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Motivation
QCD is weakly coupled at T > Aqcp

L I

In practice, finite-temperature perturbation theory converges very slowly
(expansion parameter g instead of «as).

® There exist gauge theories where the strong coupling regime can be studied
analytically using AdS/CFT correspondence

# Hope: learn more about QCD from models with analytic solutions
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Zero-Temperature AdS/CFT
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AdS/CFT correspondence

Maldacena; Gubser, Klebanov, Polyakov; Witien
between N = 4 supersymmetric Yang-Mills theory
and type 1B string theory on AdSs < S®

dF* + d=*) + R*dQ:

2
ds® = %(

Large 't Hooft limit in gauge theory < small curvature limit in string theory

g°N, = (R/l,)*

Correlation function are computable at large 't Hooft coupling, where string theory
— Supergravity.
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The dictionary of gauge/gravity duality

gauge theory gravity
operator O field ¢
energy-momentum tensor 7., graviton h.
dimension of operator mass of field
globar symmetry gauge symmetry
conserved current gauge field
anomaly Chern-Simon term

1S o 1S,
/E1 aD t@00 _ /Et 5D

where Ssp is computed with nontrivial boundary condition
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Computing correlators

In the limit N. — oo, g2 N. — ~c, calculation of correlators reduces to solving
classical e.o.m:

2= [ Dpcsarnsso _ g

W[J] = Sula] : classical action
wa SOlVes e.o.m., pu|:—o0 — J(x).
Example: correlator of R-charge currents

® R-charge current in 4D corresponds to gauge field in 5D
#® Field equation for tfransverse components of gauge fields is

8u(V—99""9""Fag) =0

# Inthe gauge A. = 0, equation for transverse and longitudinal parts of A4,
decouple. The equation for the fransverse part is

= | - '
0. (:azAJ_(:-Q)) — qT-“lJ_ =0= A1(z,9) = QzK1(Q2)A1(0,q)
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Computing correlators (continued)

Two-point correlator = second derivative of classical action over boundary values
of fields

oo B2 525‘ngweil : v q#qp 1 o . .
{ K } o~ —_— 3 = e ~ -~

1+Q2z2 In(Q=2)

=#(¢""¢" —¢"¢") nQ’

This structure is the consequence of conformal symmetry, but the numerical
coefficient can be checked with diagrammatic calculations (nonrenormalization
theorem).
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Similarities and differences
between A = 4 SYM and QCD

Similarities:
® Are both gauge theories

Differences:
» Matter content: A" = 4 SYM contains adjoint fermions, scalars

#® 't Hooft coupling A = ¢? N does not run in A" = 4 SYM, but runs in QCD
(Aqcp is a parameter of QCD).

# The supergravity approximation of AdS/CFT works only in the strong
coupling limit A — oc, and large N.
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Field theory at finite temperature

Two formulations

#® Euclidean formulation: periodic Euclidean time r ~ » + 3.
Suitable for lattice calculations

® Close-time-path (Schwinger-Keldysh) formulation

Ae—

tf — 20

B ti—i1 0

#» One can turn on sources on the whole contour: J; on upper part, J2 on
lower part. Propagator is 2 x 2 matrix: Gz, a,.b=1,2
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Different choices of o

Choice of o arbirary: changing o rescales G2, G21 by ¥, leaving G11, G2
unchanged

Popular choices:

®» - =0 (Keldysh): retarded Green’s function has a simple form
Gr =G11 — Gi12 =G21 — Ga2

®» - = 3/2 (Niemi-Semenoff): the propagator is symmetric, G12 = G21

All 2-point functions can be expressed through the retarded one by
fluctuation-dissipation theorem.

Pirsa: 07050055 Page 14/60

CrEe-comoetatuie AgSACET CihmTochoniants —n 1153



Black hole

Black 3-brane solution:

2 2 4

[— f(r)di® + di?] + dr® + R*dQ3, fr)=1— —

is? = =
ds™ = —
° T R? r2f(r) = -

» =0, f(r) =1:is AdSs x S, r= sz"':.
» 1 £ 0: corresponds to A" = 4 SYM at temperture

P--.]
I
-
|
5
o
| )
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Entropy density

Entropy = A/4G

A is the area of the event horizon
G 1s the 10D Newton constant.

