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Abstract: <span>In this study, we are interested in the practical question of how many times a quantum directiona reference frame (i.e., a spin-J
system) can be used to perform a certain task with a given probability of success, under the assumption that the quantum directional reference frame
evolves under amap that is covariant under rotations in SU(2). Our main theorem restricts the form of the state of the quantum reference frame as a
function of how many times the covariant map was applied to it. Our results are a generalization of the paper of Bartlett el al. on the degradation of
reference frames, and can be used to analyze certain types of interactions on a spin-J system.</span>
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What's in this talk?

@ Reminder from last year...

o Why should | care about this?

@ What is the problem?

o How do we study this?

o What sorts of things can be solved with these results?
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Reference frames

o Reference frames can be treated as internal or external to our system.

o If an RF is treated as internal to a quantum system it must be given
degrees of freedom with associated quantum operators.

o If it is treated as external, then we merely invoke it to compare our
physical system to some idealized absolute.
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Reference frames: An example
A Stern-Gerlach experiment
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Introduction

Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

j;r — j:z: +.}:I3
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Intraduction

Reference frames: An example
A Stern-Gerlach experiment
N —
- ———any _____:__ L,
Oven Colimating S T
Stits
Magnes
Screety
e
-




Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

j.r = j’.ﬂ "+'.}:333
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Intraduction

Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

jI — j".ﬂ + .}:331
This will not commute with 7.:

[jI&}z] = [j.r = = 3.‘1:133] Tlé 01
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Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

j:r = j’.r.." "+'3333
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Intraduction

Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

j:r - jI +.}:333
This will not commute with j.:

[j;r:}z] = [j.r = 3.‘1:133] 7é 01
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Intraduction

Reference frames: An example

Suppose we wish to conserve the total angular momentum in the
z-direction of a joint system:

ja: = jI "+".}:3:3
This will not commute with 7.:
[j:r:r}z] = [j.r: + 3.‘1:133] % 01

but the measurement we are actually performing is J2. This does
commute with the total angular momentum along the z-direction:

-~

[JI:jE} i [jz'a(jzz"i‘jf"f"jzz)]
= Eﬁ(jyj; -+ jzjy e jzjy - jyjz)
= @
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Previous work on the problem

E &
A p= |Jom){Jm]|
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! - $ - '-l/
"Classical” Quantum
Reference Reference

Figure: The scenario studied by [BRST06]. The quantum reference spin is used
to measure the direction of a series of spin—% particles in the completely mixed
state by means of a projection onto the J — Ll, or J + é subspaces.
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Previous work on the problem

o The fidelity function is defined to be the probability that when the

reference is used to measure another system it returns the correct
result.

F= Tr[z My+i(| Jm) {(Jm | |1} (i [)]

The index 7 counts over the various possible outcomes of the

measurement. I1;.; is a projector onto the subspace where the new
total angular momentum is 7 = J + 1.

@ In the case of j = é fidelity was found to vary with n, the number of
iterations of the map, as

1 J 2 \"
=gt ara (1‘(2J+1)2>
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Previous work on the problem

o Bartlett et al. [BRST06] found numerically IV, the number of uses of
the reference system before its fidelity fell below a threshold, to go as

N o J?
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Previous work on the problem

o Bartlett et al. [BRST06] found numerically IV, the number of uses of
the reference system before its fidelity fell below a threshold, to go as

N o J?

o Poulin and Yard [PY06] considered the case of a polarization on the
spins being measured and found a scaling

N o J
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The Problem
Previous work on the problem

o Bartlett et al. [BRST06] found numerically IV, the number of uses of
the reference system before its fidelity fell below a threshold, to go as

N x J?

o Poulin and Yard [PY06] considered the case of a polarization on the
spins being measured and found a scaling

N o< J

o Fidelity can also be expressed as a function of the moments of the
z-component of angular momentum:

F((m) = 5 + 57— (m)
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What we do

o We consider a much more general set of transformations &, where £ is
a covariant map under rotations. Such a map obeys the relation

RE(p)R™ =E&(RpR™), VR e SU(2).
@ In general,
&p) = qp+ fﬁT{sz*"J' (J(J 1)-5-52.] sJipd} I

g2J
BSOSV

N Ll b pl T

e P

A map of this form is covariant and all covariant maps can be expressed in
this way, for appropriate values of gy, q1,...¢q2.
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What we do

o We consider a much more general set of transformations &, where £ is
a covariant map under rotations. Such a map obeys the relation

Ré(p)R™' =€(RpR™'), YR e SU(2).

