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level reduction

ﬂ‘ﬂ 1101001001

L~ time

~ write each real, noisy gate as Uyeg) = (I + F)Ujgea -

— open parentheses to get a sum over “fault paths.”

our goal: show that bad fault paths, i.e., those that lead to different final
statistics than the ideal computation, occur with probability
arbitranly close to 0 if noise is sufficiently weak.

def. noise i1s adversanal stochastic if the probabillt\,,f of fault paths with faults
at 7 specific noisy gates is at most £ for some constant strength c.
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— open parentheses to get a sum over “fault paths.”
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level reduction

idea: choose a code of distance 2¢ + 1 to encode computation in

% ) =U;= ER =

Imaginan,
ideal gate gate gadget

error recovery
such that encoding 1s correct, 1.e., if there were no noise

STk} - i

iImaginan
ideal decoder
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level reduction

iIdea: choose a code of distance 2¢ + 1 to encode computation in

—Hul- =

Imaginan,

Ur

error recovery

such that encoding is correct, 1.e., if there were no noise

T

lemma. the simulation inside an exRec with = t faults is correct, i.e.,

= ER EEZJI”EE ER Eg[i::}_

exRec

e A e e

=R H2 R4}
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level reduction

lemma (level reduction).

level & a level-k circumt subject to local
e _f E_ noise of strength £ produces the
— same output statistics as a

level - k — 1) circuit subject to local

level k‘l/ ﬁ \ noise of strength
= _
(1) = g4 x (“ ) ,

o~

0

L I

idea: each fault path in the level- &

'i\ /J
Lol 2 circuit can be simulated by a
= i fault path acting before the last
encoding step—encoding just
\ / changes the noise strength.
level 1 / ﬁ \
X / local noise model is stable |
@ can repeat k times to find
level O g ; \ég/ g ) A\ (E+1)k
(B = eg x (£)

== =
0
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level reduction

lemma (level reduction).

el B a level-k circuit subject to local
eve ﬂ noise of strength £ produces the
— same output statistics as a

level ( k— 1) circuit subject to local

level k‘l/ ﬁ \ noise of strength
= —xbt1
D = gy x (2) .

e

<0

L F

idea- each fault path in the level- &

\
Il 2 / ﬁ\ circuit can be simulatedby a
i T fault path acting before the last
encoding step—encoding just
\ / changes the noise strength.
~ /[TE\
local noise model is stable |

X f :
& can repeat k times to find
o JTYEN © =g (5
/ = = =() ==
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level reduction

lemma (level reduction).

level & a level-k circumt subject to local
b ﬂ noise of strength £ produces the
— same output statistics as a

level ( &k — 1) circuit subject to local
level k—1 ﬁ noise of strength
= :(1) s e ')t—i-]. +

L !

idea: each fault path in the level- k&

L/
lexel 3 / ﬁ\ circuit can be simulatedby a
- L fault path acting before the last
encoding step—encoding just
\_/ changes the noise strength.
A 5N
\ / local noise model is stable |

& . 2
level O Q-;r' ; g can repeat k times to find k
E — &4} X (;)

=] Page 13/45
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error-correction hy teleportation

— encode teleportation using an n—qubit stabilizer code

i
) '
o parity checks

Pauli logical Paull
COITS. COITS.

idea: errors in the input cause will flip some measurement outcomes;
if errors are correctable, we can still infer the ideal logical Pauli corrs.
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error-correction hy teleportation

— encode teleportation using an n—qubit stabilizer code

'1.I|
)

Pauli
COITS.

) 1

panty checks

logical Paull

COITS.

idea: errors in the input cause will flip some measurement outcomes;
iIf errors are correctable, we can still infer the ideal logical Pauli corrs.

— schematically,
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— encode teleportation using an n—qubit stabilizer code
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idea: errors in the input cause will flip some measurement outcomes;
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the Fibenacci or C,/C; scheme

encode using concatenated
distance-2 codes, and when you
detect an error at one coding level,
either abort and start again anew
or try to correct it at the next level.

