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Abstract: In 3d quantum gravity, Planck's constant, the Planck length and the cosmological constant control the lack of (co)-commutativity of
guantities like angular momenta, momenta and postion coordinates. | will explain this statement, using the quantum groups which arise in the 3d
guantum gravity but avoiding technical details. The non-commutative structures in 3d quantum gravity are quite different from those in the
deformed version of special relativity desribed by the kappa-Poincare group, but can be related to the latter by an operation called semi-dualisation.
| will explain this operation, and make comments on its possible physical significance. Thetalk is based on joint work with Shahn Majid.
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g
Motivation

e 2+1 gravity can be quantised!
e Non-commutative geometry?

e Deformed special relativity as a remnant of quantum gravity?
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.
Physical constants in 3d quantum gravity

- . ; —2
€ ( (inverse mass). A, (length™). h

Can form two length parameters

: 1
i bl B
VARW
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Overview

1. The Poincaré group and the free relativistic particle
2. Three-dimensional gravity as Poincaré gauge theory
3. Quantisation and quantum groups

4. The relation with the ~-Poincaré algebra

Previous work with Catherine Meusburger +
current work with Shahn Majid
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Speaial relativity in 3d

e Minkowski space, metric 17,5 = (+. —. —),a = 0. 1. 2.

Frr

e Lorentz goup: SO(2.1) =8L(2.R)/Zs=5SU(1.1)/Z>

e Lie algebra sull.1) = s0(2.1): |Ji.Jp] = capad

J53 generates rotatation, ./;../; generate boosts.
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The Poincaré group and its Lie algebra

The Poincaré group P3 = SU(1.1) x R*:
2y T o B T o O el 2 O Adi (1} )

=

Lie algebra is

with invariant inner product

o Poj = nap
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Worldline of particle

K=X "p+5SDP

p-p

K-p

m -

m s
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Phase space of point particle=(Co)adjoint orbit

With g = (v.x) € P3, and By — Jo.J; — Py, have orbit
parametrisation
gimJo+ sPo)g™" = pad® + ko P°

Canonical Poisson brackets (dimensionfull)

—— —

I L il s s o I 1 e g i ek [ :
1 _!'rml._l._ .'Lr'u hy = —n’—{_l.m_,‘r‘ : *-I'.|!'| 1 ,I_'I}Iil'rj — —{—”_,.r{_xgr; 5 ';_j')f'f' j"n

Re-write point particle action as

B it =Y i e e
lir:’-:-iﬂt Particle — /”r Pa-t T 8001 L) — /”"' '_“'”-LZZI_F-"‘R}-U .
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241 gravity as a Poincaré gauge theory

Combine dreibein ¢, and spin connection = = ../

LT

A g PO g

Then

L i 1 .
= / ‘A AdAY+ ={[A, A], AA!
Sl JAL 3 i

JIT—Ein;tei-:1—|-.ri||1|5rt -

Equation of motion

Fa=0& . .—0 @hid T =58

bk
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Introducing point particles

Mark points on S, ,, with coadjoint orbits and couple
minimally:

{ o
jr:3-:-i:1t Particle — / dr ”'r';'f'r 4 'HBj'--."‘r_l ( / N ‘_1) q;
a7
New equation of motion (p = S7m)
F.—’i —= —_r;'f .}“F.L'_] —|—."-_F;‘.:;.:i_i'}f_]'n'r: . flrrTi.-;jl. g = ;{,:i

Holonomy around puncture =C,, . := {ge #/3=sP,—
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Holonomies and phase space

I_"'_"\ -
i
- 1 .
' > k=1
—— B e
|.-| | i
= g " g
h = m
i] 3
- - - T
i s -
v

Extended phase space: P = P“” o DSTR ., |

non Hi=1
Phase space:
Po=A, . B, ...oti.0b5 M. ol \f;) € P

[Ag. B, ... [41. By ']AL, ... My = 1} /conjugation.
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241 gravity as a Poincaré gauge theory

Combine dreibein ¢, and spin connection = = ../
A—e: P* 4w J"

Then

L ; 1 -
IEiI'IEtEI-"I—":iH}%rt . / .-_l ”'r:l T8 [‘—1 _—l_., d—l

““ 'F(T' J Al )

Equation of motion

Fra=0& R.=0 and T =10

bk
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Introducing point particles