' 3 8 . B S S
Az./ drdydz \/gezGyuGzz X T R =Vapr“ R =7n VapR'T

area of 55

On the other hand, from AdS/CFT dictionary

Vv 8

4—
R = omsn

Ne

Therefore

2
g W g,
. B— ?:\-'CT 13[]

This formula has the same N2 behavior as at zero 't Hooft coupling 92;‘% =
but the numerical coefficient is 3/4 times smaller.
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Thermodynamics

23y -
;'ET 13[)

. o _ 2'."'1'2
S = flg"Ne¢) 3

where the function f interpolates between weak-coupling and strong-coupling

values, which differ by a factor of 3/4:

F 1-2—A+‘/ :'3)\3*"2
2 T
F(A) = 1 ¥ Ao
= (_:
\ I_I_:}QABHZ
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Thermal correlators from AdS/CFT

Maldacena; Herzog and Son

#» Penrose diagram of AdS black hole: two
boundaries

# |deniify boundary values at the 2

boundaries with the 2 sources on the 2
parts of the CTP contour

# | and R quadrants know about each other
through the boundary condition at the
horizon, which are conveniently formulated
in Kruskal coordinates
# incoming positive frequency modes

# outgoing negative frequency modes,

Clearly L and R quadrants are symmetric: corresponds 0 o = 3/2 in the CTP
contour.

For 2-point function: one can compute retarded Green’s function by solving
equation in one quadrant (R) with incoming-wave boundary condition at the
Pirsa: (12?8(}5?20“ ; Page 18/60
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Hydrodynamics
Nice thing about real-time finite-temperature field theory: universal low-energy
effective theory, hydrodynamics

#» \Valid in the hydrodynamic regime: at distances > mean free path, time >
mean free time.

® At these length/time scales: local thermal equilibrium: T, x vary slowly in
space.

#® Simplest example: relativistic plasma with no conserved charge
T" = (e + P)u*u” + Pg"" — o™*

P’ = P”ﬂPyﬂ[r](Tﬂu,j + Viaua — %gaav ) +CGagV - u

(PHT = ¢"*”" + u'u")

® All microscopic physics reduces to EOS and a small number of kinetic
coefficients (shear viscosity », bulk viscosity ¢).
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Hydrodynamics
Nice thing about real-time finite-temperature field theory: universal low-energy
effective theory, hydrodynamics

#» Valid in the hydrodynamic regime: at distances > mean free path, time >
mean free time.

® At these length/time scales: local thermal equilibrium: T, x vary slowly in
space.

#® Simplest example: relativistic plasma with no conserved charge
B =8
T"" = (e + P)u*u” + Pg"" — o**

™ = P“aPyd[q(Taug + Vaua — %gaat ) +(GagV - ul

(PH* = g™ + uHu"™)

® All microscopic physics reduces to EOS and a small number of kinetic
coefficients (shear viscosity », bulk viscosity ).
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Hydrodynamics
Nice thing about real-time finite-temperature field theory: universal low-energy
effective theory, hydrodynamics

#» \Valid in the hydrodynamic regime: at distances > mean free path, time >
mean free time.

® At these length/time scales: local thermal equilibrium: T, x vary slowly in
space.

#® Simplest example: relativistic plasma with no conserved charge
& —0
T"" = (e + P)u”’u” + Pg"" — o**

= e P”L.'Puﬂ[r](?au,j + Vaua — %gﬂav -u) +CgagV - ul

(P = g"™* + uHu™)

® All microscopic physics reduces to EOS and a small number of kinetic
coefficients (shear viscosity », bulk viscosity ().
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Hydrodynamics
Nice thing about real-time finite-temperature field theory: universal low-energy
effective theory, hydrodynamics

#» \Valid in the hydrodynamic regime: at distances > mean free path, time >
mean free time.

® At these length/time scales: local thermal equilibrium: T, x vary slowly in
space.

2 Simpll:l‘St examp|9: relativistic plasma with no conserved Charge
T"" = (e + P)u"u” + Pg"" — o™*

o™ = PﬂﬂPyﬂ[q(Tau,g + Vaua — %gnaT ) +(GagV - ul

(PH= = g** + utu®)

® All microscopic physics reduces to EOS and a small number of kinetic
coefficients (shear viscosity », bulk viscosity ().
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Kubo’s formulas for viscosities

Viscosities can be expressed in terms of Green’'s functions by Kubo’s formula

®» Hydrodynamics = effective theory describing response of a system to
exiernal long-distance perturbations.

