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Abstract: | will discuss an aternative approach to ssmulating Hamiltonian flows with a quantum computer. A Hamiltonian system is a continuous
time dynamical system represented as a flow of pointsin phase space. An

alternative dynamical system, first introduced by Poincare, is defined

in terms of an area preserving map. The dynamics is not continuous but discrete and successive dynamical states are labeled by integers rather than a
continuous time variable. Discrete unitary maps are

naturally adapted to the quantum computing paradigm. Grover's

algorithm, for example, is an iterated unitary map. In thistalk |

will discuss examples of nonlinear dynamical maps which are well adapted to simple ion trap quantum computers, including a transverse field Ising
map, anon linear rotor map and a Jahn-Teller map. | will show how a good understanding of the quantum phase transitions

and entanglement exhibited in these models can be gained by first

describing the classical bifurcation structure of fixed points.
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Simulating unitary dynamical maps on a
quantum computer.
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Outline of talk

¢ What 1s a umitary dyvnamical map?

e Fixed points and bifurcations. .
e |he Jahn-leller unitary map.
e The transverse field-Ising unitary map.
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Area preserving maps.

The King of Sweden and Professor Poincare.

1885: Mathematical contest.

I[s the solar system dynamically stable ?

Méthodes Nouvelles de la Mécanique Céleste.
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produce very qreat ones in the final phenomena. A small error in
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Poincaré. “Science and Method” . 1903.
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Poincaré’'s method.

Bevond perturbation series to new geometric methods.

3

Not particular solutions but classes of solutions as a whole.

auations themselves

[f_'fr T _h."l.’lf,*.r;.’r.u_ _.f..':JH! LTL(] rJ!IH}.'r'f .'L.n'!.'r' f,"—-,f'e f -hr r:fir'.,f .'.r_E

T ' 7 . aw 1 g
had changed. Instead., using his new way of “wviewing” differential
equations, Poincareé could see something that was built into those
R 1 oo Fond £t e T =
Hg"h’mm.ﬁ'.'ﬂ (ALt ALoTg 0O nad j’i.fr"f'fr-ffhr#;' Escaped .f.'Uf-'u‘r.

Ivars Peterson. MathTrek
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Surtace of section.

Adhfdrrdde oenodes, o
ot wmibsba, St

o= Mo}

Studving the Poincaré map gives a complete characterization of
the dynamics 1in a neighborhood of a periodic orbit.
Tllu lu-[‘inuiil' u[‘hil Elt‘ l}lq* continmious :1_\'11;]1}]}4';11 system 1s .‘-T."IIIII' i{ I’I]lfl H]]l_‘\' l{

the fixed point of the discrete dynamical system is stable.
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ST 1] WSO r] ) ¢ Il[;l[ )S .
Periodically driven syvstems with a periodic Hamiltoman

H(t+T)= H(t

:-‘!.I -"'f”'.' — ':"'I!" fr_; =g :'.Fz_ : j'JII }lll i IHT

;_'t]‘_j_q_i_ -.J'J,I]"HE_J[J S0 .-f*_j_.', T} ,llrir_a

f!-".._ = _F {.:‘r"—l_'f-"'—l |
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Example: kicked rotor.

A free rotor subject to impulsive torques:

Lf
H(t) = — + kcosf ) o(t —n
The Floquet map 1s then defined by k

... = 6,4+ L -1

lr;.,_,_' — L —+ k Sin &,
Period-one fixed points:
g = 0 4+ I
= L"+ ksm6’

L
L"=0 & 6 =0«
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E.\';illl[ih': kicked rotor.

Stability:

. 8 =10

stable: 0 < k < 4

eigenvalues: Ay = (1—k/2) £2/1 — (1 —k/2

‘) H —

e

eigenvalues: Ay = (1+k/2) £,/(1+ k/2 |

unstable
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EX;‘IIH[J[{'Z kicked rotor.

Area preserving’

Bifurcation?

fixed point at #* = 0 undergoes a change of stability for k£ > 4

This 1s a period doubling bifurcation.
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E.\';llllp[t'i kicked rotor.

Stabihitv:

n+1 = - Y2,

l_ g = ()

eigenvalues: \. = (1 — k/2)

n - :-"1\‘1_ I_—,r _}|'
stable: 0 < k < 4
2. 6 ==
eigenvalues: A+ = (1 +k/2) £,/(1+ k/2)? — 1

unsta I’I'H'!r'

Pirsa: 07090002
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—

Example: kicked rotor.

very rich bifurcation dynamics

i
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Example: kicked rotor.

