Title: sN formalism for curvature perturbations
Date: Sep 10, 2007 05:00 PM

URL.: http://pirsa.org/07090035

Abstract:

Pirsa: 07090035 Page 1/91



10 September 2007
Frontiers in Cosmology
Perimeter Institute

oN formalism
for curvature perturbations

Misao Sasaki

Yukawa Institute (YITP)
Kyoto University




Comments (mumbles...) to Paul Steinhardt
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- Later it was understood that "BB theory” was not
there to explain “everything”.
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rescue BB theory, giving the initial

condition for the Hot Big Bang universe.
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neory.

- Later it was understood that "BB theory” was not
there to explain “everything”.

- Inflation came to

rescue BB theory, giving the initial

condition for the Hot Big Bang universe.

- Now, people blame inflation because it cannot
explain everything....
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. Introduction

Standard (single-field, slowroll) inflation predicts scale-
invariant curvature perturbations.

[ "J.'-T-;'l-

: § 8 § ¢

Anisotropy Power (j1K¢)

:

CMB (WMAP) is consistent with the prediction.
perturbation theory seems to be valid.



- So, why bother doing more on theoretical models?

Because observational data does not exclude other models.

Tensor perturbations have not been detected yet.
TIS~0.2-037 or smaller?

- Inflation may not be so simple.
multi-field, non-slowrall, extra-dim’s, string theory...

- future CMB experiments may detect non-Gaussianity

XSS 2 e " > R2
= gauss+ le_ I gauss+ = |fNLI 2 9"

- Pre-bigbang, ekpyrotic, bouncing,....?




- So, why bother doing more on theoretical models?

Because observational data does not exclude other models.

Tensor perturbations have not been detected yet
IS~ 0.2-037 or smaller?

- Inflation may not be so simple.
multi-field, non-slowrall, extra-dim’s, string theory...

- future CMB experiments may detect non-Gaussianity

(Y F Ry 2 s > K2
= gauss'l' le_ I gauss+ = |fNLI <z 9"

- Pre-bigbang, ekpyrotic, bouncing,....?

_Re-consider the dynamics on super-horizon scales




2. Linear perturbation theory

I F % ™ = -

- metric on a spatially flat background (g, =0 for

ds® =—(1+2A)dt* +a’ (t)[(;i +2R)8, + H, ]dxicbc""

]

(1) a | F{.) = transverse-traceless
x'= const.
« propertime along xt=const.:. dr=0+ A)dt
, &) 4 3
- curvature perturbationon 2(f): K == R=—— AR
ai

< , (3)
» expansion (Hubble parameter): H=H(1— A)+¢, [ ;%i 5}




- Choice of time-slicing

- comoving slicing T =0 (¢=¢(t) for ascalar field)

« uniform density slicing —T’:}0 =g — 5

- uniform Hubble slicing 1 (3
H=H(t) & —HA+5{‘R+§AE}=O

s &)
» flat slicing R_—iAR 0 ©oR=C
a

« Newton (shear-free) slicing

_ (3)
A A {5@ loj;}atho &I E=0 o E=C(

traceless 3




- Choice of time-slicing

» comoving slicing Fr=— (gzﬁ:gﬁ(t) for a scalar ﬁeld)
matter-based slices
- uniform density slicing -T°, = p = p(f)

« uniform Hubble slicing

I &)
H=H{) © —HA+5{‘R+%AE}=O
- flat slicing (j%g) = _igﬂzo &R =
aE

« Newton (shear-free) slicing
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- Choice of time-slicing

* comoving slicing (gio:gzi(t) for a scalar field )
matter-based slices '
- uniform density slicing -7

- e

0

- uniform Hubble slicing r 1(3)
H=-H(t) —HA+5ILL‘R+—AE}:O

geometrical slices 3
- flat slicing [1:33) 3 _izg.R:O R0
a

* Newton (shear-free) slicing

scalar &)
| H, | = {aq —151j A}afE =0 ©0,E=0 © E=(

traceless 3




- Choice of time-slicing

* comoving slicing ey (éZgﬁ(f) for a scalar ﬁeld)

— _— N
y B

- uniform density slicing -7

0

« uniform Hubble slicing 1 (3
H=H() —HA+G |}JR+§AE} =4
- flat slicing %} — _i(}iy{:o = R=(
aﬂ
« Newton (shear-free) slicing
scalar & | 1% G) - 7 s
8, [HJi =18,0, —gqj A|lB,E=0 ©8,E=0 < E=(
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comoving = uniform p = uniform H on superhorizon scéles




