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Abstract: We present a genera hydrodynamic theory of transport in the vicinity of superfluid-insulator transitions in two spatial dimensions
described by “"Lorentz\'\'-invariant quantum critical points. We allow for a weak impurity scattering rate, a magnetic field $B$, and a deviation in
the density, $rho$, from that of the insulator. We show that the frequency-dependent thermal and electric linear response functions, including the
Nernst coefficient, are fully determined by a single transport coefficient (a universal electrical conductivity), the impurity scattering rate, and a few
thermodynamic state variables. With reasonable estimates for the parameters, our results predict a magnetic field and temperature dependence of the
Nernst signal which resembles measurements in the cuprates, including the overall magnitude. Our theory predicts a hydrodynamic cyclotron
mode\'\' which could be observable in ultrapure samples. We also present exact results for the zero frequency transport co-efficients of a
supersymmetric conformal field theory (CFT), which is solvable by the AAS/CFT correspondence. This correspondence maps the $rho$ and $B$
perturbations of the 2+1 dimensional CFT to electric and magnetic charges of a black hole in the 3+1 dimensiona anti-de Sitter space. These exact
results are found to be in full agreement with the general predictions of our hydrodynamic analysis in the appropriate limiting regime. The mapping
of the hydrodynamic and AdS/CFT results under particle-vortex duality is also described.
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Outline

» Nernst experiments in superconductors

* Quantum criticality
— conformal (relativistic) field theorv

* Hvdrodvnamic analvsis of the thermo-
electric response tfunctions

* Obtain same results directhy and exactly
via the AdS CFT correspondence

» Comparison with experiments. predictions
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La,_Sr.CuO, (LSCO)
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La,_Sr.CuO, (LSCO)

Hole dgping:
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La,_Sr.CuO, (LSCO)
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* Undoped x=0: antiferromagnetic Mott insulator
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* Overdoped 0. /™ < x:
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B(CS-like transition. very small Nemst signal above 7



Nernst effect — why?

Transverse voltage o A
due to vortices O

moving to lower T ®

(causing phase slips) ® —
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Nernst signal:
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B(CS-like transition. very small Nemst signal above 7,



Nernst effect — why?

Transverse voltage O A
due to vortices O

moving to lower T ®

(causing phase slips) O —
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Nernst effect — why?

Transverse voltage O A
due to vortices O
moving to lower T ®
(causing phase slips) O _
B O -V
T ® 2.,
<€ >
» |
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o

In Ferm hquds: usually very
small (and with opposite sign)
— Big Nernst signal above, [,
evidence for a vortex liquid?

Nernst signal:
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Vortex liquid?
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1) BCS-tvpe: Amplitude vanishes at 7'
(%) >0

2) Phase fluctuations kill long range order:
(Kosterlitz-Thouless)

(o) >0

while a ~vortex liquid™ with local pairing
wwemooe amplitude [F|” >0 survives.
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LSCO Phase diagram
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LSCO Phase diagram
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Dip in 7 near =1 8 indicates proxamity of insulator
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Organic superconductors
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Quantum criticality

Proximitv to transition: Superconductor < NMott insulator
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SI-transition: Bose Hubbard model
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Organic superconductors
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SI-transition: Bose Hubbard model
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SI-transition: Bose Hubbard model
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‘ — Relativistic (conformal) CFT in d=2+1 ‘
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SI-transition: Bose Hubbard model
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I—} Relativistic (contormal) CFT 1n d=2+1 ‘
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SI-transition: Bose Hubbard model
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SI-transition: Bose Hubbard model
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Hydrodynamics
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovton. AL and S. Sachdey, Phvs. Rev. B 76. 144502 (2007

Energv-momentum tensor T*Y = (g + P)”#”p + ng.p + 7
(Current 3-vector JE = pu’“ + P

u” - Energy velocity: 4 ={1.0.0)— No energy curent
1'“ © Dissipative current

b7 L . =
I Dassipative part of the energy-momentum tensor
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton. AMAL and S. Sachdey, Phns. Rev. B 76. 144302 (2007

Eizﬂ'-l:-‘ﬁ'-e_'-_'1=i-i_1';f11€'i-"._11 (ensor T‘“’: (8 5 P)”#”V 5 Pg“”" + 77
(Current 3-vector J‘“ = p”"u + V'u
7

