Title: Quantum Error Correction 6A
Date: Feb 13, 2007 03:30 PM
URL: http://pirsa.org/07020021

Abstract: Examples of qudit stabilizer codes, polynomia codes, Clifford group for qudits, introduction to fault-tolerance, definition of transversal
gates, definition of fault-tolerant gates

Pirsa: 07020021 Page 1/75






| ——

Pa.

\ 'ij‘-"a\.(P "Fcr tmél.“h (&Mﬂ:‘nﬁnn P FH‘M"'):
RO A RN

>’ 5>




Pa.l

: 'iﬁ:'\'? JFC!" tu.a.."l'l (érhﬂﬁilmn F F’"‘*mﬁ) .
R {wﬂ XLEC}. Y= Qe“'ﬁ: A% =|}H‘>) e D
X2 =u'2X




| ———

F‘{' \',‘ c \
Al jﬁ-‘-‘u? ‘E:-c- tnb o p (Ermmilnn r‘=' F“*“‘-’-)z
ARroOsds ™ X =1

DIEICHAT DN
X2=u'2X : J

5“"&1:]1{:.# eod es {;r fur.*!




‘3“'-%\1. 4.3{"
' Sitqans)
$ion (Fp Frﬁm;)‘!

"P‘i Q
n- (W thc} 2
D SRt
= p J =I‘H :
5"‘@1:.".{:;- oo es ';( J.)) Ewﬂj)
r fui‘.{'s

Erm,?lc :







\;ﬁﬁhh\ ij(_\?u.P {:Cr tm.a‘.'l's (grmmﬂm (P F‘*"“‘):

N ARRET o XAB=15d) 2w ol 15
X2=uJ'ZX
5"21.]:»]'-1!::- odes L fui‘.‘llf

Exanple: &s; Y 233 é( : gfg




N JF\J\.:;‘: 'F::r uu:&"i's (é,mmg,m (I:. Frﬂm.;)f
A i XL-?"‘} AR e‘wP Xm'l}*?)}?rw"\j)
X2=u' ZX
Dtebilive- odes £ fui"lls

Exa.«r?,c E}) ), E:B )'(QXGX

€ o2uz |
f(XﬁX Oig)( zore 'e)... (A ( rece 2}’){5){5 X) \




_nt-;u). ﬂﬁb\.q‘:. ‘?::\r tu.a‘.‘i's (é:rmms'-.nn er dec)f
S ReweE 0= e, 2ewy
X2 =uw'ZX
Dtebilizer wdes £ quiits

. < urw%u)(a)(a}(
E xanple : a3, ) 233 X®XeX 5

T o =P0% Xo Xex

o cogoR
(CX"X #)f)( z2oO7¢ ?):: 03( Zece a’)(a)(g ,\()




'—)ﬁw.,\‘ .ji‘ouj‘) ‘Fbr tuhxn'i's (Ermmfb'mm ’|3 Fﬁ,mc.):

S REWRFEL 0-S E, 2eu

T crrorD g XoXo X
X® XeX 21 o =9ua)<nxe>(
€020 2

f()}'X #.}9( 2O7¢ ?) = cﬁ( e e ?)(){e Yo ,\()













(R\\’ﬂpﬂ{lﬂk\ Codes (bmseé on clessical ?eeé-ﬁo\omwl chs).f




Qrvon Jf‘)
E'L’nom;ﬂ-\ codes (based on clesical Keel-ol ) P
WD 2\%@ £(x),. o)

\ -




i

(\bb\'vﬂmn]a.\ codes (br—'cseé on clessical Keed- SD\O""“" wJeS)
o g, > —> 2R «ff«h..b

c’l))l-

“9}' Juﬂ‘l




E.d

Dljﬂomﬂa \ codes (bq_«,e} on clessical Keed- So\omn wJes)
2 a, >}‘“*Z‘-{-\(M)-F ). -F(m,,,))

Cl} l) L

D'(g, Z\fo} 'F 13 ?o’fnnmw.l 'p A'Jﬂ' hj (37'}‘)
¥ -5'“" NG




Q>
\ PN Apr A

\ COC\CS (baseé on c,\q,ss‘c_n\ ?ﬁeJ So\omw- coJes)

W Gl ZH(«H o %,,..))