Mark points on S, ,, with coadjoint orbits and couple
minimally:

lr!:’-:-int Particle — / a7 _.f”j.'f'. . L‘PJ _”_1 ( .rr B s :1) o
¥ (L7 5

New equation of motion (i = SamG)
o f | & _]_ ,r = A s Hj ’ , L
Fa= —g(pdo+sPa)g~tdz A dz 02(z — =)

Holonomy around puncture € C, , := {ge #3754 = 14 < P3l
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Holonomies and phase space

. 0 '
. m k=l
a8 '
- |_'| i = m
i Ll. *
Extended phase space: P = Pf"‘" T . it

Phase space:
P ={(Ag,Byyerr, Aty By, My . MEYEP

[Ag. B, ... [41. By ']AL, ... My = 1} /conjugation.
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Introducing point particles

Mark points on S, ,, with coadjoint orbits and couple
minimally:

I::'{-i"lt Particle — / oy ”'r‘}r.'f'r 4 'HRj-'- g 1 ( / L ‘_1) (¥
aT

New equation of motion (; = S7mG)

= C gy
Fi= =gl pdo 58510 tdz AdZ 6%z — %3 )

(o J

Holonomy around puncture =, . := {ge HJ3—sF3,-1, = P,
[ i .Jill v _rr
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I, as Poisson-Lie group

e P; is Poisson-Lie group: (. x) = P3 then

- I (VO i) S e | o S
I..I' T 'ilrj _(Tr“_r,..”:..." . ) L ”_.f||' |j =a F 1 _|__I'J{"',|' I _l'

e Dual Poisson-Lie group P; = ST (1.1} « R®. Write elements
' _j .|, Wlth (L — {_‘:‘;—_}_—.}': _H"(_?:ff;r»rn |
[ ',l___f_- ‘ [ L T |} ,'I_”
1fasJdbf = abe) - 1Ja Pby — “Cabel . A\ Pa- P =— U

11
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E

Conjugacy class as particle phase space

Symplectic leaves of P are FPs-conjugacy classes C,,.:

—pd3—sPy -1

|'-;,—f—\d-i H'Ijii — | R

§=1{1~Adlu "))+ sp. B [ pad®] + spa P
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Holonomies and phase space

I
% I k=1
" b
i, '
- |_'|_ X e = m
i .l. *
Extended phase space: P = P;? « C,, .. » piaiaian

Phase space:
P oe=A, B .88 M. .. 5 YEP

[Ag.B; ... [41. By ']AL, ... My = 1} /conjugation.
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I, as Poisson-Lie group

e 5 is Poisson-Lie group: (. x) = P5 then

(Tao T2 =0ea® . Ea vl fvlLglrip=1,

T
(]

e Dual Poisson-Lie group P; = SU(1.1) <« R”. Write elements

i —J }. Wlth = eXPi _H""'(_;f)‘;}rn .

|- ;e = .. [ e e = { s
i i Jl = —€abe] . A Fas Pt = =€abel? { Pa-Pby = 0.

11
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Conjugacy class as particle phase space

Symplectic leaves of P are Ps-conjugacy classes C,,.:

fap, =B 'Ij | == Lgr am _'L""F"'_‘:P"’f S b Zi_L

j = (1 — Ad| I’_L =t -":"r-'jj-z ~ [;r'f”f.:'rj] e 'l"f’rrlD.r
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I, as Poisson-Lie group

e P is Poisson-Lie group: (i.x) = P5 then

[ W N ik S i . sy . ' SN (I o I
'|..I' I]_'_lr lil_r] = (_T'_.r;.r_‘”:'-'r N I_." o f'f I_I = 1] | _|I_|'JI|'|I|I III == l'

e Dual Poisson-Lie group P; = STU{1.1) < R*. Write elements

L —J ). Wlth " ;_.:{1-_},: _Hf-—(;fjr}'“ -

|- .3 ol o g e [ - F— = ! A
1da~Jb] = tabej - '|__,-rr.'-1’h|l' — —Egbef! . \HMa- Db — L.

