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Abstract: | will discuss an aternative approach to ssmulating Hamiltonian flows with a quantum computer. A Hamiltonian system is a continuous
time dynamical system represented as aflow of pointsin phase space. An

alternative dynamical system, first introduced by Poincare, is defined

in terms of an area preserving map. The dynamics is not continuous but discrete and successive dynamical states are labeled by integers rather than a
continuous time variable. Discrete unitary maps are

naturally adapted to the quantum computing paradigm. Grover's

algorithm, for example, is an iterated unitary map. In thistalk |

will discuss examples of nonlinear dynamical maps which are well adapted to simple ion trap quantum computers, including a transverse field Ising
map, anon linear rotor map and a Jahn-Teller map. | will show how a good understanding of the quantum phase transitions

and entanglement exhibited in these models can be gained by first

describing the classical bifurcation structure of fixed points.
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Outline of talk

¢ What 1s a umitary dynamical map?
¢ Fixed points and bifurcations.
e The Jahn-Teller unitary map.

e The transverse field-Ising unitarv map.
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Area preserving maps.

The King of Sweden and Professor Poincaré.

1885: Mathematical contest.

[s the solar system dynamaically stable ?

Méthodes Nouvelles de la Mécanigue Céleste.
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First hints of chaos.

N

| 1 r P T N - %
it may happen that small differences in the initial conditions
I - ] I 1T . .
DTOAUCE VETY q1 eart ones 1n the _f‘.—'f.‘r;'."r DhENOTNRETL. —11 Small eTTror tn
v . -
LIé f—’ff‘r.-'lf H'f” lf_.l'.'"fir“ff.-' CE an enormaots error in .";‘I?.r' -"-{:*?LF T f_”.-"f diction

] ¥ ¥ i = I T
DECOTILES r'”"i'fl_‘}..&"-;.h'rf_+ and we have the Tortu tous phenomenon.

Tre [
i

Poincare. “Science and Method” . 1903.
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Poincaré’'s method.

Bevond perturbation series to new geometric methods.

Rk

Not particular solutions but classes of solutions as a whole.

Interestingly. nothing about the three-body equations themselves
_]’ =.. o = ) 7 - _ ;r_ . ) } - i " iL ) -w r?‘l -'|"_ - = -
had changed. Instead. using his new way of “viewing” differentzal
- ’ 7 . 7 7 11
f_'ri'fr'{fhf_irfb. Poincare could see .r;_rrfh'.ff'un.ﬁ_,f that was built into those

equations all along but had previously escapeda notice.

Ivars Peterson. MathTrek
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Surtace ot section.

Aongeradie panhdde, or
-r."lnl‘t_lll o mlsba, Srmt

N/ 7

o = Pl

Studving the Poincare map gives a complete characterization of
the dyvnamics 1n a neighborhood of a periodic orbit.
The periodic orbit of the continuous dynamical system is stable if and only if

the fixed point of the discrete dynamical system is stable.
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ST )i SCO] 1C 11 LPS.
Periodically driven systems with a periodic Hamiltonian
Hit4-1)=— Hil]
Define discrete states X
(@n, Pr) = (q(to + nT), p(to + nT'))

and stroboscopic map

Pirsa: 07090002 Page 8/64



[ =T T T T &y " = g Fje 7 ==x & |
PI, September 2007
Example: kicked rotor.
A free rotor subject to impulsive torques:

L‘l
[_[[?L:' — _; T .-‘T;‘i"uzwf‘ﬂ"‘}_‘ri-;* — 71

-—

The Fl-.'-qi!éf map 1s then defined }"r_T 3

|

Loy = L,+ ksiné,
Period-one fixed points:
g = g+ L
L™ = L "+ ksmn§

I =0 & 68" =0.7
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Example: kicked rotor.

Stability:

=K 3 N6

]__ H :,'l-i

eigenvalues: AL = (1 — k/2]

stable: 0 < k < 4

DA = T

eigenvalues: Ay =

'
unstable
Pirsa: 07090002
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Example: kicked rotor.