- 8N formalism in linear theory

e-folding number perturbation between =(f) and Z(i.):

SN (Gt )= fﬂ Hdr- (j: Hd;r)

background
5[, 19 | 1<3) £ dep only on
L

A

o i /ﬁ\ / % (tyr). R{tyn)

—‘O (tfn)
SN(L L) I No(tts,)

—t \ L —=m.ro

-ﬂA‘;ﬁ.ﬂ-H

%o (8)




- Choice of time-slicing

* comoving slicing r—4 (gé:gz?(f) for a scalar ﬁeld)
matter-based slices |
- uniform density slicing -T°, = p = p(f)

- uniform Hubble slicing

A e i 1 (3)
Hi— 1) & —HA+5{‘R+§AE =0

geometrical slices

« flat slicing R__i‘jﬁ 0 &>R=0
a

« Newton (shear-free) slicing

o [H, T {5 15 A]E‘E 0 @8 E=0 < E=0

traceless 3




. Linear perturbation theory

- metric on a spatially flat background

x1= const.

« propertime alongx’=const.: dr=(01+ A)dt

- curvature perturbation on X(f): R == R = —

- expansion (Hubble parameter): H=H(1- A)

u

ds® =—(1+2A)dt* +a*(t)| 1 +2R)5, + H,, |dx'dx’
~(t+dt)

i 2 o ~N I7
V) T d;0 ;L

bEE L] = transverse-traceless

(3)
4 AR



- Choice of time-slicing

« comoving slicing T“ =0 (¢=¢(t) for ascalar field)

= —
i’ 3 ¥

- uniform density slicing —7°°

0

« uniform Hubble slicing

I &)
H =) —HA—i—@fL‘R-!—%AE}:O

- flat slicing R = _iij 0 & R=C(
a

* Newton (shear-free) slicing

o, [H; T . {5 5, —16, i}?E 0 & 6,E=0 o E=(

traceless 3




- Choice of time-slicing

* comoving slicing = —§ (gzii:gf'(t) for a scalar ﬁeld)

- uniform density slicing -7°, = p = p(f)

« uniform Hubble slicing

i &)
H=H|l) & —HA—!—@[‘R-I—%AE}:O

&)

» flat slicing %} = _iﬁ R=0 = R=0

a
« Newton (shear-free) slicing

scalar 1 L, &) - _ :
a,| H, | EFEE*" -3, A}*FE:O < dE=0 < E=(

traceless 3
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moving = uniform o = uniform H on superhorizon scdles
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- 8N formalism in linear theory

e-folding number perturbation between Z(f) and Z(%..):

SN (t:t,,) f "Hdr- (j Hd:,r)

backeround
o | g Lo S dep only on




- 8N formalism in linear theory

e-folding number perturbation between X(f) and Z(i.):

SN (t:t,,) j "Hdr- (j Hd'r)

backeround
51 j < 1?33 = dep only on
f

—‘0 (tf n)

1 /ﬁ\ _L— 2. R
SN(L L) [Na(ff)

/ \ / _f(f) T’(t)

%o (D)

u“i

:. |
= E.

SN=O(k?) if both =(f) and =(t;,) are chosen to be ‘flat’ (R=0).




Choose and XZ(f-,) = comoving:

N N A

— .' \ - e E(tfm) RC(tﬁV’i)

= SN (&t )=R{ts) on superhorizon scales

L8 curvature perturbation on comoving slice

The gauge-invariant variable £ used in the literature
s related to R, as £ = -R.or £ = R, on superhorizon scales




Choose and XZ(t.,) = comoving:

A A A

e Y . S L —— X&), Rty

= SN (LT, )= R (L5, ) on superhorizon scales

L curvature perturbation on comoving slice

The gauge-invariant variable £ used in the literature
s related to R, as £ = -R.or £ = R.on superhorizon scales

By definition, dN(t; t5,) Is t-independent




Example: slow-roll inflation

» single-field inflation, no exitra degree of freedom

72~ becomes constant soon after horizon-crossing (=£.)
ON(fh;tﬁn ,): ﬁ C(tﬁn) = tR C(th)
log L
A - 4
g
~ <

= -



Also 6N = H(t,) ot._ , Where di-_ Is the time difference
between the comoving and flat slices at =t

~-(t,) : comoving 00=0, R=R

/ §t;—CT




Example: slow-roll inflation

» single-field inflation, no extra degree of freedom

J— ¥ : x E
i g moam e e pem mers e s g BT fem g pET omm am e A e —
T x I .

