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Abstract: We give a convenient representation for any map which is covariant with respect to an irreducible representation of SU(2), and use this
representation to analyze the evolution of a quantum directional reference frame when it is exploited as a resource for performing quantum
operations. We introduce the moments of a quantum reference frame, which serve as a complete description of its properties as a frame, and
investigate how many times a quantum directional reference frame represented by a spin-j system can be used to perform a certain quantum
operation with a given probability of success. We provide a considerable generalization of previous results on degradation of reference frame, from
which follows a classification of the dynamics of spin-j system under the repeated action of any covariant map with respect to SU(2).
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Topics:

= Introduce a representation for any map which is covariant

with respect to an irreducible representation of SU(2).
= Proof

e this representation to study the dynamics of quantum

fectional reference frame
i ﬁ.{'What is a quantum directional reference frame (QDRF)?
8 We introduce the moments of a QDREF.
- Egenerahze the ‘_Dm_ept Dt qzm!m and .z'rmuu ity of a QDRF and

= Measurement of a spin-1 particle.
One qnhlt Rotation

yaa Open Questions
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Part 1:

The classification of

. Rotationally-Invariant Maps




Background about SU(2)

b= SU(2): set of 2 by 2 unitary complex matrices with
determinant one
¥ SU(2) is isomorphic (up to a sign) to the group of space rotations SO(3)
'SU(2) 1s a (simply connected) Lie group, and the
gorresponding Lie Algebra is spanned by the three Pauli

iQ.__re[zwn-:-s-;t;:}nt:—:a.tla::m Ris a homomorphism
if there e)ast no none-trmal subspace Se Hyj,
IS5 forall Q< SU(2) and s< S.
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Background about SU(2)

. = There exists operators J_, J and J_ such that
[JI .]y] = ?:e]: []y ]::1 — 1.J; [j:: JJ] i ZJy
&In physics, J_, J and J._ represented the angular

momentum operator of a spin-;.

€ry element R of the irrep of SU(2) can be
fitten as e¢'’Y  for some vector U

and where .J := (.J.,. " -,
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-' Covariance With Respect to SU(2)

= We say that a map X 1s covariant with
respect to SU(2) iff

X[R(Q)(R(Q)'] = RQ)x(-)R(Q)T

forall Q € SU(2).

_:’-"3_‘.,__-, of SU(2) for some (2j+1)-dimensional Hilbert space.




Representation for maps which are
covariant with respect to an irreducible
representation of SU(2)

Z I- 25 'Tn

" ke{z.y.z}

where P£; 1s a state associated to the Hilbert
space of dimension 2j+ /.

g80rem 1: Any map £ which i1s covariant with respect to a

_%_":E ureducible representation of SU(2) has the form

for some real coefficients 4n .
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Proof

’ ( — l
| = First show that G,

-.-E'

'.-'f_ip LE(R(Q) p; R( Q)" HR(Q) = ((p;) v e SU(2).

¢ (2) element can be decomposed nto rotations
ound the Y and Z axes:
R(Q) = R.(0)Ry(¢V)R.()

- ( g — COSQ'I‘E + sin QJy
J t (ﬁ) Jy — —sin QJI S Q'Jy

K Jq 5 Jq
i e
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bm Therefore any map of the form <) = > 2.¢"(s))
must also be covanant. n=0

& To prove that every covariant map can be written
as above, we use the Liouville representation:

e — ] P > > vector of dimension d-
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Proof

1
e ClLgs:) = ; T i I 2 =
= First show that *'"% G+ - .

covariant with respect to SU(”)

.1'. "’_d the Y and Z axes:
R(Q) = R.(0)R, (V)R ()

3 [ J.I‘ s COSQJI + sin QJy
ﬁz(ﬂ) / T e 6Jy
\ Jz TR J:
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23

Therefore any map of the form <) = > ¢.¢" (0,
must also be covarnant. e

& To prove that every covariant map can be written
as above, we use the Liouville representation:

ey — l P > > vector of dimension d-
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Liouville Representation of a
superoperator

.resentation: 5() 0 Z Ek - E;;
1 k

v

K(€) = ZEZ R Eji
k




Covariance 1n the Liouville
Representation

LR (12) ® R(2))K(£) = K(§)(R™(12) ® R(£2))

forall €2 € SU(2).