Area preserving’

A =1

Bifurcation”

fixed point at #° = 0 undergoes a change of stability for £ > 4

—_—

This 1s a period doubling bifurcation.
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Example: kicked rotor.

Stability:

1. 8 =0

eigenvalues: AL = (1 — k/2)

stable: 0 < k < 4

) H:T

e

eigenvalues: As

unstable

Pirsa: 07090002
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P

Example: kicked rotor.

very rich bifurcation dyvnamics

i .
i
-
k.
i
A=0.6/1x
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Example: kicked rotor.

Quantum description: unitary Floquet operator, F', defines a
. N

unitary aynamacal map:

F:--.\ip(—;

1

kcos @ ) exp ( = LQ}

-H"'\-
S
S
o

explicit kick period .
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Kicked free particle: the Grover map
H=T(p)+ V(g Y o(t —n)

Floquet map:

— r L W | 2 | i o) | 1 | 2 .
Example: V(q) =V, [tanh® (~“—=+) — 1| and T (p) = p*/2

Vigg T\
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Surtace ot section.

AdRperade parads, A
-."H'?H wtabsba, Srisit
\ 7

F
5 = P}

Studving the Poincare map gives a complete characterization of
the dynamics 1n a neighborhood of a periodic orbit.
The periodic orbit of the continuous dynamical system is stable if and only if

the fixed point of the discrete dynamical system is stable.
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Example: kicked rotor.
A free rotor subject to impulsive torques:

.9
L~ _ ;

H(t) = = .-Lr:'i_"uhr"-‘ll.v‘ ot —n)

The Floquet map 1s then defined by Rk
H_,—o— — !LH.'.' _i_ j:'—_

Loy = L.+ ksiné,

Period-one fixed points:
g = 6+ L

L™ = L"+ ksm#
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Ef\'_;llllph'i kicked rotor.
Stability:

]__ H:H

eigenvalues: AL = (1 — k/2) £iy1 — (1 — k/2)*

stable: 0 < k < 4

) H:“‘

eigenvalues: Ao = (1 +k/2) = k."_l + k/2) — 1

Unsta u'r}." €
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Kicked free particle: the Grover map
Flf_-ql.if.::'. map:

»
U = Ug.l
Example: V(q) = V; |tanh? (L) — 1| and T'(p) = p?/2
V(g) I X 7
_ ll X,= 2.0
N a=0.1
= ‘J
.‘I-

Pirsa: 07090002
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The HHow version
H=T(p) 4+ V(g)

Hamiltonian flow vector field:

ix ef DO (G I3, i)
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Kicked free particle: the Grover map

Discretise position and momentum.

~1f
i ] 0\ 0D
lr ' — £
r —in|2) (2
[ YV — '
where |U) = F T 10V = !js;.--,
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Rk

Are there some 1-’}1}-"‘ii"r’.ill_t* iI'lT*'l‘r.=:vT'iIi'.;i 'HliT:_ul'_‘f [Maps that we

can do rieht now?
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Vision and quantum tunneling.

Cis-trans isomerization in rhodopsin.

Absorption of a photon leads to a very fast (200 femtoseconds)
isomerization of the molecule. .
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Potential surface
Iriatomic molecule.

Plot electronie ground state energy as a function of internuclear

separations .‘\_. T!'-

5

i bawws

Ol

Jrone, ground skecironic state
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[ Ot ¢ ntia I F-?ll'h ce

L_-.Hlll{_ at TWo eleCctronic jevels.

"”Iifj'i'il"ﬁ.["!l.il_ .'r"l.-lli'nll f[ ( '[-'E.l'-'-_-"\.]tjl_-. 4';-“]_:_-:[ a 00oni

A

Avmded Crossing

|
()
“‘ .h‘- JJ - + —
E E LSt 3 shkce
Wi 950

4 ..‘J_.._,:r
= he Ci cone
wd

>

Branching Space
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VMinimal model

[__31_- one two l*’_ ‘.'{_-l ‘3_‘{:-3[1_'111 {_'J.H_]_[_I]_{-.'{_i_ 1O TWO 1_;3{_&*[;1{{_;]_‘

coordimmates: Jahn-leller £ & € model.