Loy oy e R a Tl = = 3 3 r ] &
=1 | i | e | = [ N = o F — 4 iy, i, i
L T - - wal S S et ] e S et 1 s o S 8 e S 1 3 e 1 T el S 5) T

—_

§N(tn?fﬁn ): R C(tﬁn ) = tR C(tn )

log L

3 f-’ﬁ
- -~
- >
—~ ¥ - ."-d-.
Ay ey -
p— t P
S .-""f-. -
.-"’-.
e .
Prﬂ.-.

=t = =L




Also 0N = H(t, ) dt._. , where dt-_. Is the time difference
between the comoving and flat slices at =t

Y-(t,) : comoving 00=0, R=R.

QIF (th _t_é.t 2 xi ) — G}f (th ) e (SéF & Q(th )5tF—>C i O




Choose and Z(L:

) = comoving:

A A~ AN

— = F
|

g,
g i

(/)]

- ON ( CE ) -R Al ) on superhorizon scales

K curvature perturbation on comoving slice

The gauge-invariant variable ‘£’ used In the literature
s related to R as £ = -R.or £ = R, on superhorizon scales

By definition, dN(t; t5,) Is t-independent




- 8N formalism in linear theory

e-folding number perturbation between X(f) and Z(i.):

SN(t;t,, )= fﬂ Hdr- (j: Hdr)

backeround
o [, 16 PURL N dep only on
= i CI|:R+§AE:|dt:|:R+gAE:i ini and fin ¢

SN=O(k?) if both =(t) and (i) are chosen to be flat’ (R=0).




Choose and X(f.) = comoving:

A A

— \ I e E(tﬂn)-'- Rc(fﬁﬂ)

— L=
o e 8 |
Sl g |

N

= SN (t;t,, )=R(t;,) onsuperhorizon scales

, curvature perturbation on comoving slice

T'he gauge-invariant variable £ used in the literature
IS related to R as £ = -R.or £ = R, on superhorizon scales




Example: slow-roll inflation

» single-field inflation, no exitra degree of freedom
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Alsc 6N = H(L,) dt._ , where di-_. Is the time difference
betwesen the comoving and flat slices at =,

Y-(t) : comoving 00=0, R=R

D o0 e SO gy

éF (th +5t?—}f - x ) s gﬁf (th ) = 5‘?3(’1: + é(th :)5@—”: =0




Also 0N = H(t. ) ot._. , where di-_. Is the time difference
between the comoving and flat slices at =t

~-(t,) : comoving 39=0, R=R_

/ é‘tf: —C T i

sxi):@:(th) e §¢F+é(tn)5tF_ﬂ =

{"\_'




Alsc 6N = H(L,) ot._ . where di-_ Is the time difference
between e comoving and flat slices at =,

|
&

Y-(t,) : comoving 0¢=0, R

— el




Alsc 6N = H(t,) dt._ . where di-_. Is the time difference
beiween tine comoving and flat slices at i=t,..

>~(t ) : comoving 00=0, R=R.

O, (th +o, .. x ) =@ (th ) = 5, +€5(tn )ot, . =0

-y R f;:*(_tfm ) = é‘f\r(fh;fﬁﬂ ) = dgj?rdt OP; (t'ﬂ)
dN .. ,
= ,, O@F(th)




Alsc 6N = H(t,) ot._ . where éi-_. Is the time difference
between tne comoving and flat slices at i=t,..

¥.~(t ) : comoving 5¢=0, R=R

/ é‘tF—fCT;\/ L e )

¢F (_th +01 L2 x’f ) i g’?’i:? (.th ) g (5(% L é(th _)5t}‘_,c =0

= R (L,

fin

V=S8N (t. :t.
) ( s Im ) dé j,-"rdt

Only the knowledge of the background evolution
Is necessary to calculate R-(i5,) -
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- 5N for a multi-component scalar:

(for slowroll inflation)

ﬁ C(_tﬂn ) = ﬁ’;N = Z fgg é‘gﬁ; (th )