- Energy velocttv:  y# ={1.0.0)— No energy curent
1'“ © Dissipative current

¥7 . . =
I Dassipative part of the energy-momentum tensor

e+P=Ts+up. de=Tds+ udp,
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovion. AIAM. and S. Sachdev. Plvs. Rev. B 6. 144502 (2007

J# = pu* + v# T*Y = (g + P)u*u® + Pg*¥ + ™V

Lonservauon laws (equations of motion )

irsa: 07100036

r?#J” = ()  Charge conservation
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovton. AIAL and S. Sachdev. Phvs. Rev. B 76. 114502 (2007

J* = pu* + v T*" = (g + P)u*u® + Pg*¥ + ™V

s (equations of motion)

e

e |
VL B Pl cALLUMEL QR WY

.«:}#J H# =(  Charge conservation

0 0 o
r?pT”"' = FHY] . Energy’momentum conservation F**=|0 O B
(0 =8 0]
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Relativistic Hydrodynamics

S. Harmmoll. P. Koviton. AIAL and S. Sachdev. Phvs. Renv. B 76. 144502 (2007

J# = pu* + v# T* = (g + P)u*u” + Pg*¥ + ™V

“onservation laws (equations of motion)

J #J# =(  Charge conservation

0 0 0
F}vT#" = FHY] . Energy’ momentum conservation F**=|0 0 B
a, %" = F**] , + —(& + u*u,)1 "?”? Momentum relaxation
vV

Timp
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovton. MMM and S. Sachdev. Phyvs. Rev. B 76. 144502 (2007 .

JE = put* + v* T*Y = (& + P)u*u® + Pgt¥ + ™%

Conservation laws (equations of motion)

ﬁﬁjﬂ =(  Charge conservation

0 0 o
d,T"" = F*YJ . Energy/momentum conservation ~_lo o B
0 -B 0
(?FP“’ —. F‘“’jv + —( 3‘: $ ui‘up) Z"’?”Y MMomentum relaxation
Timp
i Landai=Lifschitz
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Relativistic Hydrodynamics

S. Hartnoll. P. Koviton, MM and S. Sachdev, Phvs. Rev. B 76. 144502 (2007

J# = pu* + v# T*Y = (g + P)u*u® + PgH¥ + 7V

onservation laws (equations of motion)

r?#J“ = ()  Charge conservation

0 0 0
;-?pT*” V= FHY] . Energy’ momentum conservation FF*=|0 O B
a,T#" = F**] , + — (& + u*u,)1 "?”? Momentum relaxation
Vv

Timp
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovton. AMM. and S. Sachdev. Phvs. Rev. B 76. 114502 (2007

J=put s ¢ TEY= (g + P)utu® + Pgh¥ + 47

Conservation laws (equations of motion)

d ﬁﬂ‘ =(  Charge conservation

0 0 o
i'?prp = 7 s Energy’ momentum conservation F**=-|0 0 B

0 -8B 0,
C'f,,p‘p = F#pfp ;o —"—‘( 3: 2 u‘uup) o ’u?, MMomentum relaxation

Timp

t Landaw-Lifschitz)

Q:
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovion. AIAM. and S. Sachdev, Phvs. Renv. B 6. 144502 (2007

J* = pu* + v T*Y = (g + P)u*u” + Pg*¥ + ™V

“onservation laws (equations of motion)

.«9#] H =(  Charge conservation

0 0 o
r?pT# ¥ p. Energy momentum conservation F**={0 O B
I 0 —-B 0,
gLt = P +—— N + u*u )7 ”u.}, N [omentum relaxation
' v

Timp

A: Heat current O” e Pt —uf” — Entropy current (OQ# /T
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Relativistic Hydrodynamics

S. Harmoll. P. Kovton. AIM. and S. Sachdev. Phvs. Rev. B 76. 144502 (2007,

J# = put + v T#Y = (& + P)u*u® + Pg*¥ + 7

Conservation laws (equations of motion)

d pf'“ =0  Charge conservation

0 0 o
d,T*" = F*YJ,. Energy momentum conservation F**-|0 0 B
0O -B 0
c?,,T’“’ = FFPJF -t 3: + u#up) ?u?_ Nomentum relaxation

Timp

A: Heat current O” —(e+Pu*— W* — Entropy current o* /T
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Relativistic Hydrodynamics