" T

_ ! . "
H — _:kr'T R il ':_;'f_'. == ) = -q; ~+ sfr:- + XGx0 = e X Gy Ty

e

11 S—— ; J— I M A s . J - . - ~ ' il s £
.Il'-i?'l \rliInCre, I‘:l = I‘i _\;i'i\i-hzlp-_ { ""3,‘lr Fid or -',"?:rl.':f'.‘:l'.‘;' CORETETIL r:*",:_r'l\.l",.-_." i}

excitons between chromophores in a polar solvent, quant-ph /0412170
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What is an ion trap:
Objective: to harmonically trap a single 1on 1n an electromagnetic
trap, and cool to the vibrational ground state.
N

Problem: L;'—ii'rf:'il"r*.w f'-t'ltl;ﬁirjs'r!'; — cannot make a stable electrostatic
trap.
Solution: Time dependent potentials.
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Examples.

Linear RF trap.

Laiobresd ot a
Fev. Mod. Phys. wol 75, 281 2003)
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lon trap implementation.

Ql_ll_?i'f_ states are electronic states of 1ons (t 3'1_1i1:;_tllf~.' metastable).
* &
A o, = |e><e| - |g><g|

N o o.=le><g| + |g><e|

)/ A

Effective two-photon Rabi frequency {2 = {24¢
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Single qubit rotations.

Tune Raman beams to the |g) — |e) transition. carrier ercitation.

| *

Pirsa: 07090002 Page 30/64
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in

Conditional displacements.

Linear potential seen by atom depends on internal state.

' V- P |
X i
1 . [ £
\ A / |
"\_1 ! ! _,' 1 " A :
% ;Jr,
LY /
P 4 | |

o f @ound =LA Il = Ciled] stae
:‘\-r \_//

Monroe et al. Science, 1996

_j"!‘} H?E-: .
[{ — . T : -'J,;'H + \'a‘_‘if_llr_T
VAL L L

a Jahn-Teller like interaction.
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Conditional displacements.

Combine single qubit rotations and conditional displacements to

g1ve unitary kicks of the form

Pirsa: 07090002 Page 32/64
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k2

| wo-dimensional ion trap.
Assume conhinement is strong in z—direction and weaker in the

r,y—direction. Use laser pulses for conditional displacements 1n

orthogonal directions: -

A Jahn-Teller map.
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Semiclassical dyvnamics.

Step 1: quantum Heisenberg map.,

Anss = U AU

otep 4 take average values of both sides and factonse all

moments, eg (¢,0.) = (g )(0>)

Step 3: Assign classical variables,

Gz — 4
To get the classical m ap
\ Gz By Ty Sy T2 Intd = M| Qr.Qy, Szr. Sy, S
Page 34/64
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Fixed point analysis.

M|z*| =2
When coupling is zero (A = 0), fixed points are tgivial

o — —I }‘ Sy = _~--.'I_J — rgI{_. — .r;_,.-'_.J — f”-' — f“'.’ —_ 1‘

.—'\H' .."& ir« i_'[_it"]‘i'Ls'i.Hi:‘i'l Thié I'}c'ril'tT I'nf={"n'r]'111'-*r'~ Ili'zrar;'i}'r]f—* at

iy ;\ r:l[ll .A.I j.l

cot(A/2)+ 1

(w = &r. A= AT).

with 0. 1 or 2 solutions depending on parameters.
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Fixed points and bifurcations.

The smallest value for A\; corresponds to a l.f'i-*?a'_‘f}_f;}.r'ﬁ' bifurcation.

Fixed points correspond to solutions of.