“9) Z\{o} 'F 13 /r?olynommj 'P é"_‘jf'“ “‘j (j"k)
.g-‘ é:GXJJ ;@,:Q (O'i }:r) Mﬁ’u‘t/’ﬂ():‘k)

la

7




iE \ codes (bq_c,@) on clessical Keed- So\omn coJeS)

\> NDIMIA

la @ D+ Z\Q(&M ). -F(mh..D

a I) = X
%oy ,%an Z\{o} "F 13 nf?ojynomc.l ‘p Agr’u ‘E'j (j'}l'-)
$- Ziepd, mya (0sike)) Haiewc g G20




=

?Hnomua \ codes (ba_«a} on classical Keed- 30\0”""" w"'ﬁ)

o > — 218 F0y ¥fun.>>

\GQJ Joy L l'-l

c;io; 5% 62\{0} £ s f,?clynomnd of: A*_j"" "“j (j.ﬂ‘)
(ﬁ'.'ﬂ:“j _F ic XJ'_; qﬂd (O(‘)(# ,) Sun oW/ c ()3”:)




DL'“D’“'“‘\ Coafs (&DRS@} on C_‘RSSIQA ?ﬂe}- \ombn CDJQS):

= A D ZH?%)# D ¥(%,))

a} |50
( oy ,%a- z\{o} £ s r?o}ynomn’ of J'{j"" '$j (379
Niﬂ) _F é:e. X""J %,.Q (O_,J_c'}; :) Sunlov/= Cy ()3*-')

b,

éﬂdﬁ’l?lt = S 5-—2 nN= 3, ?’5 :




(_-%L,npmla\ ches (ba_g@} on c,la,ssthJ ?ﬁeJ SD orwn wJes):
‘ Q > — Zl'p(wb) 'F 'F(ﬁtﬁ-u)>
0-:9.)‘ 5% Z\fo} -F 13 ?D’ynommj -P Agjrn -Sj (j‘::l._)

(ﬂiﬂ.‘.m‘.

(&= 4= é..:ch.: ‘@5""‘? (Os32E, Sl (0

é'xm?,e k=1, §= &) N7 =S PR ﬁ
3 &

-
L}

‘ l
T




"') -
Utynprﬂlﬁ\ CoéfS (bRSeA onN c,lR,S‘Sle.‘ ?ﬁd 30 omtm CoJes)'

la a, 2— Z\-?foza) £ (), -F(«,,_ )>

a; By kl
(x tm%j ;f’"n. € z:{O} 'F 15 ?ijnnmuj 'P Jgﬂ‘ -{-J (j)k)
(’?*:-n) J; é’cx 5 q,_q (05_,::‘]; :) ﬁmwp ;1.)

éxm?’e 2561 2, n=73, P> " -.
2> i—> | %
£+ CX+CX =2




"‘.‘,‘» ‘
Dl’yﬂorﬂuﬂk\ codes (bﬂjeé on Clrssiaal Keed-So)omen wJes)*

oo e o >l——92\-{:(o(n)-17 'F(m,.,,,)>

(h{i::n-c%J Z\{o} 13 eolynomial ¢ o Jc:’r'l't "{'j {j';v}_)
(f?‘:n) ..F: é;e. x-’) Wq (Oﬂjq'}-_ f) ﬁmaw-c ():ak)

Exanple: k=1, 9= 2, n=3, p=>
jad—= |a,a 2,2+ @), &4 u;)+ + a9, m?c,,f'-*ﬁ)
.F-F a--c f*CzXZ .
oloF !, a(.’.iz/ S} 3




DL"“DM‘R\ c.oécs (basé on C.lﬂ-fﬁteﬁ»] ?ﬁ’-CJ So\omn chS)
2 >'-*2\¥(wo)¥ i )) '

Go,2 BN

Doy > 201 ZP\{} 1 s ’FJ)'MM“'J .P Aejr" ‘sj (j.}k)

Cr=

(?bn) J; Zt’_’. XJ %,:Q (Ocj_q'}_;) j{.{.ﬂqw‘ c (fik)

s
éxam?lc k=1, g=2, 073 p=2 .
|ﬁ> — Ia A ﬂ>.¢- Id-fl £42, q;¢}>+ -rla-rc ruaf” 34,)-',..