-:"'_f,_::;! of SU(2: R*(Q2) = e s  R(£2)e S

QS R (2)K'(6) =K'(6)(R (o 2 R (Q))
wJy

e Kjf(g) e (EL*J_J R I K:(f)( < I)




= For Qe su(2), all irreps of the group generated by
R(2) ® R(£2) have multiplicity one. Each irrep
correspond to an mteger from 0 to 2j.
23

= By Schur’s Lemma, K'(€) = Z crlly

k=0

for some complex parameter ¢, and orthogonal
projectors IT,.

Bherefore, there is exactly 2j+ / linearly
icpendent matrix that can be used as a basis to
te — in the Liouville representation -- any
dtiant map /C(&)with respect to SU(2).

gneed to find the right set of linearly independent

dirices.
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Covariance 1n the Liouville
Representation

KR (Q) @ R(Q))K(€) = K(&)(R*(Q) ® R(Q))

forall 2 € SU(2).

itep of SU(2): R*(Q) = e ™/*R(Q)e™ />

B R (Q)KC'(§) =K'(§)(R () @ R ()
ERE(E) — (¢ @ DK(§)(e™ ™ @ 1)




Therefore any map of the form <))
must also be covariant.

p To prove that every covariant map can be written

—> ] P ) > vector of dimension d-
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Covariance 1n the Liouville
Representation

b7 (Q) ® R(Q))K(€) = K(€)(R™(Q) @ R(Q)

forall €2 € SU(2).

Bepof SU2): R*(Q) = e " R(Q)e™™

‘fi.’:.@-R, (K (&) =K' (&)(R (O‘) R R (Q))
RS — (e @ DK(&)(e




o= For Qe su(2), all irreps of the group generated by
~ R(Q) ® R(2) have multiplicity one. Each irrep
. correspond to an integer from 0 to 3/'.__}}_
By Schur’s Lemma, K’ (€) = Z el
k=0
for some complex parameter ¢, and orthogonal
projectors II, .

1:4 efore, there 1s exactly 2j+ / linearly
§€pendent matrix that can be used as a basis to
;: ~in the Liouville representation -- any

irant map /(&) with respect to SU(2).
eniced to find the right set of linearly independent
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s representation:
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kc{r.y.z}

gfly independent for 0 < n < 27.
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It is not to hard to
(@) > .72

where Jr= Z (J; T+ TR Jf}z

(total angular momentum)

> . rek agnd 2_4i®A share the same

iesthat 5 /.= has 2j+1 distinct
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= By the fundamental theorem of algebra,
this implies that there exist no polynomaal
of degree 2j that has the 2j+1 distinct

gigenvalues as roots.
- ) I: R . Jri .] i

ghis implies the matrices | 3

ke{z.y.z}

e U< n <2

are linearly independent.
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.® We showed that <) = 2 ¢ (0:) where the q,
L are complex.

ifhe q_are in fact real.

® Proof by induction based on the fact that £ is
a positive map.
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Open Question

= What about covariance with respect to other
Lie Group? Is there any interesting
representation 1in function of the associated
Lie Algebra generators?

¥hat are the restrictions on the g,
irameters”?
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Part 11:

Dynamics of Quantum

Directional Reference Frame




What 1s a Quantum Directional

Reference Frame?

_ - , (0)
= Consider the initial state of a spin-j: #;

(0
Suppose that p. ) depends only on some
~classical” direction 7.

b . . = . ~ f
= |f R 1s the rotation that transforms 71 to 7. then

o5 ()R~ = pi ()

J

= The state o, 1s also covariant under rotations about

ref ( ) is diagonal in the basis consisting
1e e envectors of .J5.
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Scenario

Quantum Reservoir: contains many

Reference Frame identical subsystems of
dimension d.

2 --'_-“ﬁl e Y i
. |
- e - "

apply the map |
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What 1s a Quantum Directional
Reference Frame?