@ In general,

_ 1 92 t rt
E(p) = Qop+ -——*—:—-— Z J; pJ' (J( 7+ 1))2* Z Ji-fjﬂ-]i Jj

= (J(IQE 1)) > Ji;. Jkpﬁf Ty
Ce SN

A map of this form is covariant and all covariant maps can be expressed in
this way, for appropriate values of gg.q1,...4927.
@ Eg. The depolarizing channel on a qubit is a covariant map:
Py p'l
=(1— et ol =1 —=9Yg4—
§(e) =(1—pp+3 ) Jipi=(1-p)o+ =
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Proof sketch

@ The covariance condition can be expressed in the Louiville
representation as

(RQ R*)fv=E(RQ R*)v,

so £ must commute with R ® R*.

@ The commutant of the group of all operations R® R*, R € SU(2), is
of the form

2J
C — E w_m; Hm;
'—0

where I,/ is the projector onto the state space J, =m' — J =m
and the w,,,» are complex coefficients.

@ There are 2J + 1 independent projectors in C. To characterize every
possible covariant mapping £, we will require 2.J + 1 independent
irsa: 07060019p erato rs -
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Proof sketch

@ The covariance condition can be expressed in the Louiville
representation as

(R® R*)fv=E(R® R*)v,

so £ must commute with R ® R*.

@ The commutant of the group of all operations R® R*, R € SU(2), is
of the form

27
C — E w_mr Hmr
m’'=0

where I1,,, is the projector onto the state space J, =m' — J =m
and the w,,,» are complex coefficients.
@ There are 2.J + 1 indepenc € | aracterize every
possible covariant mappi '
oisa: 07000 P ErATOrS.




Proof sketch

@ The covariance condition can be expressed in the Louiville
representation as

(R® R*)év = E(R® R*)v,

so £ must commute with R @ R*.

@ The commutant of the group of all operations R® R*, R € SU(2), is
of the form

20
C — E w_m; Hmr
=0

where IL,,, is the projector onto the state space J, =m/ — J =m
and the w,,,» are complex coefficients.

@ There are 2J + 1 independent projectors in C. To characterize every
possible covariant mapping £, we will require 2.J + 1 independent
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Proof sketch

o Again in the Louiville representation, the density matrix p is expressed
as the vector, v, and the map becomes

) B 2.7 an o ¥
&v) = nzzﬂ(J(JH))” (ZZ:JZ@J!) v.

@ The eigenvalues of the operator in the nth term of the expansion of the map
can be expressed as A% where the Ak are the eigenvalues of the operator in
the first term, that is of . J; ® J;.
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Proof sketch

o What is now required is to show that these 2.J + 1 operators are
independent. This will be the case if the A% are non-degenerate.

o To find the Ag, expand ) . (/i® I +1IQ® J;)? to get a new
expression for ) . J; @ J;:

> Ji®J; ;(Z(Ji®I+I®JE)2——Z.ff@f—f@Z(J@)z)

= %(JE-JE:@I-I@J?)

where 7 is the total angular momentum of a joint system composed of two
spin-.J systems.
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Proof sketch

@ The Ag, which are eigenvalues of the expression:
1 _
AKZE(CKK(K+1)—J(J+1)-J(J+l)) (1)

K(K +1) is the eigenvalue resulting from the vector addition of the
two spin-J systems; K can range from 0 to 2.J, and the cx are the
appropriate Clebsch Gordon coefficients.

