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Motivation

FTQC incurs heavy overhead in
space (qubits), time (measurements)

What can we do robustly (=FTly) about decoherence and control
errors, without encoding and in a purely open-loop setting?

(concatenated) dynamical decoupling

Goals:
— Connect with experiments
— Reduce FT threshold using hybrid DD-QEC methods
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Hamiltonian Paradigm for Errors

Besides the quantum system S there is alwayvs an environment or bath B.
Hamiltonian:

H =|Iz ® Hs(t) + Hp ® Is + Hsp

. /

Contams our control H_.(#) /

For a single svstem qubit

Errors come from faulty control and undesired couplings with
the environment. Indirectly also from H...
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Elementary Dynamuical D&C(')Ltpling

A pulse producing a umitary evolution P, such that
' il Ve i H . =0

(CPMEG. spm-echo)

Ideal (zero-width) pulses, and ignoring H _:

)=exp(—itPH P )exp(—itH

Pexp(—itH o )P" exp(—itH .,

=exXplitH  Jexpl—itH ) =1
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Same Example [CPMG sequence], Bath ON

Presence of H leads to error (undecoupled terms) even for ideal pulses

U=Xexp|—ir{Br@Z +By@I)|Xexp—iT{Bzr @ Z + By @ I}
— exp|—itX(Bz @ Z + Bg @ [N X| exp[-iT(Bz 2.Z + By @ I)]
Bo @ Il exp—ir(Bz & Z + Bo@ I)]

— ,._.-._'1.:—.- T — ,{_;___ e /_-":-
r - 72[Bz, Bo] @ Z]

T s s
= ex— 17 g G5 1

acts Il dentivy on the qubit. — exp[—i2tH__(27)]
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F_lemenf;lr}‘ Drvnamucal Dt‘*ﬂ')up]ing—:

A pulse producing a unitary evolution P, such that
¥ = i P R
= 1.0 H_ =0

(CPMG. spm-echo)

- Xx—z =
| ! Ifsa H [[SB —‘ "time reversal”,
'E'——r—'-'}

H sg averaged to zero

H sg = AZ& R (in 1" order Magrus expan )

Ideal (zero-width) pulses, and ignoring H _:

5 |

Pexp(—itH )P exp(—itH ) =exp(—itPH P )exp(—itH, )

=exXplitH  Yexpl—itH ) =1

|
|
|
|
|
|
|
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Same Example [CPMG sequence], Bath ON

Presence of H leads to error (undecoupled terms) even for ideal pulses:

U=Xexp|l—it{BzraZ+ByaIl)|Xexpl—ir(Bz&a Z+ By @ I)]

o @ [} X]exp|-it(Bz ® Z + By @ I)]

o

0 & ."r' n-_‘.‘~.'_[..*i—i' T ."‘.!7 L +Bog® 1l

pl—2i7By @ I - 7-[Bgz, By| ® Z]

acts I.i1~1- J-l!*llt-;_' on the ;!"l-"r - exp l_f ZTHEff (21)]
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Same Example [CPMG sequence], Bath ON
Presence of H leads to error (undecoupled terms) even for ideal pulses:

B, o 7

U=Xexp|l—iriBr & Z+ Bya I)|X exp/—it{ B>

3 r I
i.}l.l 4 £

e

i
- b ——a

— oxp|—irX(Bz © Z + By ® I} X] exp|-ir(Bz @ Z + By @ I)] LI .

] - 2 7 | T sl o ) 7 ry
—exp|tTl—Bz& £+ Bg® )| exp|l—iri Bz &2 £ + By

S e e - EF | 7F]
= expi—2tT0g @ 1 7| Bz, Bl @ £ P

P = I.ile-- |-l:*uE-'t"/—' on the J:'!"-'I-"lF = exp [_3 ZTHEff (21)]

The error terms in the effective Hamiltonian
are of the form 7B/, @ Z where ||B7%| < 27||Bz|||| Bol|-

Finite pulse width leads to additional per-pulse error, similar in
nature to per-gate error m FTQC.
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Error Estimate in Decoupling

Characterize the strength of interaction terms with operator norms
Distinguish between direct coupling strength (/) and bath’s internal
coupling ([) strength:

J= max({||Bx||, || By |, || Bz

I= || Bo
p is restricted bv introducing proper high-energy/spatial cut-offs.
Similarly to QEC, interaction terms are renormalized after the cycle
(¢ and d are numerical factors):

. 25 s P -
3 I = N ermax{ 3, JMy - d s

G5 85 TP )



Periodic Dynamical Decoupling

PDD Strategy: Simplyv repeat the basic cycle N times with O(N) pulses.
The total duration 1s fixed at T.

Pulse interval can be changed: 7 = 1'/N

Define error = ‘ ‘Hf:i‘if(.T) ] ‘T

norm of final effective system-bath Hamiltonian times the total duration.