Wi

why distance-2 codes? Because circuit is so simple (~50 gates in CNOT-exRec).
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the Fibenacci or C,/C; scheme

encode using concatenated
distance-2 codes, and when you
detect an error at one coding level,
either abort and start again anew
or try to correct it at the next level.

why distance-2 codes? Because crcuit is so simple (~50 gates in CNOT-exRec).

— with postselection the threshold 1s ~3%, while with error correction, ~1%.
(based on numerncal simulations for independent stochastic Pauli noise)

— analytic lower bounds for the postselection scheme give threshold ~0.1%
(for independent stochastic noise)

orsa: or0s0g0 INterestingly, postselection does not work for adversanal stochastic nojse. .



the Fibenacci or C,/C; scheme

l
level k / ﬁ\ — why Fibonacci?
\
level k—1 / \

, error detect

level 2 / ﬁ\
level 1
/ ﬂ \ £7=0 & =00)
level O 7 ; g/ ; \ r:_(}) =1 E}G} =)
irsa: 07060060 no located faulis-{flags)
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the Fibenacci or C,/C; scheme

= 7
level &k / ﬁ\ why Fibonacci:

(k) _ ( S(k—1) (k- l)) Erk} — &) (_.(k-—l))

sy — e e e f
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level 1
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the Fibonacci or C,/C, scheme
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\ / jemor detect

—why Fi
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) — 065
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e 5 = O(e2)
N E 5 . D
£y — 0(e<)
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(k) _ o( -5

f

(1) _ 5.3
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{3 5
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no located faulis-{#Hags)
at the physical level



the Fibenacci or C,/C; scheme

— how should we level reduce? When we use postselection, we may say

lemma. the simulation inside a postselected exRec with = 1 fault is correct, i.e.,

m: ER =HUj = ER = = D 1l= ER

— but 1in the Fibonaccl scheme, the ideal encoder must also know about flags.___
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the Fibonacci or C,/C, scheme

level & / ﬁ\ — why Fibonaccai?
“‘) (k—1) (k-1) _(k) "_(k-1)
level k— l/ ﬂ\ (f ~f ) # _O("ﬁf )

, error detect E(_F}) = 0(e>) E}I) =)

level 2 / ﬂ\
F=0c fV=0E
level 1
ﬁ \ £7=0E &P =06h

level O /g !g \ E_{}}=E=El E}W:D
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the Fibonacci or C,/C, scheme

— how should we level reduce? When we use postselection, we may say

lemma. the simulation inside a postselected exRec with = 1 fault is correct, i.e.,

D 1= ER

[
M

A
5
M

A

I

|

— but in the Fibonacci scheme, the ideal encoder must also know about flags.
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the Fibenacci or C,/C; scheme

— how should we level reduce? When we use postselection, we may say

lemma. the simulation inside a postselected exRec with = 1 fault is correct, i.e.,

D 1l= ER

— but in the Fibonacci scheme, the ideal encoder must also know about flags.__

— instead, in our exRecs we can take all noise to be in the BMs

BM

T

BF}=

BP
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so, we may say that level reduction
results in a faulty gate if no logical
error occurs in the trarfing BMs.
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the Fibenacci or C,/C; scheme

— we use the 4-qubit code stabilized by (o%)®% and (02)%%.

— any nontrivial syndrome is ambiguous;
we decade by convention about recovery and flag to the next coding level

flagging rules.

- 5T e | oz @ I® :
if we measure ( )ﬁ , We say = ~_ happened and raise a flag.
(02)®% = -1 ox ® I€3

we also raise a flag if exRec contains > 2 flagged operations.

Pirsa: 07060060
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the Fibenacci or C,/C; scheme

— we use the 4-qubit code stabilized by (o%)®% and (o2)%4.

— any nontrivial syndrome is ambiguous;
we deade by convention about recovery and flag to the next coding level

flagaging rules.

IT4 = R ':F'S
: ox)° = —1 gz & I® .
if we measure (ox) , We say = happened and raise a flag.
(o) — -1 ox ® 193

we also raise a flag if exRec contains > 2 flagged operations.
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the Fibonacci or C,/C, scheme

— we use the 4—qubit code stabilized by (o%)%* and (0;)%4.

— any nontrivial syndrome is ambiguous;
we deade by convention about recovery and flag to the next coding level

flagging rules.