= 5

i =Ty - — — — e g T
e = —— Toy P - L
- - e P e ~~r’ - Sl e | el LS L
-t - d o

)=—H—F - time varying even on
' superhorizon scales




- 6N for a multi-component scalar:

(for slowroll inflation)

IR C(.tf'm ) = §N —

~—-H——— .- time varying even on
/ superhorizon scales
5 3

(IR F (t.)) = [V N[5 [ =[N — 2

L g
*~ f (27)




- SN for a multi-component scalar:
(for slowroll inflation)

Rty )=0N = ZC‘N

R.(f)=—H—— - time varying even on
" superhorizon scales

I
'}
¥

i H™(t,)

o2

(27)

“Jo -IvNT

R.[(t, )} =[vN

Further extension to non-slowroll case Is possible, if
general slow-roll condition is satisfied at horizon-crossing.




3. Nonlinear extension

« On superhorizon scales. gradient expansion is valid:

0 0

O« |—0Q|~HQ: H ~ %G—p

= | o,

OXx ot




3. Nonlinear extension

« On superhorizon scales, gradient expansion is valid:

Ol EQ ~HQ; H ~,jGp

This is a consequence of

e S

light cone




3. Nonlinear extension

« On superhorizon scales, gradient expansion is valid:

Q| x _tQ ~HQ:. H ~ %G—p

This is a consequence of

e e B

light cone

- At lowest order. no signal propagates in spatial directions.




3. Nonlinear extension

« On superhorizon scales, gradient expansion is valid:

—Q| <

~HQ: H~Gp

- At lowest order. no signal propagates in spatial directions.

Field equations reduce to ODE’s



- metric on superhorizon scales

« gradient expansion:
~ - -
0. —>»&0., & =expansion parameter

 metric:

ds® =-N°dt*> +e™* 7 (de +_.;?'"dt)(dx-’§ + [ 'dt)
det 7. =1. B =0(¢)

T e, o F_o 7 T o N 2 = | e W o T - e,
p— Eif it H =T EE i = e L 3 i H {31 1
i 1 S Yo ! L wd 1 ¥ = L e e o el Y’ & |

contains GW (~ tensor) modes

(:,(( tx )=Ina(t)+ 1//(_ Ex' ) | ~ curvature perturbation
|




- metric on superhorizon scales

« gradient expansion:

0, —>&0,, &= expansion parameter

« metric:
ds* =—-N?dt* +e’* 7, (dx' + f'dt)(dx’ + p'dt)

det e =k = H—A(NEz]
contains GW (~ tensor) modes

a(t,x')=Ina(t)+y(t,x'); y ~ curvature perturbation

| | e.g., choose w (t.,0)=0

-
e
e
L
Q4
<
iy
)
(]
X
(&
=
el



- Local Friedmann eguation

s : 8xG = = 5 _55&
H (t:x ):?p(t:x )*O(,{i"_) = N

x' . comoving (Lagrangean) coordinates.

di,o+3H(,p+p)=u

dr= Ndi : proper time along matter flow




- metric on superhorizon scales

« gradient expansion:
O.—>&0., & =exXpansion parameter

» metric:
ds® = -N°dt* +e’™ (dxf —:~_.-_"dt)(drj - dt)

] i i e
et 1 j { F = :
= i I L >
ol e W P iy gy :'rn-c'__.. P e I i [ Ry, gl g eley g,
= 4t a1hs it Il 1 =1 \F3 N e e B - 1 11
ol Y d r = S l o rd

=

contains GW (~ tensor) modes

a(t,x')=Ina(t)+ l//(.f,_.l‘i ); w ~ curvature perturbation
| | e.g., choose w(f.,0)=0

fiducial “ background’




- Local Friedmann equation

_ . : - 0.«
0 )= sl ) H="C
3

x' : comoving (Lagrangean) coordinates.