S. Hartnoll. P. Koviton. AIAM. and S. Sachdev. Phvs. Renv. B 76. 144502 (2007 .

JE = put + v T#Y = (& + P)u*u” + PgH” + ™%

Conservation laws (equations of motion)

r?ﬂ.f” =(0  Charge conservation

0 0 o
f}pTﬂv =8l p. Energy momentum conservation F**=|0 0O B

0 -B 0,
=" =1"J_ +—A 3: + uu,,) T”'Yu? - Momentum relaxation

7'imp

3 T
e T

™7 = — (g** + utu™M) | gl + Puy) + (L — 1) 80, u”]
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovton. AIM. and S. Sachdev. Phys. Rev. B 76. 144502 (2007 .

JE = put + v T#*Y = (& + P)u*u” + PgH¥ + ™%

Conservation laws (equations of motion)

ﬁﬁjﬂ =(0  Charge conservation

0 0 0

E?I,T” = p. Energy momentum conservation F**=10 0 B
I \0 -B 0,

aI™ ="l +——A 5‘ + utu )T "J’u Momentum relaxation

Timp

a. T

— &
i 5 v 9

= — (g + uMtRa ™ F T Tay) + (L — 1) Oy ,1°]
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Relativistic Hydrodynamics

S. Hartnoll. P. Kovion, AIAM. and S. Sachdev, Phvs. Renv. B 76. 144502 (2007

JE = put + v T#*Y = (& + P)u*u” + PgH¥ + ™%

Conservation laws (equations of motion)

J ’u.ﬂ‘ =(0  Charge conservation

0 0 o0
d,T*" = F*YJ,. Energy momentum conservation F**={0 0 B

@ =8 O,
(}pp"’ = F#Vjp + — (_9: + utu ) YWH), - Momentum relaxation

7'imp

a3 F
— T

g g ::”F‘E}W&) =L —7) (S;\'&ahﬂt]
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Universal conductivity 6,

(Juantum critical. relativistic regime !

» Quantum criticality
Relaxation time set by temperature alone

+ Relativistic regume: ( Charge) current can relax
via parr creation anmhilation without violating
momentum conservatton.

This is possible because .J, P =.J © are not
proportional. and thus J is not conserved!

(particle) @ > ® <
(hole) ® = E >
J=0, J5=0 F=0,.7%=0
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Universal conductivity 6,

(Juantum critical. relativistic regime ¢

—

» Quantum criticality
Relaxation time set by temperature alone

* Relativistic regime: ( Charge) cwrrent can relax
via parr creation anmhilation without violating
momentum conservatton.

This is possible because J, P =.J © are not
proportional, and thus ./ is not conserved!

(particle) @ > ® <
(hole) P - . -
J=0 JE=0 J=0, JE=0

Pair creation leads to current decay
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Universal conductivity o,

(Juantum critical. relativistic regume s

» Quantum crificality:
Relaxation time set by temperature alone

* Relativistic regime: ( Charge ) current can relax
via parr creation anmhilation without violating
momentum conservatton.

This is possible because .J, P =.J © are not
proportional. and thus ./ is not conserved!

(particle) @ > ® <«
(hole) [ ] g k] >
j:(}, jE.IO j:{)- jEZO

Pawr creation leads to current decay

Universal conductivity

B _
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Energy vs. charge current

J¥* = putt + v

JEH — (e & Py

¥ =op(g"" + u‘“u'ﬁ{{— du+ Fu™) + u
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Energy vs. charge current

B — b ) T
D= put a1 = oplg"” + ufu’ '][{— A+ F i) +pi‘u—w
JE# = (¢ + P)uH f 4

- s+ -~ - TT
= J—U’Q T,LL+UXB+;_L7

P L
g+P- [z+P)P . &+P s
= J+ —opVI+——op(— VP+J X B)
p Ip~ ~ p-

Energv current due to matier flow

Heat current due to a thermal gradient

(with & < & )

Purelv relativistic contribution to the heat
A p— current proportional to the acceleratiand



Thermoelectric response

S. Hartnoll. P. Kovton. AIAL and S. Sachdev. Phvs. Rev. B 76. 144502 (2007

(Charge and heat current J¥ = put* + v O* =(e+Pu*—w*
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Thermoelectric response

S. Hartnoll. P. Koviton. MM and S. Sachdev, Phvs. Renv. B 76. 144502 (2007

(Charge and heat current JE = put* + v O* =(e+Pu*—w*

Thermo-electric response 1n the particle picture

M

f o E : Orr Oxy
s = efc.