(initial error €; = JT)
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Periodic Dynamical Decoupling

PDD Strategy: Simplyv repeat the basic cyele N times with O(N) pulses.
The total duration 1s fixed at T.

Pulse interval can be changed: 7 =1/ N

Define error = ‘ ‘H f:i‘if(T) ’ IT

norm of final effective system-bath Hamiltonian times the total duration.
PDD result for final error:  (initial error ¢; = JT)

er =0 (] max(./, 3)T ° ’I\T)

Is this the best we can do? [besides pobnonual mprovements via palimdromic sequences]
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Concatenated Dynamical Decoupling

« Dynamical decoupling can be concatenated n
time: CDD

Concatenated CMPG sequence:

X[p(1)]X[p(1)] = £X££Xf

p(2)X[p(2)] = XEXEEXEXEXEEXE

| [Khodjasteh & Lidar, PRL 95, 180501 (2005)]
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Concatenated Unaversal D‘j,‘n;lmic:ﬁ Decr'}up]ing

Nest the umiversal DD pulse sequence mto its own free evolution periods £ :

p(l)= X £ £
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Concatenated Universal Dvnamacal Decr')uphng

Nest the umiversal DD pulse sequence mto its own free evolution periods £ :

p(l)= X £ Z £ X F£ Al 3
p(2)= X p(1)Z p(1)X p(1)Z p(1)

efc.
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Concatenated Universal D‘j,‘n;u‘nic;ﬂ Decr')upling

Nest the umversal DD pulse sequence into its own free evolution periods £ :

p(l)= X £ XE£ £
p(2)= X Z p(l)X p(1)z

Concatenated DD Series after multiplving Pauli matrices

XfZFXFIT

IFADATERIVAD IS S VAN DS TS DS HA

.6 30 9.5 4 6 o 9% b abis % 78 B o .6 D A e . a4 B S D T AR DS D ATk D S B 3
boh et B i e o D i SO B e S ol B ok S S S U o MO G b o i S S o

Length grows exponentially; how about error reduction?
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Performance of Concatenated Sequences

total duration of the sequence I, B

initial coupling, bath strength

number of pulses 7

concatenation level= O(log \)

cycle time=0O(T/N) i

initial error

Th

e resource here is pulse interval T.

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]
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Performance of Concatenated Sequences

total duration of the sequence I, B

initial coupling, bath strength

number of pulses n

concatenation level= O(log \)

cycle time=O(T/N) JT

initial error

Th

e resource here is pulse interval .

sequence M)

pln—=)

Ervor for.J- - > £F)?

ON(JT/NY 52

Error forJ- -

ONJT/NYBT/NY®™)

[ Khodjasteh & Lidar, PRA 75, 062310 (2007) ]
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Performance of Concatenated Sequences

total duration of the sequence J, B | initial coupling, bath strength

number of pulses n concatenation level= O(log \)

cycle time=0O(T/N) JT | initial error

The resource here is pulse interval 7.

sequence pl1) p(z) pin—=)

Error for.J- - {5 8(J ) (N T, (N 10%""')

Error forJ- - f 2B 8 raJp> OIN(JT/NX ‘ﬂ I,f:'\'_}h\’g“'q}

€ f fe; = aNI®I N “[Ll sV

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]
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Example: electron spin in a semiconductor quantum dot

H=Hs+ Hgp + Hp
=QZ Y A0 2+

mra—

—
Dipolar interaction among the nuclei: J

Hyperfine interaction between electron and nucler: J

Some data for GaAs
J=O(I2,A,) = IMHz
3=0(I*%,...,B,..) =~ 10KHz

«.

[Merkulov, Efros. Rosen, PRB. 63. 205309, (2002)]
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Performance of Concatenated Sequences

total duration of the sequence J, B | initial coupling, bath strength

number of pulses n concatenation level= O(log \)

cyvcle time=0O(T/N) JT | initial error

The resource here is pulse interval 7.

sequence ) | pz2) pin—=)

Ertor for.J ',_'I* af £ ST ‘.‘} f... rl[-_frfc\r}.:j l{ﬁ;—L '-‘_'}

Error for.J< < f =] | 8#aJB® ON(JT/N)P EHT'\'“}J =GR

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]
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Example: electron spin in a semiconductor quantum dot

H= Hg *IIHF; —|—II,?3'
QZ + V ATz @ :f_’ - T‘ B.,
- "-“__ =
Dipolar interaction among the nuclei:

Hyperfine interaction between electron and nucler: J

Some data for GaAs
J= (’)[IE +2) = 1IMHz
B =O(I2E. o Brvs ) = 10KHz

[Merkulov, Efros, Rosen, PRB. 63. 2053090, (2002)]
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Numerically Exact Simulation Results for Quantum Dots

(=]

*d 1e= » PDD puise wdib=100ps

FED puise wudth=1ps

, betme= 1§KHz T=i@.01ms

1 &= @ FDD ldeal Pulse
CDD FII."".I!' '.1*'!.{.'.u|5|': E 1 :
CDIF pulse wiith=—10ps ! 1
CDD pulse widthe|0ps
PDD puise widih=1p=