#» Example of such perturbation: gravitational waves

Pirsa: 07050055 Page 25/60

] CrEe-comhatatiie AnSET CoiTochnontents — 01753



Kubo’s formulas for viscosities

Viscosities can be expressed in terms of Green's functions by Kubo's formula

#» Hydrodynamics = effective theory describing response of a system to
external long-distance perturbations.

#» Example of such perturbation: gravitational waves
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Derivation of Kubo’s formula

Let us consider an external perturbation, uniformed in space but time-dependent:

gis = 0i5 + hi(t), hi =0

Assuming h;; < 1, let us discuss the linear response of the system to such a

perturbation.
Tensor mode — T = const, ©* = (1,0,0,0).
The only nontrivial contribution: from Christoffel symbols

TY = ... — o(Viu; + Vu;)

but
Viu; = Osu; —f?jun = O¢hij
‘-‘\J#

— |

So in the respsose to the gravitational perturbation is

T” = —Phij -+ r;@th”
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Derivation of Kubo’s formula (continued)

However, linear response theory tells us that
o R |
T () = 5 [ dy T @T*(3) rhro(v)

from which we find
(T*T*¥)(w,0) = —inw + real contact terms
from which follows the Kubo formula:

n = — lim Im GR™(w,0)

(o) —
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AdS/CFT duality and hydrodynamics

We want to use AdS/CFT correspondence to explore the hydrodynamic regime of
thermal gauge theory.

#» Finite-T QFT < black hole with translationally invariant horizon

- _ B Rﬂ d: & .
= #(—fdtz +d7?) + H(’T + r20032)

ds?

horizon: r = ro, T arbitrary.

#» | ocal thermal equilibrium < parameters of metric (e.g., ro) Slowly vary with
.

remember that T ~ ry/ R2.
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AdS/CFT duality and hydrodynamics

We want to use AdS/CFT correspondence to explore the hydrodynamic regime of
thermal gauge theory.

#» Finite-T QFT < black hole with translationally invariant horizon

a2 2
ds® = ;,q — fdt? +d“3}+£fd'7+rzdﬁ§)

horizon: r = ro, T arbitrary.

®» | ocal thermal equilibrium < parameters of metric (e.g., ro) Slowly vary with
.

remember that T ~ ry/ R2.
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Dynamics of the horizon

r

i%

< perturbed horizon
2~ o = I‘L_-ff )

< ~— unperturbed horizon

3

Generalizing black hole thermodynamics M, @,... to black brane hydrodynamics
T =Te{xZ), p — pi{Xx)
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Gravity counterpart of Kubo’s formula

One can use the standard AdS/CFT prescription to compute the correlation
function in Kubo’s formula

Klebanov; Policastro, Son, Starinets: ImG* is proportional to the absorption cross
section by the black hole.

167G

e

Im GE(w)

Tabs — —

That means viscosity = absorption cross section for low-energy gravitons

T abs E U :'
167G

7] —

The absorption cross section can be found classically.

There is a theorem that the cross section at .- = 0 is equal to the area of the
horizon.
But the entropy is also proportional to the area of the horizon
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Gravity counterpart of Kubo’s formula

One can use the standard AdS/CFT prescription to compute the correlation
function in Kubo’s formula

Klebanov; Policastro, Son, Starinets: ImG*# is proportional to the absorption cross
section by the black hole.

167G

e

ImGE(w)

Tabs — —

That means viscosity = absorption cross section for low-energy gravitons

f’abﬁEU )

167G

Iy —

The absorption cross section can be found classically.

There is a theorem that the cross section at .- = 0 is equal to the area of the
horizon.
But the entropy is also proportional to the area of the horizon

di

1
A

5
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Remarks

#® Hydrodynamic modes can be seen direcily from correlators.
E.g. spectral density of Toe correlator (Kovtun, Starinets)

l

Curves correspond to ¢/2=T =
03,06,1.0, 1.5.

#® The proof of universality of /s above is intuitive but has a limited range of
applicability (metric can be extended to Minkowski flat)

More general proofs are available (Buchel, Liu; Buchel)
n/s = 1/4x also when chemical potentials are turned on (Benincasa et al.)
Correction ~ 1/)*'? (Buchel, Liu, Starinets)

L

e

Pirsa: 07050055 Page 34/60

CrEe-comDaratiuie AgSET CoEToSnoniants — 01y



Viscosity/entropy ratio and uncertainty principle

Estimate of viscosity from kinetic theory

o
o~ *.‘f‘ ~ ——
n ~ puk, s~n =

mean free path

Ui
— ~muvf ~ R -
S de Broglie wavelength

Quasiparticles: de Broglie wavelength < mean free path

Therefore /s = A
#® Weakly interacting systems have n/s > h.