43 p)=t

dr= Ndt : proper time along matter flow




Local Friedmann equation

o i SEG - - 3 _E’(Z
H?(t,x )=?p(t,x%oca-) L

x' . comoving (Lagrangean) coordinates.

diﬂﬁﬁ(pw) =0

dr= Ndi : proper time along matter flow

e, e T, e~ e Lok e T P = T e et =T
et T - | T ¥ = | |

(¥
Q)
(D
L

Yo Gt Nl e 3 Nl et el 1 i | ] ol Serd e 3 8 -:r" 1

D

"separate universe




Local Friedmann equation
8zG B

H*(t,x) === p(x) +0(6) E

x' . comoving (Lagrangean) coordinates.

dip—i—?)[:f(p—!—p) =

dr= Ndi : proper time along matter flow

= T
e R e Py iy ity e

;u'L-_ -
-

e, L3 o P, L P T S M P Tl B =

g f I o— b | — — P — { — e oy

i r F Y

St e - = = = el N ] ieed § N et D Yo e o terd e

o
b t = T
= 3
P S pe— . . S A e, ! b b = = . e R, e e P
e S — y 4 e 2 = | . —_— F r - —
o - ey 2 1 e | | 1 1 et e e = 1§ N e - S e e ~ar S et
=

as in the case of linear theory



- Local Friedmann equation

e o Bal3 : > o
H (t:x):?p(tax)_'_()(g_) b= N

%Q—J—SH(pﬂ—p) — |

x' . comoving (Lagrangean) coordinates.

dr= Ndi : proper time along matter flow

— R T _— e e G e z— TN eVt BT T
) - T g HE bt - ¥ i e | s 1
e Yo e o | -3 2 Semer — e et Yl N Y Need o et i e el St et el S d
e r
“separate universe”
= = I T
. i _—— o i T e T i 1 Fr e iy, el B e P e e e e T
. pre— — 1 - | e 8 e S p—) —_— o p—
-l i e 1 T S S L i i : el S dea - 1 S e L g 3 e e S St
—_

as in the case of linear theory

- no modifications/backreaction due to super-Hubble
perturbations.



Local Friedmann equation

~ 5 : SEG : - T EILI
H*(t,x) == p(t,x') + O(s*) .
3
x' . comoving (Lagrangean) coordinates.
d - _
—p+3H(p+p)=0
dr= Ndit : proper time along matter flow
"separate universe

as in the case of linear theory

- no modifications/backreaction due to super-Hubble
perturbations.



4. Nonlinear AN formula

energy conservation:
(applicable to each independent matter component)

P —+0(e” =—6a=—(£+6 \=—I—*IN+O'8:
e oif ot P (£%)

e-folding number:
1

: - iy (i, O.p
N (t..t;x')=| HNdt= _§Jf-. p—;Pif

where x'=const. is a comoving worldline.

dt




Local Friedmann equation

D

el Baf i T

0

[

= o Bt o >0
H*(t,x')=——p(t,x" ) +O(&") H =

3 N
x' . comoving (Lagrangean) coordinates.
d

d—p—l—SH(p%—p)zO

dr= Ndit : proper time along matter flow

U

e == —_— el e e ey, ey g g g e B R o T e e
et N et — el — a5 | | i | £ 1 =3 1M
S e = - e Bt e N oo § N el ] el b e el it el ot d
o
oo &
“separate universe”
T ¥ | Fr
g p— ey e = PES PN — ;g — S e e e o e e e |
— —_— T il = 3 L] - - I ) L% ] |
- E e e £ 1 1 et e G | e om0 N T

Ny —
. PR 8 RNl werdd -

as in the case of linear theory

- no medifications/backreaction due to super-Hubble

perturbations.



4. Nonlinear AN formula

energy conservation:
(applic:able to each independent matter component)

P . g o Y Bnrofe
3(p+p) (5 ) [ rw) { )

e-folding number:
N(t,,t,;x’ )_| Hth———J'

p+ P
where x*=const. is a comoving worldline.




Local Friedmann equation

2 . . - O
Y= o 51 O H="C
3

x' . comoving (Lagrangean) coordinates.
dip—!—SH(p%—p) —{
dr= Ndit : proper time along matter flow

I I T
= fooiy, oy B Tl = e T st ot aT =T e

iy — e 3 —y iy — o W — p—

s A J o byt Tl i b Tl il |~ 1 ] |
e Tt S S i £ e L ] 3R N Lo et Sr-d S S Wl g e - e 4 1 Ses S N el et Nl a3 R

i t = 5
- e
- e e - S i g o Eoar ! e e i . g e oS m o — e
1 \ - \ - - — § are Bl OB e A e — 1 L - —
-y - L St N ot 132 o i g 2 1 N o’ B T b M S g N E S s S S
—

as in the case of linear theory

- no madifications/backreaction due to super-Hubble
perturbations.