Quantum description: unitary Floquet operator, F', defines a
) R

unitary dynamaical map:

F = exp (— keosd) exp (— ” I?)

explicit kick period 7

Pirsa: 07090002 Page 14/64
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Kicked free particle: the Grover map

F
i

Floquet map:

Example: V(q) = V; |[tanh? |— | — 1| and T p) = p*/2.

Vig) 1 S 7
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[=5]

Surtace of section.

Ashpdrradé anddus, ar
-:l-r?H mtmisba, Sriet

\

o= o)

Studving the Poincaré map gives a complete characterization of
the dynamics in a neighborhood of a periodic orbit.
The periodic orbit of the continuous dynamical system is stable if and only if

the fixed point of the discrete dynamical system is stable.

Pirsa: 07090002 Page 16/64
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Example: kicked rotor.
A free rotor subject to impulsive torques:

Lf
H:_TL:‘ = — T .:;'t"EI_‘-.HIT‘ri I —n

‘)

The Floquet map 1s then defined by R

0. .1 0, + L,.11

Lniyi = Lp+ ksiné,

Period-one fixed points:
g = 6+

L. = L4+ ksam@
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E.\';IIH[J[{ : kicked rotor.

Stability:

1. 8 =10

eigenvalues: AL = (1 — k/2) + r'\."l — (1 — k/2)?
_w?L:,'g;lr'T_r': i) < ,E,' _l

) 6 — T

e

eigenvalues: Ay = (1+k/2) /(1 +k/2)* -1

unstLa IJ-”I..-f.
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Kicked tree ]J:il'ﬂrlv: the Grover [rap
H=Tp)+ V(@)Y ét—n)

A

Floquet map:

Example: V(q) = V; [tanh? |—' 1| and T p) = p*/2.

V(g | :
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The flow version
H=T(p)+V(qg)

Hamiltonian flow vector field:

fxad parny |G, O, p=d)
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Kicked free particle: the Grover map

Discretise [_h_rr_wilin_ru and momentum.

'-—L—-"
V(n) -°-4
e
o (1—10\ (0
F.“I' — e d2hc
U.'i'{i'-]‘i'* ”' — -'L_':r ) | — ‘!nj.
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3

Are there some physically interesting unitary maps that we

can do rieht now?
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Vision and quantum tunneling.

Cis-trans isomerization in rhodopsin.

Absorption of a photon leads to a very fast (200 femtoseconds)
isomerization of the molecule.

Pirsa: 07090002 Page 23/64



FI, September 2007 18

) . Sy
Potential surface
[riatomic molecule.
Plot electronic ground state energv as a function of internuclear

separal 1ONS .l\__ Y?

Jzone, ground slecronic state
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Potential surface

f INTEersection

L Hrl{‘ at two electronic |' Vels.
. - CrLi

A Ii!lr ;[ CTOSSING ¢ :+H+"l a Ccont

Find a two dimensional :

EN

Avoided Crossing

Energy

Branching Space

Page 25/64
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Minimal model

[___*_«t_' one two l!_-‘{n,-l svystem i_'l}]ll!_l_lj_'t.!_ O TWO -n-_-.{_'j.l:l:_th_n]_‘

coordinates: Jahn-Teller £ @ € model.

, 3 . mw* ]
H = Ao: + 5—(pz +Py) + —5 (¢ +¢) + X920z + X9,
Joel Gilmore. Ross H. McKenzie, Criteria for quantum coherent transfer of
excitons between chromophores in a polar solvent, quant-ph/0412170
Page 26/64
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What is an 1on trap?’

Objective: to harmonically trap a single 1on 1 an electromagnetic

trap, and cool to the vibrational ground state.
&

E]I‘Hlllq'*l'['!: L.‘iI'JE."il'P.“-. +-11u.-'.rinn — Cannot I'I'l."tl{+" a .wT;'illlt" -*lt"t'Tt‘U.‘*TF'iT'li'

trap.

Solution: Time dependent potentials.

Pirsa: 07090002 Page 27/64
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Examples.

Linear RF trap.

rap z axis - =

Lo =1 ai
Rev. Mod. Phys. vol 75, 281 (2003)

Pirsa: 07090002 Page 28/64
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lon trap implementation.