-'\ {_.Ii_-.]: I. hﬂdl ;} :I - - . -
P = =% T—02 (cos AsmA+smAcosAsm B +smmAcosB) + q.
— {_h =

B

Acot(w/2) : : : % :
+ — (cos Asin B +smAsin Acos B+ cos Asin B) + g,
—l \\—.li_ — ()= '

=

Consider as a zero contour of a two dimensional surface.
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Fixed points and bifurcations.

New fixed points are

Pirsa: 07090002

”“" pitchfork bifurcation

L
k —

\'H‘\ 7__’ i

\ \

= =3=-. \
N

on ¢ = q,,&p, = —tan(w/2)
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i 4
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Fixed points and bifurcations.

sacond bifurcation
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second bifurcation
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saddle node bifurcation
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Quantum states and bifurcations.

At zero coupling., A = 0, trivial fixed pomnts correspond to ground
ol

Sstates.

: 1 . mw” |, 3
Ho = Ao. + —(p2 +p°) + (= + q°)
':"r'l,ri 4 Y ]

Designate ground state as |A = 0)..

I-l".]lu'ﬂl' Ti'li% _Q!Tnlil'u'i state. as {"s'}ll]'r“]"l"_’; i.-~ iI'h"]‘F--Ei.L-.F't'L ‘_.\

Hn'ﬁ.—T 1'[1'1*-’*&‘ T'}'[i.‘w stare ]‘l'-'ﬁt"i"T T}'lf;‘ .“l'-‘l_l-jil-'],f'-‘!."'.‘;i'l.'.';'i.l E'}if:l11‘1"9:_Ti">l'1:~.r,]
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Phase-space representation for a quantum state.

Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

- 12
I(_L}ilr'i — (vli =
—lal2/2
Yy = e {)

10) sho ground state and a =g + ip

Plot Husim function on the line of bifurcations:

1'}1

'r[[i' — Kf’.-" 1“.1- — — '[';-”-1[#~ J _-._-;;!.
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bl
]

Fixed points and bifurcations.

second bifurcation
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second bifurcation | | saddle node bifurcation
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Phase —-Space repres ntation for a quantum state.
Husimmu function: project state onto oscillator coherent states

(Bargmann rep.)

.-I --'

‘-/]',"i = Qltr) |
— ¥ ) i} T

i} —l ! e {)

10) sho ground state and a =g + ip

Plot Husimi function on the line of bifurcations:

(Jr = r’j,!_ D, — — r:‘-t'["l[...-f ..3"';
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Quantum bifurcations.

»
) 4
03 A ~
Ap= 0.26
02
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Entanelement at the bifurcation.

3 ﬁ

S | vN entropy of

- ; qubit 1 w_:c'.*ﬂ:@-c." stat
§ 0 - a2 4 05 |'-I

| . . F il
a4 viN emnropy oi

=0.26 _ 1
= 40 qubit x one osciliator
- | requced state
- .'||. - e S _1
£ 3 . e o
|
= 20
= | log-neg of
S 1'[ 1 one osdcillator
e ~——
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Suggestive of a quantum phase transition.

Are there mteresting many-body unitarvy maps with a QP17
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(Quantum phase transitions.
(Quantum phase transition occurs at zero temperature as some
other parameter 1s varied: pressure, magnetic field...

Rk

‘]'

At’T =0 transition rmrom the ordered f_},‘.*;f.w_ 1O The disordered 18

driven purely by quantum-mechanical fluctuations.

At T = 0 we consider the ground state of a many body

Hamiltonian.

Rt_-lutl-_* |_n_*h:_1.1'it_r1‘ uf t_'l_-rl‘t_-l;_!_tif-rllrr at t-'['i[i'f_':_il _H_lilll to entanglement ill

the ground state.
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Iransverse field Isine model.

Pirsa: 07090002 Page 47/64
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Example: transverse Ising map.

N
H._; — H T‘ (T ' One Pilliﬂr _'_'-‘_'r"iTi-".‘“*

[terated map:
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Example: transverse Ising map.

(QC can implement

I I
J

i i

l
i

OO0 |,

fu ],

id £
= i
5 | S

L o
g RS

] | b

gt X
4 O
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U mi;w NMap versus Hamiltonian How.