~|a l) d“i”(‘*‘f) }cc,!z,a.ﬁ DA
]ﬂ“'ff":)&%”{cy "5"'%:?







LSS coder @ Q6. £ p)\ [ oyl
CJ- f(—?(@ 'F('P‘-n )] £ ét‘jfﬂ €95, <5t O(J‘:k)}

(c,):




C-Sg C-Cﬁe. : g‘_'_‘ %:k-" (uq)r” }-F (b‘n";))\ .F 31:3(':4' ‘5?
2. o .F(“o); 'F(“n-l') % AE R ) .
d’(t‘.‘,): \\'ua 534-!Q POATS jfa» crc.w!-s’f?&c‘i‘j‘f: v O(Jq‘)}

— n_('_j“) erasues. Ca be Aéoﬂ'cc."hc!

o175




C<S coder g; %@ EoN ) oy S
- < = 'F('“Q, -F'(“ﬂ-| ‘Q‘ Ae (e & = ‘<
2(c))> Wees 544( Doty jfa» cr:als’i?'&dj-f: 5 GO k)}

= ﬁ""(j'“) erasuf@s o be il“ﬁt:n:n'l":'r."hé

A= 173
A




C_S$ Code > G| % E‘Q{l(u*‘)"” JF(uﬁ-D)\ -F degree ‘5?

e (o [ RN B
CP(CDZ N"-’-Cé a+! ?én'h‘ e o concleuct £

=2 ﬂ"(j"') efasues oan PF @eorected

415
A ?




—r——y
 ————
o

T T T

LS coder @ QW6 Sl £ ianeess
Ci—= 8(‘?(@, _J-F(#ﬁ.f)] T Jestee £q) C;O(j‘k)}
(e Need 5+l poits tol ceeonseuct T

= “_('J"") erasu(@s can Pe $eorectad

=N=9 |
d(C'L) ; 3{; Fo'.d: g G aw arbil 2y




CsS cxde: g{: %ﬁ-(uﬁ),,,, 5F(°‘n->)\ IS ‘,5?
= 2 .?(@, £ (0D "i' J'esfce 2DI&
CQ(CD z \\,*-'-cé 54-!( POAls jfb rrc.o!’\s“f'r‘udj'f: D g

= 0—(9*) er@su@s < bo Sorected

:.:11—-_9
d(c'l') 3 ;/':; f’ﬂ'-tdﬁ ot CI ae a’b‘:‘}my/ 9*2 arr Caﬂff'(a;w)
: = Jﬁﬁ*'z




LSS codel @ = Q000 Flond) § aegee <o

Ci‘= {(‘F(@, ;F(otﬁ.,)l 5 éejr« €9y C_-,'-O(j‘*k)}
A(C)E Need) gell posts ol cxeonstiuct
— ﬂ-(j*f) efasufes Qa be edwec:hcl

o ' ",
d(c'l') . jé fﬁﬁﬁ o4 C aw afbr*ﬂuy) G2 ar st
‘ = Jﬁg-ﬁ?

Az

(e




C<S code: C= R0, )| B osgree <o

Ct= ("

= < %(D‘Q‘ 'F(o"ﬁ-l) % ée e " |

CP(CI) > ‘\’*C-eé 5#§ ?dn‘h' 3{3, ‘-rwigm_},jr‘f: 35 i DL‘(!‘)}
—) ﬂ"(j*f) efasufes, Ca be feorectad

=N=9
A o C ae w*b‘:*(ﬁ.ry} gt ar cons‘f'mlmJ

() :9 j;’gj*:’
D) T @y DR

(ct5




) _ 2 G\t T
u\k— . \.l k ) 1 ALt £ C.5 | .
Dighces Ok 'F"‘-mf + ('!'L-GJ\ST?"M'I' + \