o/ \Té& g/\_vr e

electric response in the vortex picture

crimo

sk
=

Nemst signal ~ Nernst coefficient
€y = Uly.r '=ey/B

Pirsa: 07100036 Page 48/83



Thermoelectric response

S. Hartnoll. P. Kovion. AIAM. and S. Sachdev. Phvs. Renv. B 76. 144502 (2007 ;.

(Charge and heat current J¥ = put* + £ = \eL P /"

Thermo-electric response in the particle picture

—_ —_

J o « E ) > T,
— g = etc.
) \1a i)\ vr iy T
Thermo-electric response in the vortex picture
E\ (5 J Nemst signal ~ Nemst coefficient
ag)] \ro&E]\-_Vr ey = Vs v=e,/B

Pirs




Cyclotron resonance

Cyclotron frequency

3

& 2e B 2e B
i 1 Pl = i st s
D" =— — @7 =
¢ (e+P) pc mc
o _ } _ - . D Vz B ;
Damping: particle picture (0, a.K ) =0,
c- e+ P
- 2 2 2
< _ . n @. e )
Damping: vortex picture ( 0, %K ) g i £
7 T s+ F

Particle vortex dualitv!
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Response functions

2e Bpv? B?v?

T e+ P) 7=JQCZ(E+P)

Longitudinal conductivity

& = (w+ 2/ Timp )(w + i’}/—{-iwg/’}/—l—i/fimp)
=00 | ot iy + i/ ) — 2 |
4e? p?v? 1

(e+ P) (—iw + 1/Timp)

as B — (

Pirsa: 07100036



Response functions

2e B pv? B?v?

“CT e+ P) fY:GQCZ(E—i—P)

Longitudinal conductivity

B (w+ 2/ Timp )(w + i’y+iw§/’y+i/fimp)
O.I:L- — O-Q = = 2 2 -
(W + 27 + %/ Timp ) — wg
2en 1
= oo + as B — 0

mn (—iw + 1/Timp)

(non-relativistic limit)



Response functions

2e Bpv? B?v?

e = cle+P) 7=JQc2(e+P)

Thermal conductivity

- = () (57) [ ]

1y (c(5+P))2 {( Y(W2/7 + 1/Timp) }

kT B w2 /vy + 1/Timp)? + w?2

|
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Response functions

26pr2 B242

“Tee+pP) T2+ P)

Thermal conductivity

H‘.’I.'I?

2T\ [+ P\°

1jar (c(s +P))2 { Y(W2/7 + 1/Timp) }

kgTB ) [(w?/7+1/Timp)* + w2
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Response functions

2e Bpv? B?v?

S cle+P) 7=0Qc2(s+P)

Thermal conductivity

0q (k?BT) (5 3 P) ) [(wi/v) @27+ 1/ 7o)’

4e? kgTp (e = o 1N L O -

B oa o e PN
kBT(kBTB) —>]_a,sp—>0

KI.‘I?
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Response functions

2e Bpv? B?v?

e ce+P) 7=JQCQ(5+P)

Thermal conductivity

q (k%T) (s + P) ) [(wi/fy) 75 £ A )

de? ) \kpTp/) [ (WZ/7+1/Timp)® + w2

2
ils:QBT(C(EJrP)) —1las p—0

|

HI:’L‘

k1B
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Response functions

2e Bpv? B?v?

T de+P) T %2+ P)

Nernst signal
S k_B e+ P e Tang
Y7 \2e ) \kBTp) | (W2/7+ 1/Timp)* + w2

e ; k
Quantum unit for Nernst signal ’)—B =43.086 uV/K
2e




AdS/CFT correspondence
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AdS/CFT

The AdS CFT correspondence (Maldacena, Polyvakov)
relates CFTs to the quantum gravity theorv of a black
hole 1n Anti-de Sitter space.

The black hole phvsics 1s
holographically represented
in a 2+1 dimensional CFT on
the boundary of AdS space.
at a temperature equal to the
Hawking temperature of the
black hole.

3+1 dimensional
AdS space
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AdS/CFT

Idea:

+ Obtain exact results at the critical pomnt (CFT) for transport
coetficients (G ) from mapping to a solvable gravity problem.