IT

[U(x)U(8)]" # e~inHo
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Ettective Hamiltonian and universality.

Find H where.

Show that i the thermodynamic limit H 1s in the same

universality class as the transverse field Ising model.

Pirsa: 07090002 Page 51/64
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[ he effective Hamiltonian.
Use a Jordan-Wigner transformation on each unitary
operator separately.
) . k
Step 1: define a,,.
r‘l'I — l — :fr
TI.I = d,A + ad
o = =214, — a_ ]}
where
;"f.l-.~""f--_= :‘ — 4 9 r'E‘f —=3 1[I al = ()
lal .| =0, [af..al]l =10, |8, a,) =0, m#En
Page 52/64
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'“ii‘ f*ﬁtt ‘{'T'l“{f‘ ”:1[[11“1 ill__i;lll.

Step 2

which obey fermionic anti-commutation relations.
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Eftective Hamiltonian
| — k
v — 08 & s11 ) (! b — ¥ -+ T- i - — -1. i : 1 M
\s = —isinfsiny Y |ao(cle! , + MED I+l: —ete |+ cncntil)
\a — S1T F COs Y T‘ ' b = |__ || + cos # sin T‘[. ! g == Ny,
4 B (b ey — ench,
This has effective non-nearest neighbor mteractions.
Page 54/64
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A quantum phase transition
Does H fall into the same universalitv class as the
transverse field Ising in thermodynamic limity’
YES |
can show.
{ ~ -'[|r & — 1' ASs J'J —_—
where pu = |In(sm #sin y)|.
Page 55/64
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A quantum phase transition

[sing criticality occurs for € = +v.

Find the ground state of the effective hamilt®nian.

[__1'H'}l—{ at 3-4'%"1'11"11'{ t'iPl‘iT:’tTiTl-"H i'rf ThF' i_'l'i!']"i:‘.“"i]_ﬂ_ll_li'iil_l_‘__'f r'*i*_}'i—'-'—ﬂi“i."-l]li-ﬁ
(quasi-energy)

Singularities at Ising criticality points as N becomes large.
A many-body unitary map with a quantum phase

transition, implemented on an 1on trap QC.
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Ground state quasi-energy.

— arctan (¢ X )

Consider effective-ground state.

e RS AR TIRCER

— [Ising map

e
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Conclusion.

e Realise quantum dynamical bifurcations on QC as
iterated map.

e Realise QP'] on QC as iterated map.

e Small scale simulation on an ion trap QC.

e New algorithms from iterated dynamical maps"

e Complexity of eigenstates of unitarv maps and

relationship to semiclassical dynamics?
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Ground state quasi-energy.

® = arctan (¢/x)

P o

Consider effective-ground state,

e FSI MIEMHRONGRN

— Ising map

e
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Conclusion.

e Realise quantum dynamical bifurcations on QC as

iterated map.
e Realise QP11 on QC as iterated map.
e Small scale sitmulation on an 1on trap QC.
e New algorithms from iterated dynamical maps?

e Complexaty of eigenstates of unitarv maps and

relationship to semiclassical dynamics?
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Unitary Map versus Hamiltonian flow.

[U(x)U(B)]" & e~ nHe—ink,
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Phase-space representation for a quantum state.
Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

10) sho ground state and a =g + ip

Plot Husimi function on the line of bifurcations:

Irffri' == rlI'.'" ."”_l i r‘ttil-'-"—' _-.j'l'r[;j
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Phase-space representation for a quantum state.
Husimi function: project state onto oscillator coherent states

(Bargmann rep.)

. I--Il
[.L)i.f_'ll — v\ i'
— ¥ ) i)
il — i =& H
10) sho ground state and a = g + ip
Plot Husimi function on the line of bifurcations:

dr = qy, Py = — T;'tI'l[.,.J / ..?hf

Pirsa: 07090002 Page 63/64




PI, September 2007 31

Fixed points and bifurcations.

first pitchfork bifurcation
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