® Theories with gravity duals have universal » /s, but we don’t know how {o
derive the constancy of /s without AAS/CFT.
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Can one find 77 of QGP from lattice QCD?

Lattice QCD: Euclidean-time formulation

Teaney: compare the Euclidean correlation
function

L

[ dF (Tay (7, )Ty (0, 0))

3_1 02 03 04 05 08 07 08 00

o at > N. = ~and ¢°N. =0

— 8

S F i @| @ Difference at 10% level

=l _ » at the same time the speciral densities of free
. and strongly coupled theories differ a lot at low
: ®» Needs high precision lattice data
2 — AQSICET ®» Going from Euclidean correlator to speciral
1 : et} function requires prior knowledge of the latter.

% 02030808 1 121418 1.8 2
wi2n T
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Can one find 77 of QGP from lattice QCD?

Lattice QCD: Euclidean-time formulation

Teaney: compare the Euclidean correlation
function

L

/'d:r' (Tay (7, )Ty (0, 0))

ﬂ_‘l 02 03 04 05 08 07 08 00

e at g°N. = ~ and ¢°N. =0

= 8

f_ F k @ | M Difference at 10% level

=, # at the same time the spectral densities of free
S and strongly coupled theories differ a lot at low
: #» Needs high precision lattice data
2 — AQSICET #» Going from Euclidean correlator to speciral
s ; E—;ﬂﬂ’ function requires prior knowledge of the latter.

% 02030808 1 121416 18 2
w(2n T
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Can one find 77 of QGP from lattice QCD?

Lattice QCD: Euclidean-time formulation

Teaney: compare the Euclidean correlation
function

L I

[ dE (Tay (v, )Ty (0, 0))

3; ni 03 04 05 06 0T OB ‘{_::ﬂ at 92 J‘Vc e an d gi;ﬁ\rﬂ — 0

— a8

: F ? @ | 4 Difference at 10% level

=, #» at the same time the specitral densities of free
. and strongly coupled theories differ a lot at low
: # Needs high precision lattice data
2 — AQSICET ®» Going from Euclidean correlator to speciral
1 ‘ 20T} function requires prior knowledge of the latter.

% 02030808 1 121418 1.8 2
wi(2n T
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Bulk viscosity

In conformal field theories bulk viscosity IS zero: HTP&‘} = () while
Tuw = -+ (G + uptie) Vu

However one can break conformal invariance in ' = 4 SYM (introducing masses

to fermions and scalars).
Gravitational description are more complicate, but well defined (N = 2%)

Benincasa, Buchel, Starinets:

. 1
G~ -#(Fi = 5)
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Bulk viscosity

In conformal field theories bulk ViSCOSity IS Zero: ":TE} = 0 while
Tuw = - +C(gpr + upuy )Vu

However one can break conformal invariance in \" = 4 SYM (introducing masses

to fermions and scalars).
Gravitational description are more complicated, but well defined (V = 27)

Benincasa, Buchel, Starinets:

L
C""-#{Ls—g)
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Bulk viscosity

In conformal field theories bulk viscosity IS zero: fT;‘} = (0 while
Ty = - + (v + upuy) Vu

However one can break conformal invariance in ' = 4 SYM (introducing masses

to fermions and scalars).
Gravitational description are more complicated, but well defined (V = 27)

Benincasa, Buchel, Starinets:

¢~ (2~ 3)
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Bulk viscosity

In conformal field theories bulk viscosity IS Zero: HTE ) =10 while
Ty = - - + (G + upuy) Vu

However one can break conformal invariance in V' = 4 SYM (introducing masses

to fermions and scalars).
Gravitational description are more complicated, but well defined (V = 2%)

Benincasa, Buchel, Starinets:

. 1
G ~ -#(ts a E)
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Reverse information flow?

So far we have tried to extract information about gauge theories from gravity
Is there any consequence for gravity/siring theory that can be obtained from

gauge theory?

» |arge n/s at weak coupling: absorption cross section > horizon area if AdS

radius > string length?
Who needs that?

#® Nonanalytic next corrections to hydrodynamic correlators (Kovtun, Yaffe):

G=¥*Y(w,0) = —inw + Y2

Eu—
coefficient calculation calculable in the framework of hydrodynamics.
Infrared dominated graviton loop in gravity description.