« Find precisely the response functions of magnetohydrodynamics.
without putting 1in knowledge of dissipative terms nor the principle
of positivity of entropy production!

* Go bevond hydrodynamic regime.

» Future: Obtain quantum critical crossover functions exactly”
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AdS/CFT

Idea:

» Obtain exact results at the critical pomnt (CFT) for transport
coetficients (G,) from mapping to a solvable gravity problem.

* Find precisely the response functions of magnetohvdrodynamaics.
without putting in knowledge of dissipative terms nor the principle
of positivity of entropy production!

* Go bevond hydrodynamic regime.

« Future: Obtain quantum critical crossover functions exactly”’

Concretely:

To the solvable supersymmetric, Yang-Mills theory CFT, we add
» A chemical potential «
« A magnetic field B

After the AdS CFT mapping, we obtain the Einstein-
Maxwell theory of a black hole with
* An electric charge
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AdS/CFT

Simplest gravitational dual to CFT._ : Einstein-Maxwell theorv

1 - 4 = ]‘ (L1’ 3
[:_’} G’X\'—g EFIL”_,F‘;_E

G"l—
= .

(embedded in M theory as AdS; x S7: 1/g% ~ N3/3

1
—— P
4

It has a black hole solution (with electric and magnetic charge):
5 (h - - -5 o b 1 de

ds® = — [ F(2)dt* + dx* + dy?] + = ——.

s > | —f(z)dt X v~ =y

Z

F = ha?dx / d‘v—qndz LN 7 ol

=) > 5 5 o)
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AdS,
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AdS/CFT

Simplest gravitational dual to CFT-_: Einstein-Maxwell theorv

1 I 1 o 3
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(embedded in M theory as AdS; x S7: 1/g% ~ N33
It has a black hole solution (with electric and magnetic charge):
2 =
o 1 dz

2 O 2 - ST S| T
ds —22[ f(z)dt” + dx w-dy]w—zzf(z).

F = ha’dx A dy + qadz A dt.
f(2)=1+(h+¢)2" —(1+h" +q°)z".
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AdS/CFT

* Precise agreement with MHD,
without imposing the principle ot
positivity of entropv production!

* Exact value for 6 (in large V).

» Proven potential to go bevond MHD.
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Comparison with experiments
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AdS/CFT

Simplest gravitational dual to CFT._: Einstein-Maxwell theorv

1 s 1 1 3
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(embedded in M theory as AdSy x S7. 1_,.—"'g2 ~ N3-’;2)
It has a black hole solution (with electric and magnetic charge):
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AdS/CFT

* Precise agreement with MHD,
without imposing the principle of
positivity of entropv production!

* Exact value for 6 (in large V).

* Proven potential to go bevond MHD.
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AdS/CFT

* Precise agreement with MHD,
without imposing the principle of
positivity of entropv production!

* Exact value for 6 (in large V).

* Proven potential to go bevond MHD.
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AdS/CFT

Simplest gravitational dual to CFT._: Einstein-Maxwell theorv
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It has a black hole solution (with electric and magnetic charge):
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AdS/CFT

* Precise agreement with MHD,
without imposing the principle of
positivity of entropv production!

* Exact value for 6 (in large V).

* Proven potential to go bevond MHD.
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Comparison with experiments
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Comparison with experiment:
Peltier coeftficient
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Comparison with experiment:
Peltier coeftficient
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LSCO Experiments

Nleasurement of C‘;q,- = Jxxeﬁf
1 .

o .
o (ny #
0.1 e
&, 0.01 l (T small)
0.001 % p {})w(zekg ) D, 'zwrimp)fpl{ﬁu)ﬁ
B hay (I)*;_F-. h
30 40 60 80 100120

T (K)
Y. Wangetal.. Phvs. Rev. B 73. 024310 (2006
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LSCO Experiments

Nleasurement of & L B0 E
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LSCO Experiments

B.T -dependence
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Conclusions

General theorv of transport 1n a weakly disordered
“vortex liquid " state.

“Relativistic” magnetohvdrodvnamics offers a
transparent wayv to disentangling energv and charge
transport

Exact solutions via black hole mapping have vielded
first exact results for transport co-efiicients m
interacting manv-bodyv svstems. and were valuable m
determining general structure of hvdrodvnamics.

Simplest model reproduces many trends ot the Nernst
measurements in cuprates.
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Comparison with experiment:
Peltier coeftficient
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LSCO Experiments
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