Qui_ril states are electronic states of 1ons (t 1-1_>in_-;_1ll_r metastable).
k &
A o, = |e><e| - |g><g|

f Q O, = |e><g| + [g><e|

. LM
I LI =1 I_,' -
o

Effective twi r-phnrwli Rab1 fre quUeENnCy i = ‘;31{3-3 A
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Single qubit rotations.

Tune Raman beams to the |g) — |e) transition. carrier excitation.
L3

Pirsa: 07090002 Page 30/64
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Conditional displacements.
Linear potential seen by atom depends on mternal state.

foe

‘1" ..—‘_ ._\__ .'_T'.'J.p‘r ; \ vzl k/
\ % /
% Lo f
3 p / : .
' o \ /
% C /

p.
Fa

L
Wy i Foune stae I = Ciled stEs

Monroe et al. Science, 1996

Effective Hamiltonmian

D
e = } . -+ = g T X J!‘if_ih“_T.
LTt L

a Jahn-Teller like interaction.
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(-_‘1 18K “Tii 111;11 1[1“‘*] }1;1{‘1 1116e110S.

Combine single qubit rotations and conditional displacements to

orve unitarv kicks of the form

Pirsa: 07090002 Page 32/64
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[ wo-dimensional ion trap.
Assume confinement 1s strong in z—direction and weaker in the
r, y—direction. Use laser pulses for conditional displacements in

orthogonal directions:

U = ¢ tHomo—iAH: ,—iAH,
- l + = mw* .
Ho = Ao + (p” +p; )+ (- +q)
2m ' 2 |

A Jahn-Teller ma P.
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Semiclassical dyvnamics.
Step 1: quantum Heisenberg map.
A1 =U'AU

‘ . - ol :
.‘S"T*’l' o T;11~;l_- average 1';lllll-*~ of b iT[l ‘*i!ll':-w ;illf{ ractorise 1“

moments. eg qr0 - = (¢ T -

f‘-':'r'.-']" % _ji.ﬁh.l‘_“jli classical variables,

'-]—l'. oet Thn—'- t"[;'ihr-it"ﬁi I’I]."I]'J

-: 'IJ_'I-"' .r_{ .‘_"i_-_.""-._ 5 - . '+‘]. — _1|,j'|r1f .‘-'_E’__‘_‘- . T
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Fixed point analysis.

Uu-hn-“ 4'-:!1[1“11}__{ '[:-w Zero \ = 1. h}:ml In.'[llra are i.;‘i‘l."];tl

.—\H \ ih i_'[-ll-]‘*":-i.‘*'c"‘i-l T}'lir- I'H'iiHT’ I'rt-"t"l'il'l'tl-"h llT'ir-T;"t}':-lr'* at

- Stan(w/2)

e =
| cot(A/2)+ 1

(w =&, A= A7T).

with 0, 1 or 2 solutions depending on parameters.

Pirsa: 07090002 Page 35/64
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Fixed points and bifurcations.

The smallest value for Ay corresponds to a pr.ﬂ'hf.}t_;r'ﬂ' bifurcation.

Fixed points correspond to solutions of.

Acot(w _} : ; . ;
) = = Wnrar: (cosAsmA+smAcosAsm B +smmAcos B) + g,
VE—*

Acot(w _} ; . . ; ; :
) = =% —— | COS .A S1n [5) -~ S11 ...3. S111 —1 COS rj’ —+ COS Jl S1n }'5) —— r{

Consider as a zero contour of a two dimensional surface.

Pirsa: 07090002 Page 36/64
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Fixed points and bifurcations.

first pitchfork bifurcation

-—______L’ § —
B . l_--'t_"—'- __ \'\L\-—-‘_‘_ —
! \ 1 1. e — ——
\ N\ n
\
1I
-«.“
'| -
New fixed points are on g, = ¢,,. &p, = — tan| 2 )¢
i ¥ ", . E_ Fiw B e | : ’ _{ R o C | el i '-!ll.'
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Fixed points and bifurcations.

second bifurcation
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Quantum states and bifurcations.