4. Nonlinear AN formula

energy conservation:
(applicable to each independent matter component)

Efp . ] - 'fa = \‘ == : F* =)
-+0lg” |=—C.a=—| —+0 =—HN +0| ¢

e-folding number:
N(t,,t,;x’ j HNdr———J'

22712

dt

p—s—P
where x'=const. is a comoving worldline.




4. Nonlinear AN formula

energy conservation:
(applicable to each independent matter component)

<l -+O0(g” =—5.(z=—[g‘5 \=—FIN+O'5:"
3(p+Dp) Jilats o )

e-folding number'
1

. =~ . 8,p |
N(t,.t;x")= J Hth=—§J p_frP

where x*=const. is a comoving worldline.

This definition applies to any choice of time-slicing.




4. Nonlinear AN formula

energy conservation:
(applicable to each independent. matter component)

Efp > - a . 3 -3
-+0\¢& =—ca=——+c¢f}=—HN4—Og
3(#+p) LA [a * =)
e-folding number: .
N(t,t;x") = ["Andt=—=[" 221 qp
221 _ i 3 7L p_;_PI:.

where x'=const. is a comoving wérldline.
This definition applies to any choice of time-slicing.
= y/(tz,xi ) —t;/(_'_tl,x"') = AN(:t:,tl;xi )
where .




4. Nonlinear AN formula

energy conservation:
(applicable to eaci independeint. matter component)

CP +O(8:)=—5f&= —[E‘F 519"} =—HN ,:_O(g:)

3(2+ p) a

e-folding number:

—{ O 1 Op
N I = )=L___ Hth_—gL__ p—t!—P I

where x*=const. is a comoving worldline.

-

dt

This definition applies to any choice of time-slicing.

- V/(f:,xf L, x’ ) =AN(t,,t;x )

where

m—— =

Il
|
o




- Local Friedmann equation

i : = = 5;!{.7{
2ZG o(t,x)+0(e*) =5
3

B0 )

x' : comoving (Lagrangean) coordinates.
d

=
-

p+3H(p+p)=0

dr= Ndi : proper time along matter flow




- metric on superhorizon scales

« gradient expansion:
~ -~ - = t
O.—>&0., &=exXpansion parameter

« metric:

ds* =—N°dt* +e* 7_(dx' + f'dt)(dx’ + f’dt)

= s —
t 1 ' § | : |
t — —_— . F i A
- - k- i ¥ |
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- metric on superhorizon scales

« gradient expansion:
-~ -~ =
O.—>&0., & =exXpansion parameter

« metric:

ds® =-N°dt* +e’™ (dxl +_.;'f"dt)(dxj + [ dt)

dety =1 §H —Clc]
1 L the only non-trivial assumption
contains GW (~ tensor) modes

a(t,x')=Ina(t)+ l//(f,l‘i ); w ~ curvature perturbation
i e.g., choose w (t.,0)=0




- Local Friedmann eguation
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dr= Ndi : proper time along matter flow
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Local Friedmann equation
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x' . comoving (Lagrangean) coordinates.
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as in the case of linear theory

- ne modifications/backreaction due to super-Hubble
perturbations.




4. Nonlinear AN formula

energy conservation:
(applicable to each mdependent matter component)

é,p (a
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e-folding number:

where x'=const. is a comoving worldline.
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4. Nonlinear AN formula

energy conservation:
(applicable to eaci independent matter component)
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e-folding number:

where x'=const. is a comoving worldline.

This definition applies to any choice of time-slicing.
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4. Nonlinear AN formula

energy conservation:
(applicable to each independent matter component)

i +O(53)=—5fa= —[E+ Etw}=—FIN +O(g:)
| = |
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e-folding number:
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where x'=const. is a comoving worldline.

This definition applies to any choice of time-slicing.
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- AN - formula

Let us take slicing such that Z(f) is flatat = £,
and uniform density/uniform Hfcomovingatt=¢,[ Z-(f;) |

X(t,) : uniform density

p (t,)=const.