o There will be 2.J + 1 different values of K, so there will be 2.J + 1
different eigenvalues. They will be the 2.J + 1 roots of the polynomials

2J
Pr(z) = Z%fﬂn (2)
n=0

and thus all the roots are shown to be unique.

o |t demonstrated that in setting the 2.J + 1 g,, parameters, we have all
ook N€ freedom required to describe an arbitrary covariant map. ..o




What we do

So, any covariant map, £(p), can be written in the form

d1 q?2 Pt

— J.pJ! + J-J-0]'J

£(p) qu+J(J+l) Eﬁ: iPJ; (J(J+1))zizj iP5
g2 Z - T 7t f

TUT T+ & g IR 5

where by covariant, we mean

R{(p)R™ " =&(RpR '), YR e SU(2).
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What we do

How do the moments (m?) of the .J, operator evolve under such map?

o By the cyclic property of the trace

Tr[€(p) JE] = Tr[p€(J2)]
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What we do

So, any covariant map, £(p), can be written in the form

= I 1 1.F1
£lp) = QP+ 3 .._1)Z‘Jr"9‘}r J(J+1))ZZJJI?JJ
g2 Z T f

where by covariant, we mean

RE(p)R ' = &(RpR ™), VR e SU(2).
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What we do

How do the moments (m?®) of the .J, operator evolve under such map?

o By the cyclic property of the trace

Tr[€(p)JE] = Tr[p€(JE)]
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What we do

How do the moments (m?®) of the .J, operator evolve under such map?

o By the cyclic property of the trace
Tr[£(p) J;] = Tr[p&(J;)]

o Repeated use of the angular momentum commutation relations gives

3
Y AL = f(J)

=1
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What we do

How do the moments (m?) of the .J, operator evolve under such map?

o By the cyclic property of the trace
Tr[€(p)J;] = Tr[p€(J)]

o Repeated use of the angular momentum commutation relations gives

3
> KL= f(J)

=

@ For the complete map, where .J. is the measurement of the
z-projection of the spin-.J system:

gjo Aé‘? Tr[pJ zz kL if £ is even

Tr[¢(p)JE] =
(U2 AD  Tr[pg2k-1], if £is odd,
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The scaling

For the 5 = % case studied by Bartlett et al., we can derive the same
scaling analytically:

3
> = (J(J+1)-1)J,

=1

(using [RO5]). So,

Trlé(p)).] = AV Tr[pJ:]

- (o OG5 0520 o

For a map repeated n times we have

vl = (1- 5y ) ekl

S AP () =1-22 +0().
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What we do

How do the moments (m?®) of the .J, operator evolve under such map?

o By the cyclic property of the trace
Tr[£(p)J;] = Tr[p&(J;)]
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What we do

So, any covariant map, £(p), can be written in the form

—_— | " T %
g2 Z + t
i +(J(J+1J)2“'U k“r ]kaJ s

where by covariant, we mean

RE(p)R™' =&(RpR ™), VR e SU(2).
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The scaling

For the 5 = % case studied by Bartlett et al., we can derive the same
scaling analytically:

3
=1

(using [RO5]). So,

Tri(p)J:] = A} TrlpJ.]

(Gﬂ 44 (j(j i)ﬂ ) ql) Tr[pJ,]

|

For a map repeated n times we have

) . qi i
M) = (1- i) Tl

S AP () =1-22 + O(%).
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The j=1 case.

1 [T +1)*—2] 1

F =+ eiT T @rt D) TEOVE + 53y Trlee) I2)

Note that the fidelity in this case depends on the second moment as well
as the first. From our previous analysis, we have:

TelE(p)).] = A Tr[pJs,
TrlE() 2] = Ag’ + A3 Tr[pJ2].
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The j=1 case.

Fidelity
1

0.8
0.6f

D4F

02¢

o 2000 4000 6000 8000 10000

~igure: A plot of Fidelity, F', against the number of repetitions of the map n for

-

reference systems of total angular momentum J = 20,.J = 50, and J = 100
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The j=1 case.