&

T St e i e e o b e

(-]

CDD [denl Pulte

—

~
[
Bl

PDE pulse wiith—10ps
FDD pulse u:-::n:'.ﬂﬂg-':
CDD ldeai Pulse

— 41 PDD Ideal Pudae

CDD polse width=lps

concatenation level v

Simulations for a spin chain system+bath, coupled through Heisenberg for a small number of bath spins.
7 is the concatenation level or log, V. The measure of ervor is the one minus purity of the final traced
ou: systemn state. YWe start the bath at a thermal equlibriim at a temperatwre near 1 k.
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Numernical Results — CDD vs PDD with Random Noise

log,,[1-Tr(p2)]

T L e e LA

pulse-free

§=10"T, jT=02, N=2

averaged over 30 noise realizations

: 07060057




Numernical Results — CDD with Random Noise

log,,[1 - Tr( o2 )

n i

=T [ T=02 N=2

averaged over 30 noise realizations
: 07060057




What Next?

Hybrid CDD-QEC strategy seems optimal:

DD doesn't require measurements

CDD reduces effective S-B coupling strength

CDD is robust against systematic and random pulse errors

DD operates under similar pulse speed/strength assumptions as QEC
——> Applv CDD as a low-level error correction strategy

What is the FT threshold for this hvbrid setting?
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What Next?

Hvbrid CDD-QEC strategy seems optimal:
DD doesn't require measurements
CDD reduces effective S-B coupling strength
CDD is robust against systematic and random pulse errors
DD operates under similar pulse speed/strength assumptions as QEC

e,

~  Applv CDD as a low-level error correction strategv

What is the FT threshold for this hvbrid setting?

Problem: DD pulses can interfere with computational pulses.
How can they be reconeiled?

L 3

Use encoded qubits from a stabihizer error-correcting code.
Then DD pulses can be chosen as stabilizer elements (they will cancel errors

because they anti-commute with errors, and recall ime-reversal), logic gates can
be chosen as normalizer elements (thev commute with stabilizer).
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What Next?

Hyvbrid CDD-QEC strategy seems optimal:

« DD doesn’t require measurements

« (DD reduces etfective S-B coupling strength

« (DD is robust against systematic and random pulse errors

« DD operates under similar pulse speed/strength assumptions as QEC
~  Apply CDD as a low-level error correction strategy

What is the FT threshold for this hvbrid setting?

Problem: DD pulses can interfere with computational pulses.
How can thev be reconeiled?
» Use encoded qubits from a stabilizer error-correcting code.
Then DD pulses can be chosen as stabilizer elements (they will cancel errors

because they anti-commute with errors. and recall ime-reversal), logic gates can
be chosen as normalizer elements (they commute with stabilizer).

Optimal Decoupling: Can we do better than CDD?
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Quantum Error Correction 2007

First International Conference on Quantum
Error Correction

[nformation University of Seathern Califernia. Los Angeles, USA
Dec. 17-29, 200

FEEs, IO Will SeEx 0D D

Slar A Do poaprs Sl Fer SR Sech rem D M Dnc ure Tt TS et or S B oeern SRD5- g 00

(2.g., spont=neous emssian), St
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Numencal Results — CDD with Random Noise

§=10"T. ;T=02 N=2

averaged over 30 noise realizations
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Numencal Results — CDD vs PDD with Random Noise

log,,[1-Tr(p7)]

B,
-

pulse-free

5=10"T. =02 N=12

averaged over 30 noise realizations
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Example: electron spin in a semiconductor quantum dot

H=— Hgqg —'—!IHF{ —I—IJTB
0NZ H T 4,17 @ z + T‘ B,
; -~
Dipolar ilLl"fT'l':lt'::'f-ii:*ll among the nuclei:

Hyperfine interaction between electron and nuclei: J

Some data for GaAs
J=O(IX,.A,) = 1MHz

B =O(I?%,, .. Boi) =~ 10KHz

[Merkulov, Efros, Rosen, PRB. 63. 205309, (2002)]
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What Next?

Hvbrid CDD-QEC strategy seems optimal:

« DD doesn’t require measurements

« (DD reduces effective S-B coupling strength

» (DD is robust against systematic and random pulse errors

« DD operates under similar pulse speed/strength assumptions as QEC
~  Apply CDD as a low-level error correction strategy

What is the FT threshold for this hvbrid setting?

Problem: DD pulses can interfere with computational pulses.
How can they be reconeiled?
« Use encoded qubits from a stabilizer error-correcting code.
Then DD pulses can be chosen as stabilizer elements (they will cancel errors

because they anti-commute with errors, and recall ime-reversal), logic gates can
be chosen as normalizer elements (they commute with stabilizer).

Optimal Decoupling: Can we do better than CDD?
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