(X:Y)
= S(px) = S(px.y) + min > piS(pyinx)

D is a measure of ‘purely quantum  correlations (Ollivier 'Zurek,02)

e 0 <D =< 5(px)

'Y
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Further Properties of Discord

@ For pure states

| o 2. ol g -0
D = S(px) = SlexvT+ mi n Z P (LX)
' J

= 3(px)
@ D is an entanglement monotone on pure states

@ Fundamentally different from Werner's notion of classicality

£
Entangl=-d

P = l_ZI—Z‘Cb_ i:cb_‘

4

A

£
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Further Properties of Discord

@ For pure states

D = 5S(px)—Slexy]+ min Z Pi2(2ymix)”
: ;

= S(px)
@ D is an entanglement monotone on pure states

@ As another example

p = Z(HHH & [0)0] + =K1 ® 1M1 +

1030 —3{—| + [1:{1| & |+ {+ )

'y
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Density matrix just prior to the measurement is

( S 1 /n_ r.U”)
;l)”_L ”; - 2”_1 HUIrI-.; l’rr

C. M. Caves. "Quantum discord and the power of one qubit
(arXiv:0709.0548. To be published in PRL).

AD. Anil Shaji.
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Further Properties of Discord

@ For pure states
B B Bl g, e 0
= S(px) —Slpxv)+ ‘:”H“L”L Z P f.f-mmi.ﬂ'
A j'

= S(px)
@ D is an entanglement monotone on pure states

@ As another example

1 | | | |
) = - — -:Z: {4 O .:Z: O - - ]_ ]_
| 4(\_\ 03(0] + |—¥(—| 2131 +

1030 —{—| + [1:{1| & |[+:{+ )

e
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Dependance on measurements

@ Maximum extractable classical information:

J(X 1Y) =max;qy, J(X 1Y)

@ Purely quantum correlations:

D = (X Y)—TEX:F)
= S(px) — S(px.y)+ _miﬂ_LZ PiS(Pynx)

||—[X
: 3

D is a measure of ‘purely quantum  correlations (Ollivier 'Zurek.02)
o D=0<= pxy =2, M¥pxyN¥
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Density matrix just prior to the measurement is

(_xﬁ_ i 1”. HU”)
PERLSE 2n+1 HUH [,

AD. Anil Shaji. C. M. Caves., "'Quantum discord and the power of one qubit
(arXiv:0709.0548. To be published in PRL).

Y

®
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Density matrix just prior to the measurement is

PUEE G Y §
J””_L(”J: 2n+1 HU; /n .

Qo S(;.J”_ljl —n—+1— %[(1 <= n) |Gg(1 b= n) —+ (]_ == rn) |Gg(l = rn_)]

Sk (H]:" ”].T)' = TxjU] /2"

'y
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Discord in DQC1

Measurements:
@ |l = %(/1 —!—EI.(T)

@ [hen. for a random U.

_ ! | T
> _pS(pyimx) = 3lH(a.) + H(a-)]
j J.

i}

—_(TF{‘ cos @ -+ 77 sIn r)[H(q_} = H(q—)]

e
Fal

where |
1 l+0 COS(H;{ — :.'J)

- 2” ]. ol Fi(TR COs5 O —|— T Sir] f'_":}

Jk+

r A
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Discord in DQC1

Measurements:
@ [ = %(11 +a.0')

@ [hen, for a random U.

> 0S(yin) = 5lH(a-) =~ Hia )

—.—%(Tﬁ; coso—+ Ty sine){H(q,.) — H(q_)]

where |
1 1 £ acos(fy — o)

e+ =

- 2714 a(rpcoso + T sin O)

Z Pfs(f'}'}/mf) =n+1—log (1— gl == ,,_]2) — (l— v 1— {12) loge .

f Y
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Putting the pieces together...