4 < 723
- e | R I= :
if we measure { (ox) , We say { Sas happened and raise a flag.
(52)’&'4 — ¥ Ox IIEB

we also raise a flag if exRec contains > 2 flagged operations.

— recall noise model.

def. noise 1s adversanal stochastic if the probability of fault paths with faults
at 7 specific noisy gates is at most £’ for some constant strength =.
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the Fibenacci or C,/C; Scheme
— first level reduction. prob of a faulty unflagged op.: g(_? < e
prob of  faulty flagged op.- <) < C12+ Dy &2
) < Che

prob of a flag

— now, noise model includes flagged operations which occur with prob )

and fail with prob =}

Page 31/45
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the Fihonacci or C,/C; scheme

— first level reduction. prob of a faulty unflagged op.: 5(_? = L =2
prob of a faulty flagged op.: 55;1) < Cret+ et

|\
@!

prob of a flag f(l

— now, noise model includes flagged operations which occur with prob %

and fail with prob =\".

— after the k-th level reduction,

¥
o ﬂags Dnevf!ag

%,

R 2
(k) ~ [ (k—1) (k—1) - (k—1) ~ [ (k—1)
L Emax{(:g(c_f 1 y Eg - N =of -'}—f:.g(a_f }J}

L

oy
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the Fibonacci or C,/C, scheme

— first level reduction. prob of a faulty unflagged op.: 5(? Coe”
prob of a faulty flagged op.: 551-1) <Cie+ D1 £
probofaflag f'Y) < Cgs

— now, noise model includes flagged operations which occur with prob %
and fail with prob <}"/.

— after the k-th level reduction,

(h){max{c ((A 1)] _ E‘R D, -1 4 o ({A 1}) }

oy f - -
Ao slags one flag
; - 1)\ 2 = ¢ i 2
B <max{ore P+ 01 (4V) L Y L (s4Y)
1 ; ; _ | ] _
no flags one fiag at least two flags
3 (k-1 E—-1 k—1 E—1)\ 2

S S \"_Nr'_"
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the Fibonacci or C,/C, scheme

— first level reduction. prob of a faulty unflagged op.: 5(_? < C> =2
prob of a faulty flagged op.: 55}} < Cret+ Dyt
prob of a flag: ) < Cpe

— now, noise model includes flagged operations which occur with prob 7%

and fail with prob <}/

— after the k-th level reduction,

5, \ 2
_(k) « [ _(k—1) (k-1) .. (k-1) (k-1)
:_JF Emax{c;(;_; j - L:f -.-‘1'! :_'f +@(C_f )J}

o

no ﬁag:; r:anevﬂag \
L — f(k_l)C’f? + corr.

_ 2
¥ < max {1 + D) (s{j}_l}) L :E )
E _,/1 = e L

no ﬁags one fiag at least two flags

L

: Cg — f“‘_l)Cé + corr.

- . - X G-  o(k—1))\2
&) < max {C} _r__(_f} 5 1 :,_J(FL 1) @(jf D U—{L 1;) )
= s 2 : .

no flags one flag at least two flags Page 34/45
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the Fibhonacci or C,/C, scheme

— counting to get constants for CNOT-exRec, iterating, and plotting

— so for “CSS operations,” i.e., 0, + prep., X and Z meas., H and CNOT,
1.12 x 103 is below the threshold.

— for universalily, we also need the S =exp(—izoz) and T = §1/2.
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the Fibonacci or C,/C, scheme

{ S = exp(—iZoz) [+%) o |0) +¢|1)
— for

, 1t 1s sufficient to prepare {
T = §1/2

|H) = cos (%) |0) +sin (5) 1)

— idea: prepare single—qubit copies and teleport with a Bell state
that is half a qubit and half a code block.

— noise i1s dominated by the accuracy of decoding a block to a qubit,

Ed%c.(k) < 3% :dec.{k) < 70%
_'_f — ‘—’J ]

— 1f we repeat in parallel, with high probability we have an “unflagged” ancilla
and its noise is well below the distillation thresholds (~10%)
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the Fibonacci or C,/C, scheme

{ S = exp(—ijoz) |+i) x |0) + 1)
— for

, , 1t Is sufficient to prepare {
T = §1/2

|H) = cos (3) [0) +sin (3) 1)

— idea: prepare single—qubit copies and teleport with a Bell state
that 1s half a qubit and half a code block.