At zero couplhing, A = 0, trivial fixed points « ul‘l‘vr:p{rllfl to ground

States.
] , mw” ,
H|_'. = A* e . -F 1 S N | W el Y
AL Z

l'\ ——4 | §

l_.}Fhi"_‘:]_l."iTF‘ oround state as

Follow this ground state, as coupling 1s increased, |\

How does this state ]‘t'*Ht'*rT the .*-l"‘]'l'lil"lfl.‘*‘*ii'J'il bifurcations”’
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Phase-space representation for a quantum state.
Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

10) sho ground state and a = g + ip

Plot Husimi function on the line of bifurcations:

.rj,fl. — r’!_’,_ Dy — — T._:"’(I'l{.....‘ ..?IIF
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[

Fixed points and bifurcations.

second bifurcation

¥
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{ |
o+ .
\ L
\ et < <
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b " % i ';L ! i "'s,‘l ! B b -
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. - e i S § L N . % e A -~
~ Y " 1 ™ . w - 5 -, l ,
e el N, = - C %, % e , -
- - = - Y Y, =
e -, Y - - - - L, | e
"1-. - \‘-\- 1. - 3 ) - e -
. \ . L, R 0 \ﬂ\ -~ N
. - . b 9 5 &
’ - - N T -
=, W , - " Wy W " ' N, ™
— [ L = N T, = - % - %, \1-.. -
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‘ - - \ Ny v’ - LS M N, - L
L = % oy —
. . N Y - e N, ey - - ‘
. ! '\5 . . x - b . LW ., - '“-
i e - | -'h. "\-._“ \‘... b '\_\_ iy, \‘ -\‘ -.‘: - ‘\_
- iy 1 " . i -
- W 1 \‘_ W . - y . --\_,__,_:"‘ ‘-.lb—\_,-r}‘ 'y ..____}‘h_
- - ” L -
e 1‘ 'F b . \\ o y i, LY )
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[ | 1 \ \ i . " i |
1 s - -
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second bifurcation _ saddle node bifur

Pirsa: 07090002 Page 41/64



FI, September 2007 34
Phase-space representation for a quantum state.

Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

. 9
lr,}II“I:' |1 &
i} = i {)

‘i'_l sho 1_{1‘1..[1114__1 state and a = i x'lg_a

Plot Husimi function on the line of bifurcations:

dr = qy, Py = — tan(w .1-:.:‘;:

Pirsa: 07090002 Page 42/64
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Quantum bifurcations.

}"b: 0.26

Pirsa: 07090002 Page 43/64
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Entanelement at the bifurcation.
-'.-l & 1
< l vIN entropy of
o } qubit .f'{—‘{?]*’?@ﬂ sitate
- ! - 1 A | _-I
. :h ..,-j| i 1 V I,l!.,1||r 'E';‘”.".VC‘E_V of
O 4 . qubit x one oscillator
% _ . reduced state
£ 3 )2 O
* i log-neg of
B L 1 one oscillator
- I [ N |
0 { “ 1 N 4 i
Page 44/64
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Suggestive of a quantum phase transition.

Are there interesting many-body unitarv maps with a QPT?

Pirsa: 07090002 Page 45/64
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Quantum phase transitions.
(Quantum phase transition occurs at zero temperature as some
other parameter 1s varied: pressure, magnetic field...
X
At T =0 transition _fr‘rrrr-' the ordered ‘:ff.u;m to the disordered 1s

driven purely by quantum-mechanical fluctuations.

At T = 0 we consider the ground state of a manv bodyv

Hamiltonian.

Relate behavior of correlations at critical [_H_lillt to entanglement 1n

the eround state.

Pirsa: 07090002 Page 46/64
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Iransverse field Ising model.

Pirsa: 07090002 Page 47/64
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EI\L;HH[J‘{'Z [ransverse Ir-'-ll!,'_‘_ [11ap.
[- “'.\ - i — £ _'.f:r' r —~iHg — Jr- \ {_ Hl

A
H. " E r-‘r."",“.',_"'f'!' WO illli.rif k__"'.'trl".‘w

N
He=0> a; one qubit gates

[terated map:

[J'r (v )JU HIZII
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E};;llll[ﬂt': (ransverse [Hill:_ [11ap.

41

(QC can implement

\
U, U S
[ .lr:d-
i
=4 &1
HHO
it A
LT T Y
i o~
[T 10
'.“'j =<
B gy .
_] % L
kS | o~
b ¥ L
=gl
- | il
#
J(xe)

Pirsa: 07090002 Page 49/64



FPI, September 2007 42

Unitary Map versus Hamiltonian flow.

_J’r_|\}r'r_{H:"!' == ¢

Pirsa: 07090002 Page 50/64
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Effective Hamiltonian and universality.

Find H where.

Show that in the thermodynamic mit H 1s in the same

universalitv class as the transverse field Isine model.