11
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Conjugacy class as particle phase space

Symplectic leaves of P are Ps-conjugacy classes C,,.:

(i, —Ad{ 'Ij | == {'gy oy _'L""F"'_‘P’:-i -

'j == | J_ F— Ad'. .|"_]- j |_P _|_ -":'-",-;PJ- —~= [;.1‘, E'-";_J--Jr”] _|_ -l"ll.f"’“:j_—).;
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Symplectic geometry of phase space

e Momentum space is the group manifold of ST7(1. 1), or anti-de
: T
a2/

ir=

Sitter space: {(mw.m3) = R*|=g
e Position coordinates ., act by infinitesimal ST (1.1) left-

action

e Angular momentum coordinates j, act by infinitesimal

STU{1.1) conjugation

13
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LESSON 1

e Momentum space has curvature radius < =

T

e Position coordinates do not Poisson commute ~ (¢

e Angular momentum Poisson algebra is unchanged - but
relation to position and momentum is changed

14
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Symplectic geometry of phase space

e Momentum space is the group manifold of SU7(1.1), or anti-de
i P

- 4| =2 i -

: 5 e o =
Sitter space: {(w.7w3) € R¥|75 — 7{ — 73 + 73 = &5}

e Position coordinates ., act by infinitesimal ST (1.1) left-

action

e Angular momentum coordinates ;, act by infinitesimal

SU{1.1) conjugation
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LESSON 1

e Momentum space has curvature radius x

=Y
T

e Position coordinates do not Poisson commute ~ (¢

e Angular momentum Poisson algebra is unchanged - but
relation to position and momentum is changed

14
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Introducing the cosmological constant

Cosmological Euclidean signature . Minkowskian signature
constant
A, =10 E.‘j'. PJ
e - S22V < 5[7(2 : ) = [ Y
A 500 SOH(4) = | SO(3. 1)~ SL{2.C)/Es

15
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The Lie algebra

As for Euclidean signature
Lot A = : : ;
—A\,. for Minkowskian signature

Lie algebra has Cartan decomposition
(Ll = eapad™, e Bil = wpl” Pt =deget"
and invariant pairing
0 L

Iwasawa decomposition P, = P, + e p.n°.J¢, with n? = —A\:

:RJ J_E-],I] — ”.r;.ffjf_'r ) ,r;bp{‘.r

16
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Introducing the cosmological constant

Cosmological Euclidean signature Minkowskian signature
constant

A =0 £ | P

I

U (2) ST°(2) | B ] ~F Y i
(- e ress oo | SU1.1Nx ST
A =1} SO 1) SLI2. CYIZs | 802 2} oo™ U(1.1) - SU(1.1)
. : # | o
|
15
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The Lie algebra

A for Euclidean signature
Lat A = : . ;
—A\, for Minkowskian signature

Lie algebra has Cartan decomposition
[‘jru- Jrl] == F-:-{]rf“rr-x- [-Lh _P.Hj = Ffi-"'“."Pr:- [P; P}i] — *\L"'—rfl"_‘.lr,‘*}rl..
and invariant pairing
' P IJT.J __ 5 b
lwasawa decomposition P, = P, + e 3.n%J¢, with n2 = —A:

:RJ" P:'_I] = 'r"I{_I-Fj-J:'f T Ir"I'J..-J-F)"'.f.'

16
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LESSON 2

e If \ = () position space has curvature radius ~ !

e If A\ =0 momenta don't Poisson commute

1
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Quantisation

Recall: quantisation of free point-particle (co-adjoint orbit)
brackets

{ka. Kb} = —€abck™, {ka-Pb} = —€abeD - lng, pyr =10
is the universal enveloping algebra [7{suil. 1)) x R”)
[JT .;‘r;]] = EF,..I;-”_JW. [Ii Pr] == HF”;‘“;PI", [P R] == 4

Can view this as

U(su(l.1)) x CH{R*3)

13
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On the algebra of momenta

e The group of space-time translations * = +“P, is R>

e The group algebra of R° is C(R”) with convolution product:

r'|1111 zfe :gy = r;l"r_y

e Fourier transform to get C((R*)®), with point-wise
multiplication:
AP AYp _  _HE+Y)P

A

e Momenta p, = C((R*)3) are coordinate functions

14
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The Poincaré group revisited

Can view Poincaré group algebra as transformation group algebra
SU(1. 1) Xx C{(R”
with multiplication
v1 2 freve D fo)(p) = vive D f1(p) f2lAdT (1) (P))
Infinitesimal version is

Uisu(l.1)) x CHR*3))
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A remark on the co-algebra of momenta

Co-product for Hopf algebras A : 4 — 4 - 4 defines action
on tensor products of representations

For any manifold A/, have C(M ) = C(AM ) =~ C(A] x M)

For any group G, A : C{G) — C({G x G). A flg.h)y = f(gh)
is co-product.