@ S(pxy)=n+1-— %[(1 +a)log(l+a)+(1—a)log(l —a)]

erx=4(,L V)  r-mwe

@ S(px) =1 and
@ D=5(px)—S(px.y)+ mi”m:?"} Zj PJS(FYIHJ‘?{)

1
‘DDQC = 1+ E[(l 5 f_'i) log(1 + f’.'t) —+ (1 = f_'l) |og(1 — f_'}.)]
U

— log(l+vV1—a2)—(1—V1—a?)loge.

'
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Figure: Discord in an n qubit DQC circuit with a typical unitary

1
Dpogc = 1+ 5[(1 +a)log(l+a)+ (1 —a)log(l —a)]
— Jog(l+ V1—a2)—(1—V1—a?)loge. Q

Pirsa: 07110036 Page 57/66 et

e




14

145 -
d.ar
1.4-
138 - il Wil
d.4
113
= 03f Z 1.35-
1.2-
d.2F
_ 115-
.-".
e & 11 -
11} P
:_,,--"' 1.05
| WS ol ' 1 - '
i] 012 o4 0a nz 06 a8
For a = 1. 'DDQC =2 — loge = 0.5573. -'\".DQC — 2.
. , - /2
For an i qubit piirestate, Dmax = L. Npgaxe = 275
Pirsa: 07110036 Page 58/66 et




0.5 Fl

0.4 _,r'

01+ __,,-- ~

e
i -

0 0.2 0.4 0.6 0.8 1

Figure: Discord in an n qubit DQC circuit with a typical unitary

1
Dpoc = l+§[(1+r_'t)|og(l+r_'t)+(l—{'1)|og(1—ﬁ.)]
— log(l+vV1—0a2)—(1—vV1—a?)loge. Q
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Putting the pieces together...

@ S(pxy)=n+1-— %[(1 +a)log(l+a)+(1—a)log(l —a)l

;i
@ S(px) =1 and
@ D=5(px)—S(pxy)+ mi”;ﬂf“} 2 PJS(f'}YIHf)

® PX = % (ﬂl'. r.}T')' T TL[U]QH

i
Dpoc = 1+ E[(l +a)log(l+a)+ (1 —a)log(l —a)]
R

— fes(l + V1 —a2)—(1— V1 —a?)lege

irsa: 07110036 Page 60/66

®

=
L




\,

Density matrix just prior to the measurement is

if /n “Ur.r
f‘r:‘—L(”'fr — In+1 ”U; [”

o S(ppe1) =n+1—-2%[(1+a)log(l+a)+(1—a)log(l—a)l

@ px = (”3 ”f)- - = Tr[U]/27

'y
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There's more to quantum information science than
entanglement

Maybe discord taps that unknown
It reduces to entanglement on pure states

Discord and entanglement complement each other
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Discord in DQC1

Measurements:
@ [ = %(11 —|—a.0')

@ [hen, for a random U.

1

Z Pjs(f-'*’vinf‘-’) = g[H(q—) + H(q_)]
J

%(,.-R cos o+ rsino)[H(q.) — H(q_)]
where

1 = E COS(H;.; — :’.‘J)

Jk+ = - R T
2" 1+ a(trcoso + 17 sin o)

e =

Z pj-S(;;;me) =n+1—log (1— o 1= .-’_12) — (l— vV 1-— r_w) loge .
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Figure: Discord in an n qubit DQC circuit with a typical unitary

1
Dpogc = 1+ E[(l +a)log(l+a)+ (1 —a)log(l —a)]
— log(l+vV1—0a2)—(1—vV1—a?)loge. Q

R
i




o 0.3F

1.2r

01

Pirsa: 07110036

[

03

145

1.43-

14-

135 -

z 1.75-

145L

11 -

1.058

T

04

n/ 2

]
06

Fora = 1. 'DDQC =2 — loge = 0.5573. -'\".DQC — /2.
For an n qubit pure state, Dpax = 1. N pax ~
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