Pirsa: 07090002 Page 51/64
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1 he effective Hamiltonian.

Use a Jordan-Wigner transformation on each unitarv

H}'}r‘l‘;'ﬂﬁ'll' wr"['J;'-II‘."’nTr'-I_W.'.

Step 1: define a,,.

a — l— A S :r'_
a. = al! +a
a = —ila, —a.)
‘-,‘.'1 lere
ja' a1 =] a* =0 ar =1
i“r._ -”-_--: s I.}- |F'“r f-.’;._- — | [f ,‘ef_,: = U7 =N
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FI, September 2007 45

1 he eftective Hamiltonian.

Step 2.

which obev fermionic anti-commutation relations.

Pirsa: 07090002 Page 53/64
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Effective Hamiltonian
7 g R O
B Ly
1|'L = B 11 (! . E T T- - ) - -"' f [ X
5 = —-Li‘-lu.__T-[r-. J = 4+1 *T *Ij _l'_'_"' 41)
\a = "-_ill"‘-."-."‘?-.vgl- ' Cntl — CnC, ;)] + cosfsin \_‘[. ' Cnil — Yy
This has effective non-nearest neighbor mteractions.
Page 54/64

Pirsa: 07090002



FI, September 2007 47T
A quantum phase transition
Does H fall into the same universality class as the

transverse field Ising in thermodynamic limity’

YES |

can .Hll- W

where p = |In(sm ésin y)|.
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A quantum phase transition

[sing criticality occurs for 8 = +v.

Find the ground state of the effective hamilt®¥nian.

LLook at second derivatives of the corresponding eigenvlaue
quasli-energy )

f"':i}'i*'_'ful;i]‘-lfir-r- at [*«1112 E"’I‘Ill'ti';iiif‘.' P riIlTh as ‘\ bec: nnes 1."11'2*’_
A many-body unitary map with a quantum phase

transition, implemented on an 1on trap QC.
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Ground state quasi-energy.
@ = arctan (¢/x)

{_‘| n[_|;-\.1| iu T r{[i 'C1 i‘-.'q --I“._;]'_‘n VLT 1 State.

Se—— [y e -yl g E

— Ising mep
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(o i]}('l]l?“:i‘ 1.

e Realise quantum dynamical bifurcations on QC as

iterated map.
e Realise {_,EPT on {J{_' as 1terated map.
e Small scale ssimulation on an 1on trap QC.
e New algorithms from iterated dynamical maps?

e Complexity of eigenstates of unitary maps and

I‘F'Ii’iril'rﬂﬁl'llll'l to semiclassical dvnamics”
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(T Hllltl state {lllsir-éi—i 11CTEY.
arctan (¢ \ )

{_‘l I[l"‘\i_l il T t'i_fi 'WC1 i‘-.'i '-L.:I_-l VLT 1 State.
N=100

SNQG HEmitonian

Sing map

ey

Page 59/64
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(o :H{'lll#ii 1.

1

e Realise quantum dynamical bifurcations on QC as

-

iterated map.
® [‘“ﬁt'nliht' {_,}E']-I_ on {1}{-_' as iT+'I‘;+Tt'l1 map.
e Small scale sitmulation on an 1on trap QC.
e New algorithms from iterated dynamical maps?

e Complexaty of eigenstates of unitarv maps and

relationship to semiclassical dvnamics?
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Unitary Map versus Hamiltonian flow.

:f_|\}|'"_{H:]' =+ ¢
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Phase =Space repres ntation for a |ll;lllr111“ state.
Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

‘il sho *;_-’j_'n_}l]__]_]_l_i state and a = g+ ’;f-'

Plot Husimi function on the line of bifurcations:

Jr = qy. Pu = — can\w _E"’f"
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Phase-space representation for a quantum state.
Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

_ ()
f,}I.nI: a|y)|
—lal2/92
i} = . {)

‘i'_l sho *:_-’:]_'I.}I]_]_]_l.i state and aa = q + .".Ig’_i

Plot Husimi function on the line of bifurcations:

dr = qy, Py = — tan(w _?"4"
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Fixed points and bifurcations.

first pitchfork bifurcation

— . —
= '_-""1-_..__ \_\""‘—-— ""-L____
; e —— —_— B’ N
1 - A - \
\
\
_\L“
'I -
New fixed P ints are on 4r = @y, &p, = — tan| 2 4
i ¥ " . - k! R : s . 4 7] I s 'I'.l s 1| et — I_-
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