: o S 3 (0)
. = Consider the initial state of a spin-j: F£;

0)
Suppose that p;‘- ' depends only on some
““classical” direction 7.
= If R is the rotation that transtorms 1 to Tl then
(0) ¢~ (0) ¢~ 7
| Rpj (R)R™ = p; ' (R")
- __'e state p, 1s also covariant under rotations about

= i '-l,-_‘ . :_::. —HXIS

srefore, pﬁ ) is diagonal in the basis consisting

e ei igenvectors of J;.
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Scenario

Quantum
Reference Frame

(0)
P

X

apply the map |

Reservoir: contains many
identical subsystems of
dimension d.

I.f‘_‘\.lll ..-f"—"\\ "—"\
o & OF
oy i =

Q@)
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Quantum Reservoir: contains many
Reference Frame identical subsystems of

(n—1)

<IN EXENYXS

dimension d.

| apply the map

1) = &2
X(,Djn '® | n ) X: discarded
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Extra Assumptions:

= The joint map X 1s rotationally-invariant.

& The state of the subsystems in the reservoir are
invariant under space-rotations.

liis implies that the back-action map £ on the
ntum reference frame 1s rotationally-invanant.

iﬂn | implies that pJ__ ” for all k 1s diagonal in the basis
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Quantum Reservoir: contains many

Reference Frame identical subsystems of
dimension d.
(n—1)

< ® 00 .00.

| apply the map

. 7e—1) % e
\(,ﬂjn ) D | i;) X: discarded

m—1 p— n—1 =
B (0" ") =Trg [x(p}" V@ @)
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Extra Assumptions:

. = The joint map X 1s rotationally-invariant.
The state of the subsystems in the reservoir are
iinvariant under space-rotations.

; :mpltes that the back action ‘map 5 on the
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Previous Related Works

1) S. Bartlett, T. Rudolph, R. Spekkens, and P.
Turner, Degradation of a Quantum Reference
Frame, New J. Phys. 8, 58 (2006).

2) D. Poulin and J. Yard, Dynamics of a Quantum

| | Reference Frame. New J. Phys. 9, 156 (2007).
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We use the term quality function for any
function F that 1s meant to quantify the ability of
the reference frame to perform a particular task.

Page 40/65




We use the term quality function for any
function F that 1s meant to quantify the ability of
the reference frame to perform a particular task.

1 he quality measure should not be biased such

that it favors a quantum reference frame that is

pointed in any particular direction relative to some
gternal frame. All directions must be equally
ilid. Therefore, F does not depend on the
rection of 71 ., but only on the eigenvalues of £j-
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Moments

= An equivalent set of parameters to the
eigenvalues of p; are the moments of p;

{Trlp;J 7] | 1 <€ <25}

Ay quality function F depends only on
10S€ moments.

analyze the behavior of F, 1t 1s sufficient
udy the evolution of the moments.
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~ General Recursion Formula for
the Moments




Get rnnde of some of the
coefficients

- Theorem 2:
If £is even, then £/2
Telpf 7] = 3 A Trlp{" VI
t—F0
rand if £ is odd, then
(6+1)/2
: r (k) 767 __ A (£) [
rlp; J5| = E . A T

—1

i FTheorem 1 (by induction using commutator relations).

Page 44/65




Longevity

- = We are interested in the scaling, with respect to
Hilbert space dimension, of how many times a
guantum reference frame can be used ‘before the

walue of its quality function F falls below a certain
hreshold.

RST06: Longevity scales as O(?). (specific F)

Seause we consider any quality function F,
longevity of the reference frame can be
Jitrary (in general).
e can study the scaling of the moments.
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Theorem 5 C 0ns1der a quantum reference frame
with initial state ¢, . which is used for performing
a rotationally-invanant joint operation X;. If this
operation induces a disturbance map
£E=Y o)™

—

that satisfies the following assumptions:
fiere exists some n,,__such that g, =0 for all n=

arx

= 0(1) and
B i) = 0(").
€ number of times that such a quantum

>11CE ﬁmne can be used before its f"moment
)elow a certain threshold value scales as j°.

of Is based on Theorem 2. el




.~ Example A.1: Measurements of
spin-1/2

= Suppose that the reservoir consists of spin-1/2
systems. Each spin 1s either parallel or anti-parallel to
1. (with the same probability).

iThe goal is to use the quantum reference frame to
buess the direction of each spin-1/2.
ihe optimal joint measurement Y is a projection onto
& Subspaces corresponding to different values of the
ilangular momentum.