— ﬂ"(‘J*') erasufes Can be carcd%d

A= 073
e = 5l e s ity Gv2 a consfitaes
= = 94»2

A(c,): '
M
C,\noox 3




S C\TAR), A \oam )|V OeSiee o
O\, ) . ’ s
\i \eed gl poilt f reonsitict

— f\_(j‘”) efasu(es oCa be ECO(T'L'L"-G(!
A= 173 .
d(c,i.) E j"‘ f’d‘d’ ot C" e ar‘b}"r‘hr;’) C)-P? ar cans‘h'amJ
= tf""’ 9-r2




. . ‘. \TL\"} s e U .)J V' deCiee Lo
X N e " J >
\Ll) \<€ee g+! ?oﬁ; 4 crconstruct £

- f\'—(j“) efqsufes Can br .Coffcd?c!
4173 .
d(c-") s 41 pols &£ C aw abitary, 92 o condTrined
= J-::-g-r?
&=k arb




Code i._" g \]\E \¥a2, _,'g (i"‘n-a)D\ + Jdegree ‘35(1
C'z"= f(’?(@, J.p(m_g’ t degtee <q. Cj=0[j<k)}
2(C): Nee g+l poity o xeonsituch £
= n—(g9#) easu@s can or
arb}'}@?} g+2 are consTrined

v —

éCoﬂ'c :."hd

£ C aw




CSS code’ @ = P00, D) £ sgreess

Cr= T(§6, £ § desie g, aj-o(3<k)}
L(C)= Nees 5e1 poits 4o areonstruct
= n—(9*) e@su@s o be) comectas

£= n-9 £C ar cﬂ"bﬂm'r?'/ Cj-%*? mmsfra;w)

- 0415
d(c;") - j"' £ .
ﬁj’ﬁ*z L eE L= o=k bows

‘5#1 = < dfblli'ﬂ?’ fD-ﬁ"’ M= 2 ﬁ ‘. mn_zll +1

AC.): M )= o (v-39°27%) o
(<) c"ff m}'i g 0-97 92k =)0k
0O 2 SN

e
- ————




QAN gy C=30







F——'——_"—__

CA\{{or S(ou.P: @ = { 0 \ UPUT <P V'P(’F;;?

C. s genesled by’
F(,-w.r';cf +r’ms.{‘\arm Fl?"’é”

G k)




#—_—7

-

K \t‘{{.{b"—é S(OUJP: @q: {U \ UPUT 6_“’?\ VPE’E’,?

C'ﬂ 1 j'c.ncra'\'t-b !37:
Cpurier +rondform FIP"{‘:U
Phase go-l€

JHL) X z?) 2 _:‘X-,




e

'\ \\'('cofé S(OU.P: @q: {U \ UPUT 6'7?1 v 'P(T_;?

CI 1S j‘ﬂ-ﬁcﬁﬁ'uj !.;7'.' | :
ﬂ N +r‘m5.{‘\nrm F|J>=§UJLIL> )(—-D,E:) 2—>X

Ry =wlr%]P =T, 225 &

S
&b 1.
'l.,




1 e

k\\'{'(.ofé S(OU.TI::: C)‘\: {U \ UPUT Q-h; VPE’E;?

Cl,q 13 jf_ncra'\'cﬁ 137: :
Fc;urlcr +t’ms.{‘\nr‘m: El P : g“’k k) X->32 2 _:.X"'
(Phﬂﬁ g 5 ’Rl)) :wjlj-')f:].> (> X?) Sz
g " SUM I.PJk) = l)” ]‘-‘_) d"" ‘P)> ){rj-ﬂ))(a X
To Y= LwX

P
zZoi>2e L
TP E—)







\I. L‘(*Of‘é "‘('OU.F;: @ ~ {U UPUT Q_‘}% V ‘P(’E;?