# Maybe something for rotating (in S°) black hole, dual to finite R-charge
chemical potential?
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Finite chemical potential

N =4 SYM theory has SO(6) global conserved charges.
Dual description: black hole rotating in S®, solution exactly known.

It is know from gravity that the black hole is unstable for if /T > some
critical value

Can be understood from field theory perspective: existence of flat directions
carrying R-charge

* o 0 b

At finite n, zero temperature:
L= |(do —ip)é|* — V(I8]) = Ver(l9]) = V(I9]) — 1?|¢|?

for flat directions V' (|¢|) = 0, Veg unbounded from below
Finite temperature: flat directions are lifted, thermal mass for ¢, needs finite p. for

¢ = 0 fo become a maximum.
But let us look more closely at the effective potential
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Effective potential at finite /

Vea(|®|, T) goes to a constant at |¢| — ~
Roughly speaking, at |¢| — ~c some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite

2

15

05 - =

05 F 4

Pirsa: 07050055 Page 45/60

e oMo tatuieg AgSNTET ChEToSnontants — . MY



Finite chemical potential

N =4 SYM theory has SO(6) global conserved charges.
Dual description: black hole rotating in S®, solution exactly known.

It is know from gravity that the black hole is unstable for if /T > some
critical value

Can be understood from field theory perspective: existence of flat directions
carrying R-charge

* o 0 b

At finite n, zero temperature:
L= |(do —ip)o|* — V(I8]) = Ver(l9]) = V(I¢]) — 1”|¢|’

for flat directions V' (|4|) = 0, Veg unbounded from below
Finite temperature: flat directions are lifted, thermal mass for ¢, needs finite p. for

¢ = 0 to become a maximum.
But let us look more closely at the effective potential
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Effective potential at finite /

Vg (||, T) goes to a constant at |¢| — ~
Roughly speaking, at |¢| — ~ some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite

2

15 o

05 - o

05| E
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Effective potential at finite /

Vg (||, T) goes to a constant at |¢| — ~
Roughly speaking, at |¢| — ~ some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite

2 L 1 I 1 L

15 -

05| E

-

1 L L L i

Ang} finite » makes ¢ = 0 globally unstable
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Fate of rotating black holes

S0 we come to a conclusion that rotating black holes can only be metastables.
How do they decay is not clear...
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Wish list

®» Cross-over or 2nd order deconfinement
In confining theories with gravity duals, the deconfiment phase transition is

first order (large N): black hole horizon appears suddenly, with nonzero area

#® Description of non-equilibrium processes
like heavy ion collisions

3

Gravity dual of cold phases of quark matters (e.g., Fermi liquid)

e

Gravity dual of nonrelativistic theory with no scale parameters: fermions with
zero-range interaction fine-tuned to infinite scattering length
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Effective potential at finite 7/

Veg(|®|. T) goes to a constant at |¢| — o
Roughly speaking, at |¢| — ~ some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite
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Anx} finite » makes ¢ = 0 globally unstable
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Finite chemical potential

N =4 SYM theory has SO(6) global conserved charges.
Dual description: black hole rotating in S®, solution exactly known.

It is know from gravity that the black hole is unstable for if /T > some
critical value

Can be understood from field theory perspective: existence of flat directions
carrying R-charge

* o 0 bh

At finite n, zero temperature:
L= |(do —ip)o|* — V(|8]) = Ver(l2]) = V(|¢]) — 14|

for flat directions V' (|¢|) = 0, Veg unbounded from below
Finite temperature: flat directions are lifted, thermal mass for ¢, needs finite p. for

¢ = 0 to become a maximum.
But let us look more closely at the effective potential
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Effective potential at finite 7/

Veg(|®|. T) goes to a constant at |¢| — o
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contribute to pressure (P |, free energy 1) but the number of such modes is finite
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Effective potential at finite /

Veg(|®|. T) goes to a constant at |¢| — ~
Roughly speaking, at |¢| — ~c some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite
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Effective potential at finite /

Veg(|®|. T) goes to a constant at |¢| — ~
Roughly speaking, at |¢| — ~ some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite
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Fate of rotating black holes

S0 we come 1o a conclusion that rotating black holes can only be metastables.
How do they decay is not clear...
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Fate of rotating black holes
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Effective potential at finite /

Veg(|®|. T) goes to a constant at |¢| — o
Roughly speaking, at |¢| — ~c some d.o.f. become infinitely massless and do not
contribute to pressure (P |, free energy 1) but the number of such modes is finite
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