For G = (R*)® get Apa(p.q) = pa+qs, S

A[f’u | =g G 141 Pa
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The Lorentz double

Quantisation of “puncture brackets”
{_J,r'”_ h: = _'_-irf'_w_‘.}jr"‘ :)’: f”’*} — —1’—'._”{_1._1'}'-_ {L“J'I El{;}: =k
(1 = exp(—87Gp,.J?)) is quantum double

Eliiwat k. Ly g EfsUtL 1 = EiEfsul 1. LY

Co-multiplication A : C(SU(1.1)) — C(SU(1.1) x SU(1.1))
= non-commutative momentum addition.
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LESSON 3

- JT: Ll] = E {_-r'if}r_“"r{.:
Angular momentum coordinates don't commute ~ 7

¢ A(p) =13p +Pa®1+C eascd® S+ ...

Momenta don't co-commute x (7

- i"\‘-{j . ~\'J'.'*j — ?P ;—'“: _'__”._.‘T{-.'

Position coordinates don't commute ~ /p
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Quantum groups: ¢ =

o—hG/—K _

Cosmological Euclidean signature Minkowskian signature
constant
A =10 DU (su(2)) DU (su{(l.1))
A >0 D(U,(su(2}))), g root of unity D(Ug(su(l.1))) g€ R
A e D(Ug(su(2))), g e R D(Uy(su(1.1))), g € U(1)

24
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LESSON 3

- jr L'] == ﬁ Fr'if;r.""rx..:

4

Angular momentum coordinates don't commute ~ 7

® A(pa) =12 pa+pai1+G eapep’

Momenta don't co-commute x (7

;”J: e

Position coordinates don't commute ~ /p
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Quantum groups: ¢ =

—hGV=X _

Cosmological Euclidean signature Minkowskian signature
constant
A=0 D(U{su(2)) D(U(su{l.1))
A0 D(U,(sui2))), g root of unity D(Uy(su(l.1))) g R
A< 0 D(Ug(su(2))), g e R D{li,{su(l. 1)), g e U(1

24
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LESSON 4

Commutator | Co-commutator
Angular momentum i G
Momentum L e
Position hG 1 |
|
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+~-Poincare

|dea: curved momentum space on which Lorentz group acts, e.g.
45 = {{xw. .03 € B —ng
Define transformation group algebra ST (1.1) x C(dS):

o) (7)) =S (7)1l .'1_1.:'.' oov; e SU(L.1).7m€dS

(013 f1e0
Infinitesimal version:

Uisutl. 1)) x £(dS).
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Ilwasawa decomposition of SO(3.1)

Need (local) factorisation trick:

I[I

g ESL(2,C)= g=us=rx, u, € SU(1.1), r.s £ AN.

where AN =~ R x R? is group of matrices of form

Factorisation of ¢ = SL{2.T) gives rise to dressing action
. = =

= J:_.--'ff"i'-, g— 1y

Pirsa: 07090053
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(Half of) de Sitter space as a group

Realise dS as subspace of Hermitian 2 < 2 matrices:

470 il Ah e L S R

go— {.T|f1 <= NPT 1A 202+ 303

Can define map

-+ |

S:AN —dS. t— st

whose image is “half of dS".

Pirsa: 07090053
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Bicross product structure of ~-Poincaré (Majid)

Define P, = SU (1. 1)>4C{ AN ) with multiplication
(v1 = freva T fo)(t) = vyve & F1(t) fal f?r.L[?"l ]
and co-product

Ale® Fitih) = Lle)3¢ ® Flhtal.

Non-commutative momentum addition

_\i}_f;} | =g & 5

and “twisted” angular momentum addition.
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The 1dea of semi-dualisation

Avoid global issues by taking infinitesimal version

Pi=Ulsu(l.1))raC{AN)

Note U (sl(2.C)) = U(su{l.1))=al"{an) and duality of Hopf

algebras
[*-: (I | — ': | ..—.II._\\_ s

Then define semidualisation (Majid)

a2 00)) 2 B
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Relation with 2+1 gravity?