C‘n 3 3tncra‘fu5 by *
fies +f'ananrm F' D) éu IL) X_;,_? E"b){
%ﬁﬁc S} 2‘ >' ”X"l X—’){? 757

/

. k) = ), L-' mad p)> oT— » X
SUM Scmlpk) ) T f;
ol 2e L

7 1927 97
)Cﬁfﬂf l“quP’ mj,.gn §&!)> ;JGJ) (C 759)
)(“?X 2=—>C




Yau.i l ﬂfﬁ-"‘c‘: i Prbfeom by a QECC

Cor aputation on S

\

oo 225 2K =X
&

Page 49/75




___________________._/.
Ym...&x

on
o/ ﬁ"?l&-h’*j-l




———————————————————————————




/
/

Y- ﬁtu.\i: —lo\ﬁf ﬂ“ci:-:
sTades Prbfeafd by « QESC

Co,.a?u"raér on on
= pag don of ertoce:

X, ™,




A 0\6' Qﬁc{ ) ‘
i &t(:\o:\,-‘-:;}'m\‘:m e profected by 4 QECC

I Fopagatl
‘> .




Y:_"ih\ Y Io\ﬁﬁzﬁcf_ :
CO:'"\’")HJI'MIF on on STld?f P"bh‘j-‘) E’/ a QECC

l R’o?ag Adon of ertore:

_ < ot ;
X;WO 9——3-’%6(37 HenaTfF) {
s fcrard ' CNOT

X prefe
2 ﬁ?fﬂf“‘?thﬁ b.l('-}-w’llfh'




Teanthersa) el N -

&2 C’i — | -
N

—
N

-

N
|
& ‘



\‘. -

\CansVersa) Sa?"res :f__'_

[ Rl o 7y ey
72 Code Uﬂm ‘




\‘rﬁ

\FcanS'verisa\""gﬁh‘E‘? Y s i
AR =g Iﬁ'\‘l:md‘ 1"":35\;!;’2]"&; LY EJ;}QL’
2 Code. Ll On\y With wh ‘Z&g{s&& IO“‘HI Uadts.




\‘:‘

\FanSVersa.\ gﬂffe-* 2
| Rl ary In'\m:d' et

' \ th. ohe Elacl
2 (3¢ Lhd*A_H) On\ with dh ‘Zwb{w cther blocks

o5 55




\CansVer sa\faatesi B

*||E|“j_.{~m In'h:rad' I!"il':_:lthfyﬁ"l"_nﬁg* bNne l:lac‘:
72 Code L) ' o”\}’ With ‘n'“‘;h‘zuhg{ojcf' othe Uocﬁi.

} ((or on!
e
, . % 5

A -
Y { |




\“. .

Neande oy gaTeS . R

*uamwm Thtench 'k bt eE one block
2 Code Ll | On\ with l““ ‘Z*«HEMP cthes blocks.

) ecror can mlf !'bp 7 =
i s e e




Pirsa: 0




Be?_- The deg) Setodel
Sfad'c

‘I'at"--u N 2Nt s
, Soraecks any & 3 decodes.




D e faaline Adeetaies ot

N ml'.o)J

5T"d°¢ 0] oy, et R decodes. -i>‘

‘I}ﬁf Jc':a}f)




T é P’l _' 1,*-

.r-' ‘J

: l\“" ‘_&)_c@r +&"-¢I on ento) es AGQJ
fnd'c Gofrecls  ny &, B Jecodes, %

‘;;g{*f decode)

Stute




BFP . T\‘\t’ téﬁ;_\ A{tobtr 'l‘qk{:

- oNn entoded éifa (I
< ?ffd'a__ ﬂorf:c*k any. & R decodes, ﬁ;
-’
[ Let The &.‘f‘ be g‘H»- f'dJca:.fnr et f:

acc.n)r.}
-

on  Subspace ispanne b
ur 115 rFiffw::rM G S




++T\-‘c Mﬁ +at\r.£t ON eNnto) ed éim e
Siade, Gorrecy QY. & B decodcs. -ii‘
7 N
Del " fet the ) P

Ga}q
Codevurds v/ _ﬂ‘_
£ e
















-
-"" ] S

}. b -
=

1 . .L"‘I’ ‘r- .rjrhdpé,-ruﬁ ﬁ -
