(k) -
Y (e @ |p)(pl)

pel{—3.3} d

Page 47/65




Measurement of spin-1/2

- = |n term of the first moment. we can rewrite the
quality function:
1 1

' ¢ A Tr|
2 2 27+1

Bheorem 2 tells us

- (k) [
Belp, " J.| =Tr[p;" " J;

ple calculation give us

. )
S —

(27 +1)2




Example A.2: Measurements of
spin-1

= Suppose that the reservoir consists of spin-1 systems.
Each spin has either 1, 0 or -1 angular momentum in
the 7 direction (with the same probability).

ilhe goal is to use the quantum reference frame to
buess the angular momentum in the 7 direction of

sach spin-1.
e t}ptlmal joint measurement y is a projection onto
Stubspaces corresponding to different values of the

I angular momentum.

i |

JLI- (k) . g
:L = g [5 Z I u(e; 7 € ,ua,u]J
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Measurements of spin-1

= |n terms of moments:

1 2yt 1) — 2 s
B (G -2 myy
e Gy 123 +1) T 275(
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Example B: Pauli Operator

= Suppose, we want to implement a Pauli Z
operation on a qubit:

(s 5]
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Gate Fidelity

= We can pick the quality function to be

: 2
_ Jadpe|Tr[E(2)'Z]|
b, d? +d

+d

< (Q) are the Kraus operators of the
pximate gate.




_'Diﬁ‘erent Methods To Implement
' the Gate

1. Projective Measurement

)R(Q)|e)(e| RQ)T, Q € SU(2)}

L3

where |e) =|j,m,=3)




Gate Fidelity

= We can pick the quality function to be

o dpa|Tr(EQ) Z)|* + d
ol d* +d

L3

© E(2) are the Kraus operators of the
oximate gate.




* Different Methods To Implement
" the Gate

I. Projective Measurement

BRQ) = (25 + 1)R(Q)|e)(e| R()T,

where |e) = [j.m.=])




Different Methods To Implement
the Gate

2. Filtering operation:
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" Different Methods To Implement
' the Gate

3. Use coupling between the spins of the
quantum reference frame and of the
IESErvolr :

L3




" Different Methods To Implement
the Gate

2. Filtering operation:

(not unitary)

B IS the projector into the subspace of total
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' Different Methods To Implement
the Gate

3. Use coupling between the spins of the
quantum reference frame and of the
IESErvolIr :




Different Results

b of the gate fidelity with number of repetitions, n,
pior the three methods, (2.1) (dot-dashed line),

'- line), and 2.3) (solid line). This behavior
ralue of j is representative
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Longevity
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Conclusion

& We generalize the concept of quality function and mtroduce the
P moments of a quantum reference frame.

We give recursive equations (Theorem 2) for how the moments
SNolve with the number of uses of the quantum reference frame.

M€ derive sufficient conditions (Theorem 3) for the longevity of

fiantum reference frame to scale by a factor proportional to
it the dimension of the quantum reference frame.

. we applied our results to different L‘{arnples such as the

2 gquantum directional reference frame to measure a spin-1

S0r  to implement an Pauli operator on a qubit. The tools
i Elped can be use to compare different methods to

€ operation using a quantum reference frame as we

—

_a}_ ur Iast example.
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Longevity




Conclusion

B We generalize the concept of quality function and introduce the
P moments of a quantum reference frame.

Ve give recursive equations (Theorem 2) for how the moments
Svolve with the number of uses of the quantum reference frame.
e derive sufficient conditions (Theorem 3) for the longevity of
mantum reference frame to scale by a factor proportional to
fte the dimension of the quantum reference frame.

B we applied our results to different e‘{ampleb such as the
s quantum directional reference frame to measure a spin-1
> or to m:lplement an Pauh operator on a qublt The tO(}lb
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