— noise 1s dominated by the accuracy of decoding a block to a qubit,

dec.(k)

£3G(E) £ 30z e < 70%

|

— 1f we repeat in parallel, with high probability we have an “unflagged” ancilla
and its noise is well below the distillation thresholds (~10%)

~s0 1.12 x 102 is the threshold of universal quantum computation
for adversanal stochastic noisel (no geometry, fast meas., robust PCs)

—we didn’t use postselection, but we used ~10 coding levels:
one logical qubit is encoded in a block of ~419-.10% physical qubits

Pirsa: 07060060
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— 1dea: prepare single—qubit copies and teleport with a Bell state
that is half a qubit and half a code block.

— noise 1s dominated by the accuracy of decoding a block to a qubit,
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i = ) <
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— counting to get constants for CNOT-—exRec, iterating, and plotting

— so for “CSS operations,” i.e., 0, + prep., X and Z meas., H and CNOT,
1.12 x 102 is below the threshold.

— for universalily, we also need the S =exp(—izoz) and T = §1/2.
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the Fibonacci or C,/C; scheme

S = exp(—iZo |4+4) x [0) + 1)
— for { el

, 1t 1s sufficient to prepare {
=9

|H) = cos (3) 10) +sin () 11)

— idea: prepare single—qubit copies and teleport with a Bell state
that is half a qubit and half a code block.

— noise 1s dominated by the accuracy of decoding a block to a qubit,

fdﬁc‘(k) < 3% _dec,(k) < 70%
o =i Hf =2

— 1f we repeat in parallel, with high probability we have an “unflagged” ancilla
and its noise is well below the distillation thresholds (~10%)

—s0 1.12 x 103 is the threshold of universal quantum computation
for adversanal stochastic noisel (no geometry, fast meas., robust PCs)

—we didn’t use postselection, but we used ~10 coding levels:
one logical qubit is encoded in a block of ~419-10® physical qubits
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message-passing decoding for computation

— say we use an [[n,1,d=2t+1]] code, we concatenate k umes, and level reduce
naively (i.e., decode iteratively): then, k
v ( V) s (i)(f—H)

€0
— to achieve accuracy 1/L we need an overhead (i.e., # physical ops./logical op.)
__;lfz p— (t + 1)k|l:lgf+l A —, ((IDQ L)jmgt+l ,_'pl

where A is # of locs in largest Rec (109281 = 6.4 for d=3 BS code).
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message-passing decoding for computation

— say we use an [[n,1,d=2t+1]] code, we concatenate k umes, and level reduce
naively (1.e., decode iteratively); then, | E
v ( V) O (i)(f—t—l)

€0
— to achieve accuracy 1 /L we need an overhead (i.e., # physical ops./logical op.)
AF = (¢ 1Y% 14 =9 ((Iog L)'09¢+1 '4)
where A is # of locs in largest Rec (109281 = 6.4 for d=3 BS code).

— can we do better?

with the toric code in 4D, no concatenation, and a local recovery procedure,
Ahn & Preskill can get an overhead O ((Iog E)*) .
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message-passing decoding for computation

— say we use an [[n,1,d=2t+1]] code, we concatenate k uumes, and level reduce
naively (i.e., decode iteratively); then, )(f +1)F

,,(.If) — W (i
£ = £0 —

— to achieve accuracy 1 /L we need an overhead (i.e., # physical ops./logical op.)

AR = (t 4+ 1)F19% 114 = 0 ((log L)'0%+1 4)
where A is # of locs in largest Rec (109281 = 6.4 for d=3 BS code).

— can we do better?
with the tornc code in 4D, no concatenation, an_d a local recovery procedure,
Ahn & Preskill can get an overhead O ((log L)#) .

— a concatenated [[n,1,d=2t+1]] code has distance > d*
so, scaling could be (k) x Edkffz, and the overhead ¢ ((Iog L)!9: -’1) :

note- 1093381 =4 which echoes Ahn & Preskill’s scaling!

orsa: 006330 1S LIS possible to get by level reducing using a “flag”—passing algonthm?, ...
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