Fidelity
|
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~igure: A plot of Fidelity, F', against the size of the reference system .J for
Pi’i‘s’bromoogo, n =20, and n = 100. Page 41/55




The j=1 case.

Fidelity
1

0.8
0.6f

D.4F

0.2F

0 T 2000 4000 6000 8000 10000
Figure: A plot of Fidelity, F’, against the number of repetitions of the map n for
reference systems of total angular momentum J = 20,.J = 50, and J = 100
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The j=1 case.

Fidelity
| [3

0.8l
0.6l

0.4

02l

~igure: A plot of Fidelity, F', against the size of the reference system .J for
rit: omso(), 1 = 50, and n = 100. Page 43/55




The unitary gate case.
What kind of operations can we do on a qubit with a spin-J reference
system?
z A
0}
r®
U
],._'_\ 0) = sl1}) v Y
| il?
- . . _
1 (0) - |1})) t :
J‘I‘E -
: (0} - 2l1})
4 B
T &
1}
A\




Examples of what can be solved using this

The unitary gate case.

The xkcd nerd-romance understanding:

SPINNING COUNTERCLOCKWISE
EACH TURN ROBS THE PLANET
OF ANGULAR, MOMENT UM
SLOWING ITS SPIN
THE TINIEST BIT
LENGTHENING THE NIGHT,
PUSHING BACK THE DAWN
~——— GIYING M A LITTLE
MORE TIME HERE

WITH Yovu

4
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The unitary gate case.

We wish to implement Z on a qubit, but we actually implement the
superoperator £(p) = > . ArpAl, where the Axs are the Kraus operators.
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The unitary gate case.

We wish to implement Z on a qubit, but we actually implement the
superoperator £(p) = > . AkpAL, where the Ags are the Kraus operators.

Zrh-4 T4 1 : .
an = Srtld g, [/ e T T A Tl Y
.o

i
X o (J,J | ® RQ)ZR™ (Q)pR™" (@) ZR(R )dpaduc |
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Examples of what can be solved using this

The unitary gate case.

o The gate fidelity is given by

TriAl Z]|? +d
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Examples of what can be solved using this

The unitary gate case.

o The gate fidelity is given by

TriAl Z1|? +d
Fz. = DA
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Examples of what can be solved using this

The unitary gate case.

We wish to implement Z on a qubit, but we actually implement the
superoperator £(p) = > ¢ A;,:pA};, where the A;s are the Kraus operators.

2J +1)(J+1 | |
E(p) = ( }( )’1‘[: [f | J, J}” 51{J,J|J,Tﬂ>: ;(J,TFLIJ,J}H:
2.0

x o (J,J | ® RQ)ZR™(Q)pR™" (@) ZR(R )duaduc |
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The unitary gate case.

o The gate fidelity is given by

Tr[ALZ]|2 + d
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| Examples of what can be solved using this

The unitary gate case.

o The gate fidelity is given by

Tr[AlZ]|? +d

o Fidelity for this map

1 4{m?)
Flz,8) = 3(J(J+1)(2J+1)+2)

which is a function of the second moment.

irsa: 07060014 Page 52/55




Summary & Future work

Summary

o Reference frames of size comparable to that of the quantum system
should be treated quantumly. These interactions lead to decoherence
effects.

@ We have a generic way of expressing any covariant map in terms of
angular momentum operators.

o Using this form of the covariant map allows for the characterization of
the dynamics of the reference frame under the action of the map in
terms of the parameters of the map. This can be done for any
covariant map.
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| Exampiles of what can be solved using this

Summary & Future work

Summary

o Reference frames of size comparable to that of the quantum system
should be treated quantumly. These interactions lead to decoherence
effects.

@ We have a generic way of expressing any covariant map in terms of
angular momentum operators.

@ Using this form of the covariant map allows for the characterization of
the dynamics of the reference frame under the action of the map in
terms of the parameters of the map. This can be done for any
covariant map.

Future Work
o Look for nice forms of other classes of map.
o Consider the case where a record is kept of the measurement results.
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Examples of what can be soclved using this
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