A purely quantum phenomenon (¢ = R. g = 1):
EI:.'I | t_h"r_l j_ J_ ' J e 'r_l_ [h’.f-" '
and its classical limit:

g=1 o

Uslsu(l. 1))C,(SU(1. 1)) = Uy(sl(2.C)) = Uy(su(l,1))paC;{AN

L g =+l L g=+1

EHE sl L 1)) P.
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LESSON 5

e |[n 2+1 gravity momentum space is EITHER Euclidean and
postively curved (three-sphere) OR Lorentzian and negatively

curved (anti-de-Sitter). Position algebra is
[-};II‘ *K";-"] e JI.P ih-.r_I -;:3':_“1:?,

e In standard bicrossproduct construction of #-Poincaré,
momentum space is Lorentzian and positively curved (de-
Sitter). Position algebra is [X,. X;] = /pX.

e |Lorentz double and #~-Poincaré are different Hopf algebras
arising as ¢ — 0 limits of semidual Hopf-algebras .
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Relation with 2+1 gravity?

A purely quantum phenomenon (¢ = R. ¢ = 1):

48V (1.1)) = Uylan)
and its classical limit:

. o g=1 . = ) )
Uslsu(l. 1))C,(SU{1. 1)) = Uy(si(2.C)) — Uilsu(l,1))sC,(AN
L g =1 | g — 1

EHU sl L. 1) P.

Page 51/59




Pirsa: 07090053

LESSON 5

e |[n 2+1 gravity momentum space is EITHER Euclidean and
postively curved (three-sphere) OR Lorentzian and negatively

curved (anti-de-Sitter). Position algebra is
[}f,f, _Y;_-,] = bp €apuX C

e In standard bicrossproduct construction of #~-Poincaré,
momentum space is Lorentzian and positively curved (de-
Sitter). Position algebra is [X. X;] = /p.X.

e lLorentz double and ~-Poincaré are different Hopf algebras
arising as ¢ — 0 limits of semidual Hopf-algebras .
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Outlook

Workshop on Non-commutative Deformations of
Special Relativity

July 2008 at |[CMS, Edinburgh

Organised by Giovanni Amelino-Camelia, Shahn Majid,

Jerzy Kowalski-Glikman, Bernd Schroers
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Relation with 2+1 gravity?

A purely quantum phenomenon (¢ = R. ¢ = 1):
C4(8U(1.1)) = Uylan)
and its classical limit:

. o g=1
Uslsufl. 1) )Gy (SU(T. 1)) =
| s I

DU (su(1.1)))

Ug(su(l.1))paC (AN

| g== 1

o
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Relation with 2+1 gravity?

A purely quantum phenomenon (g = R.¢ = 1):
EI:.'I [ ':-"r_l j_ J_ ' J A ']j_':" [h’."-" |
and its classical limit:

g=1 =

[:Ei sull. 1) 'Ij«::_":':r:.[ S L 1) o {FI_J_[ S22 1 =

Ligre—s. 1

D(U(su(l.1)))

Ug(su(l.1))paC (AN

| =+ 1

P,
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The 1idea of semi-dualisation

Avoid global issues by taking infinitesimal version

P = U(su(l.1))aC(AN)

Note U'(sl(2.C)) = Ufsu{l.1l))pal (an) and duality of Hopf

algebras
[*f (I | — ': [ ..—.II._\_ i

Then define semidualisation (Majid)

L sl(2.C)) a5 .
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Bicross product structure of +~-Poincaré (Majid)

Define P, = SU (1. 1~4C{AN ] with multiplication
U170 e van follt) = vy F1(E) fol Rf'l ERy
and co-product

Alw® F)tiAz) = Ly(v) 2S¢ ® [(hla).

Non-commutative momentum addition

_\fg;} ] = Dy |l +¢ 7% 12

and “twisted” angular momentum addition.
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The 1dea of semi-dualisation

Avoid global issues by taking infinitesimal version

P.=U(su(l.1))paC{AN)

Note U'(sl{2.C)) = U(su{l.1))=l{an) and duality of Hopf

algebras
U{an) — C(AN).

Then define semidualisation (Majid)

Lilsl(2.00)) 5 20
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