N(t,, ;)

> At;) : uniform density __ p(&;)=const.

w(t)=0

=N

N(t,,t;;x")=N,(t,,t,)+ AN,

N, (t,,t)=1In —-— between X (L, ) and £_(L,)




Then
AN, =y (t,x')—y(t,x')=w.(t.x')

suffix C for cc 1f ST

where AN is equal to e-folding number from to Z (L)
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Then

stiffix C for comr FUMTermT pful

where AN is equal to e-folding number from to Z (L)
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- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),
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- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),

N(tggtl;xi)=—1j.i; Efp

3°t p+P(p)
__Lpen 4P x)- it )+ In| 2D
3°7@.x) p+ P(p) i | a(t,)

Ip{nxf} dp

el --Slice-independent
w0 p+P(p)
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4. Nonlinear AN formula

energy conservation:
(applicable to each independent matter component)

bl +O(_82)=—6faf = —(E-i- Erw} =—I:IN:—O(5:)

3(p+ D) \a
e-folding number:

F | L 1 -I: 3 |
N(t,t:x')=[ ANdt=—["—F] dt
~ _ L, 3 i, p_i_PiI:.
where x'=const. is a comoving worldline.
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Local Friedmann equation

& ' - - d.a
A*(t,x) = 22 p(t,x") + O(&) M=

3 fV
x' . comoving (Lagrangean) coordinates.
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dr= Ndi : proper time along matter flow
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as in the case of linear theory

- no madifications/backreaction due to super-Hubble
perturbations.



4. Nonlinear AN formula

energy conservation:
(applicable to eaci independent. matter component)

ﬁ
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This definition applies to any choice of time-slicing.
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- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation)

]
E

N(tz,tl;xi) = F O

37t p+P(p)
1 ‘p{fz:xf} dp ' . _a(t )_l
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- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),

Ly 1¢t. O,p
M(wtie)=-A[ 2

—

a(t,)
a(t,)

L. x ) . :
=_l P : dp =w(t:,x3)—w(t1}x1)—!—ln[

1 cetx)  dp

#0  p+P(p)

e () =pt,x)+=|

---slice-independent
=

non-linear generalization of ‘gauge -invanant quantity — or X _

« yrand pcan be evaluated on any time slice

« applicable to each decoupled matter component



AN for ‘slowroll’ inflation

* In slowroll inflation, all decaying mode solutions of the
(multi-component) inflaton field g die out.

* If ¢Is slow rolling when the scale of our interest leaves the
horizon, N is only a function of ¢ (indep't of d@/dt, apart
from trivial dep. on time ., from which N is measured), no
matter how complicated the subsequent evolution would be.

* Nonlinear AN for multi-component inflation :
AN = N (gﬁ’ " 5¢@ ) N (é_)
P
_Zmaé “0g™ ---84™ A

where 6¢ =6¢, (on flat slice) at horizon-crossing.

(0¢,. may contain non-gaussianity from subhorizon interactions)




- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),
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« yand pcan be evaluated on any time slice

- applicable to each decoupled matter component



- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),
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Then

suffix C for cc JEUITTO! FUT
where AN, is equal to e-folding number from to Z (L)
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- AN - formula

Let us take slicing such that X(f) is flatat £t = £,
and uniform density/uniform Hf/comovingatt=¢,[ Z-(¢;) |

/W p (t;)=const.
N1 ,x) ‘
> {t-) : uniform densi p(t,)=const.
o AN 1 dh) - :

W(t1)=0
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4. Nonlinear AN formula

energy conservation:
(applicable to eaci independeint. matter component)
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This definition applies to any choice of time-slicing.
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- Conserved nonlinear curvature perturbation

For adiabatic case (P=P(p) ,or single-field slow-roll inflation),

N(t,.t;:x)=—[" O
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8. Summary

Superhorlzon scale perturbatlons can never affect loca
ZOM-S1ZE e , NENCE nNever cause backreactlon

nonlinearity on superhorizon scales are always local.

However, nonlocal nonlinearity (non-Gaussianity) may
appear due to guantum interactions on subhorizon scales.

There exists a 1ear generalization of o N rormula which
is useful in evaluating non- Gau551an|ty from lnﬂation

diagrammatic method can by systematically applied.

&e = from loop diagrams needs further
consnderatlon
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AN for ‘slowroll” inflation

« In slowroll inflation, all decaying mode solutions of the
(multi-component) inflaton field ¢ die out.

* If ¢Is slow rolling when the scale of our interest leaves the
horizon, N 1s only a function of ¢ (indep't of d¢/dt, apart
from trivial dep. on time ¢, from which N is measured), no
matter how complicated the subsequent evolution would be.

« Nonlinear AN for multi-component inflation :
AN =N (¢ + 66" )- N (¢")
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where J6¢ =o¢, (on flat slice) at horizon-crossing.

(0¢. may contain non-gaussianity from subhorizon interactions)
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